CAC DANG BAT PHUONG TRINH VO TI VA CACH GIAI

A. PHUONG PHAP BIEN DOI TUONG DUONG.
* Hai bat phwong trinh dwoc goi twong dwong khi chiing cé cung tip nghiém.
* Mot s6 phép bién ddi twong dwong:

+) Cong (trtr) hai vé cta bat phwong trinh véi cing mot biéu thirc ma khong 1am thay doi
diéu kién cta bat phuong trinh.

+) Nhan (chia) hai vé cua ]:)ét phuong trinh v6i cing mot biéu thirc ( ludn duong hoic
am) ma khong lam thay do6i diéu kién ctia bat phuong trinh.

+) Liiy thtra bac 1€ hai vé, khai can bac 1é hai vé ciia mot bat phuong trinh.

+) Lily thira bic chén hai vé, khai cin bac chén hai vé khi hai vé ctia bat phuong trinh
cung duong.

+) Nghich dao hai vé cua bat phuong trinh khi hai vé cuing duong ta phai d6i chiéu.
I. K§ thuit lily thira hai vé.

1. Phép liiy thira hai vé:

a) 2 f(x)>2Yg(x) = F()>g(x).

b)  T00>%g00 o {g(x) =0

f(x)>g(x)

B>0 . [B<0O
*) \/K>BC>{A 5 hoac {A>0'
> 2

B>0
*) JA<B <o A0 .
A<B?®
*) JA<JB < 0<A<B.
( Déi véi cdc trwong hop con lai véi dau =,<,< cdc ban ¢ thé tw suy ludn ).
2. Luuy:
Dac biét chu y toi diéu kién ciia Bai toan. Néu diéu kién don gian co thé két hop vao
bdt phwong trinh, con diéu kién phurc tap nén de riéng.
3. Vidu:



Bai 1: Giai cac BPT sau:
a) Vx—3<2x-1 ; b) Vx* —x+1<x+3
C) V3x—2>4x-3 ; d) Vax*+x-4>x+1
Giai:
2x-1>0 >3
a) Vx-3<2x-1<x-3>0 & {x>3 < x>3.

x-3<(2x-1}  |4x*-5x+4>0

Vay bt phuong trinh ¢6 tdp nghiém 13: [3:+0).

x?—x+1>0 g
b) VX*-x+1<x+3<{x+3>0 SX2-=.

=
X2 —x+1<(x+3)°
Vay tap nghiém cua bat phuong trinh 1a: [— g ;+ooj :

Hai Bai tdp con lai cac ban ty gidi.

Bai 2: Giai BPT: Vx+4-v1-x<v1-2x (1).

Giai:



1-x>0

1
1-2x>0 —4<x<=
* Dedx+d4<dl-x+J1-2x & (>0 SN 2
- 2X+1<~/2x* —3x+1
x+4<(VIox+1-2x |
—4£x£l
1 2
—4<x<— r
X<—E
4| 2X+1<0 = & —4<x<0.
2x+1> 0 «>_1
2
2x? = 3x+1> (2x+1) 7
—ESXSO

* Vay tap nghiém: [-4;0].
Bai tip twong tw : Giai BPT: 5x—1-vJx-1>+2x-4 (TS (A)_2005).
Pap s6: Tap nghiém T=[2;10).
II. K¥ thuat chia diéu kién.
1. Ky thuat:
Néu Bai toan c6 diéu kién 12 xe D md D=D, UD, U..uD, ta c6 thé chia Bai toan theo
n truong hop cua di€u kién:

+) Truong hop 1: xe D,, giai bat phuong trinh ta tim duoc tip nghiém T,.
+) Truong hop 2: x e D,, giai bat phwong trinh tim duoc tap nghiém T,.
+) Truong hop n: x e D,, giai bat phuong trinh tim dugc tdp nghiém T,
Tap nghiém cua bat phuong trinh 1 T =T, UT, U...UT, .
2. Yéu cau:
Can phdi xdc dinh giao, hop trén cdc tdp con cia R thanh thao.
3. Vidu:

V=3x*+x+4+2
<

X

Bai 1: Giai BPT:
(1)

2




Giai:
. Xx#0
* Pieu kién: Ley<d
— _X__
3
2x-2>0
3%+ x+4<(2x-2)

*V6i0<xs§§ (i) tacécnczv—&8+x+4<2x—2c>{

x>1 .
= , <:>x>g (")
7X°—=9x>0 7

K&t hop (i) va (ii) ta co tip nghiém 1a T, = (gﬂ |

* Vi —1<x<0 thi (1) luén dang. Tap nghiém trong truong hop nay l1a T, = [-1 ;0).
Vay tap nghiémcua (1) 1a T =T, UT, = (gﬂ u[-10).

Bai tap :

Giai BPT : Vx? —3x+2 +x? —4x+3 > 2J/x2 —5x+4.

Péap s6 : x>4 hodcx =1.

III. Ky thuat khai can.

1) Pua biéu thirc ra ngoai ciin thic :

* [ i [A(A=0)
A 4N_{—MA<® '

2
* 1ﬁ¥1=+ﬁwgkax¢oy
E°x |E|VX

* 2n/ A2n — |AI * 2n+3/A2n+1 = A
2) Luuy:

Bién d6i cac biéu thtrc trong can thirc thanh hang dang thic.
3) Vidu:

Giai BPT : yx+2vx—-1 +/x-2Jx-1 >g
1)




Giai :

(1)<:>\/x—1+2\/x_—1+1+\/x—1—2\/x_—1+1>§<:>\/(\/X_—1+1)2 Jr\/(\/x_—l—l)2 >g

x>1
< \/x—1+1+‘\/x—1—#>g(2)
* Vb1 Vx-1-1>0< x-1>1< x>2 ludon théa man bpt (2).
Vay trong trrong hop nay tap ngiém la T1=[2 ;+ ).

7. 21 2 \
*Voi \/x—1—1<0<:>{§ Lo Slsx<2 bpt (2) trd thanh :
—1<

VX=1+1+1-+/x-1 >g<:> 2 >g (ludn dang).

Vay tap nghiém cua (1) trong truong hop nay 1a T,=[1 ;2).

KL : Tap nghiém cta (1) 1a T=T, UT, = [L;+x).

* Chua 'y : Bai ndy ta cé thé gidi bang phwong phdp binh phwong hai vé..
IV. K§ thuét phén tich thanh nhan tir dwa vé bat phwong trinh tich.
1. Bat phwong trinh tich : Trén diéu kién ctia bpt ta c6 :

_{f(x)>0 f(x)=0
% g(x)>0 % f(x)>0
f(xX)g(x) >0 < {f(x)<0 f(X)g(x) >0 <= {g(x)zo
| (9(x) <0 f(x)<0

_{g(x)so

Cac truong hop con lai, cac ban tu suy luan.
2.Luuy:

Day la ky thuat giai doi hoi co tw duy cao, ky nang phdan tich thanh nhan tu thanh thao,
can phai nhin ra nhan tuw chung nhanh.

3.Vidu:



Gidi BPT : Vx—1(3x* —x+1)-3x* 120 (1)

Giai :

Diéu kién ; x>1(*)

(1) x=1+3x*Vx—1+/x-1-x/x-1-3x* =x>0

= x/x_—l(\/x_—1+3x2 +1)— x(\/x_—1+3x2 +1)2 0
<:>(\/x—1—xX\/x—1+3x2+1)20

o Ix=1-x20 (do vx-1+3x*+1>0 khi x>1).

S Ix-12xe x-12x* < x? —x+1<0 (v0 nghiém).
Vay BPT da cho v6 nghiém.

V. K¥ thuat nhan chia lién hop :

1. Biéu thirc nhén chia lién hop:

* JA+VB=--2"B (AxB).

JAFB
* 1 JATVB
TA:J8 A-B (A=B).

2.Luuy:

+) Nén nham véi mot sé6 nghiém nguyén don gian.
+) Chil Y t6i cdc biéu thire nhén chia lién hop.

3. Vidu:

Gial BPT : Vx*+15<3x—2++/x*+8
(1)

Giai:

*Taco (1) o Jx?+15—/x* +8 <3x—2

2 _ 2_
o X=X "8 4 s ! <3x-2 (2).
IX? +15 +x% +8 VX% +15++/x% -8




Tu (2) tacod 3x—2>0<:>x>§.

* Mat khac:
(1) &Vx*+15-4<3x-3+x* +8 -3
x* -1 x> -1
DN S YO | W ol
Vx*+15+4 VXx*+8+3

x+1 x+1
< (x-1 ~-3- <0(3)
)(\/x2+15+4 \/x2+8+3J

., . 2 . X+1 X+1
*Laico: VI x>= nén Vx> +15+4>Vx* +8+3 < <
3 VX2 +15+4  x2+8+3
X+1 X+1

3<0.

= — _
VX?+15+4 x*+8+3

Viy 3) ©x-1>0<x>1.

KL : BPT (1) c6 tap nghiém 1a T=(L;+o).

* Chl'y : Trong Bai todn nay, viéc thém bot, nhém cdc sé hang véi nhau dé xudt hién
nhdn tir chung xuat phat twr viéc nham dwoc khi x=1 thi hai vé cua BPT bang nhau.

Thuong ding cach gidi twong tw cho Bai t0an : Jx2 +a% <cx—d +x2 +b? .
Bai tap tuong tu : Giai BPT : V3x+1—+/6—x+3x* ~14x-8<0

(Dua vao DH B 2010).

VI. Mét so Bai tap tw luyén : Giai cac BPT sau :

2

1 Jxaadx—adidx—adx_a>X3 2. X ax—2<1-x.

2 J3x-2
3, XA 2X—L4X—2X—1 >/2. 4,  J3x+4—2x+1</3+X.
5,  (@x—DVx? +1>2x? +2x+1. 6, (x2 —3xm >0 (BH_D 2002)
7 er X—3> > : 8 ! S .
’ X—3 X—3 " Jox?+3x—5 2x-1
9, @d. 10, Vx? —8x+15++/x* —2x+15 </4x* —18x+18.

X



11, L2<x+21. 12, 4(x+1y <(2x+10)(1—\/3+2x)2.
(3-vo+2x)

(x2 +1)3
-

13, \/x+i2+\/x—i2 2% 14, \/x4+x2+1+\/x(x2—x+1)£

X

B. PHUONG PHAP PAT AN PHU .

I. Mot s6 yéu ciu :

- Dang nay hoc sinh can nhé cach dat an. Tir d6 mé rong cho Bai toan twong tu.
- Chii y t6i cdc diéu kién ciia dn.

I1. Mot s6 dang toan va cac Bai toan 1am méiu.

1. Dit 4n phu dwa vé bpt don gidn hon :

Bai 1 :Giai BPT: - X 2 /X*1 .3
X+1 X
(1)
Giai :
‘ x>0
*Piukien: | 1 (%)

*Pat t= XT”(t>0). BPT (1) tr¢ thanh : tiz—Zt>3<:>2t3+3tz—l<O(t>0)

<:>(t+1)(2t2+t—1)<0<:>0<t<%.

Vay O<1/X—+l<1<:>—ﬂ<x<—1.
X 2 3

Bai 2 : Giai BPT : 5(\/;+2\/;J<2x+zx+4
(2)




Giai :
* Pieu kién : x>0.

* Pat t =+/x +% —t > /2 (theo bat dang thirc Cosi)
X

=12 :x+i+l<:>2x+i:2t2—2.

4x 2X
t>2 ,
* BPT (2) tro thanh : st<2t* -2+4 < ! két hop véi t>+/2 ta duge t> 2.
<_
2

1 ﬁ>2+f BEING
*Khidd Jx+—>2< < )
2\/; O<\&<ﬂ O<X<g—\/§
2
KL :
* Chay : Bai todn cé thé mé rong cho dang : a[f (x)+ £ ()]+b[f 2+ £ 2(x)]+c <0.

2. Pit an phu dua vé bat phwong trinh lwong giac :

Giai BPT : J1-x*) +/x° <1
(1).

Giari :
* Picu kién : xe<[o07].

“Dit x=cost voi te[o;g] BPT (1) tr6 thanh : sin®t +Jcos*t <1.

Do sin®t <sin?t va nén sin®t++cos’t <sin?t+cos’t=1 vdi te[o;%}.

* Do d6 BPT da cho ¢6 nghiém la x <[0:1].
3. Bai tap tw luyén: Giai cac BPT:



1) Vx? —3x+3+/x? —3x+6 <3. 2) NTX+7 +JTX—6 + 249x2 + Tx— 42 <181—14X.

3) Vi+v1-x? <x(1+2\/1—x2). 4) V2x+3++/x+1=3x+22x* +5x+3-16.

5) x(x—4N-x*+4x+(x-2f <2. 6) Jl—%ﬂ/x—%zx.

7) \/x—\/x2—1+\/x+\/x2—1§2. 8) x+v1-x? <xv1-x2
9) x2+2x‘/x—%<3x+1 10) x§/35—x3(x+§/35—x3)>30

11) 1++1-x* > 2x? 12) V1++1-x [ (1+x)* )} 24 1_X2

13) (x+3vx+2)x+9Vx +18)<168x 14) 4/x° —1 < 4x? +Tx+1

15) 1 ~+1> 3 16) v1-2x ++/1+2x <\/1_2X +\/1+2X
1-x 1— x2 1+2x 1-2x
17) JV2-1-x+4% x>— 18) Vox+4-242—x >ﬂ
) 42 ) \JIx? +16

C. PHUONG PHAP PANH GIA.
* Nhé duoc cach xét tinh don diéu cia mét ham so, ldp bang bién thién...
* Nhé cdce bat dang thite.

* Thuong dp dung cho cac Bai todn ddc thii, phire tap khéng c6 thudt todn cu thé nhung
hay co trong cac ki thi dai hoc cac nam gan day.

I. K§ thuit sir dung BPT dé danh gia hai vé:
1) Bat ding thirc thong dung:
* Bat dang thuac Cosi:

Véi a,20,a,20,..a >0 taco 2 %% 50555
n

Diu “="xayrakhi a, =a,=..=a,.
* Bat dang thirc Bunhiacopski :
Véimoi a,,a,,...,a,,b,b,,..b, taludn co:

(ab, +a,b, +...+ab, ) < (af +a’ +...+a§Xbl2 +b? +...+b§).



A 2 . a
Dau « =»xayrakhi 2="2=_.=-",
b, b, b

2) Vidu:

1)

2

Bai 1: Giai BPT : Vi+x++/1-x SZ—XT

Giai :
Y  n 1+x2>
* Piéu kién : {1+X>8©—1SXS1 (*)

4
* Khid6 (1) o 1+x+1-x+2J1-x2 s4—x2+:—6

4 4
= (1—x2 —24/1-x2 +1)+i(—620<:>(\/1—x2 —1)Z +;(_620

Di€u nay luon ding v&i moi x thda man dieu kién (*).

Vay nghiém cua BPT la x e[-11].

X — /X
1—,/2ix2 —x+1i

Bai 2 : Gii BPT : >1(2)

(DH_A_2010)

Giai:

* Pidu kién: x>0 (*).

* Ta cO: (/2(x2 —x+1) = /%2 + (x -1 +1>1=1—/2(x* —x+1) <0.

Vay (2) < x—Jx <1-2(x2 = x+1) < 2(x? = x+1) <1-x+/x (3).




Mait khac: Theo BPT bunhiacopski ta co:
J2x —x+1) = \/(1+1)[(1—x)2 +(\/;)1 >1-x++/x (4)
1-x=+/x {(1—x2:x 3-5
= _— .

X =
1—-x++/x>0 |1-x>0 2

* Dau bang xdy ra khi {

KL:
I11. Ky thuat sir dung tich vo hwéng cia hai vecto.
1. Pinh nghia: uv= ‘GH\?‘ cos(u, V).
a) Biéu thurc toa do cua tich vo hudng:
+) Trong hé toa dd Oxy, néu u = (x;y),v=(x:y) thi uv=xx+y.y'.
+) Trong hé toa d0 Oxyz, néu u=(xy;z),v=(x;y;z") thi uv=xx+y.y+z.z".

b) livi <[l

Déu bang xay ra khi va chi khi u,v cing phuong.

s‘ﬁ

C) ‘G+\7

< ‘u‘ +M . D4u bang xay ra khi va chi khi u,v ciing hudng.

2) Vidu: Ta quay lai Bai thi PH_A 2010:

Giai BPT : VX s1(1
1—1/2ix2—x+1i (1)

(PH_A_2010)

Giai:

* Pieu kién: x>0.

* Do \f2(x* —x+1) = 4/(2x* —2x+1>1 nén bat phuong trinh (1) twong duong véi

X — /X 31—\/2(x2 —x+1) &2 = x+1<@-x)+/x  (2)
Trong mat phang toa d ldy a=(1-x+/x), b=(1). Khi do:

:N/Zix2 —x+1i.

5.5:1—x+\/;;‘5 5




Vay (2) tré thanh ‘E\HB‘ <ab. Piéu nay xay rakhi a,b cing hudng tirc 12 ton tai k>0 sao
cho
.. ?—X:k 3-.5

a=kb<e X =

=

JIx =k 2

Nhén xét: Ta cé thé xdy dung dwoc mét 16p cdc Bai todn twong tw trén bang cdch ldy cdc
vecto

thich hop.

IV. K§ thuit sir dung khéo sat ham s6 dé danh gia.
1. Thuéat toan:
Dé gidi bat phirong trinh 1(x) > g(x); f(x) < g(x); f () = g(x); f (X) < g(x) ta khdo sdt hodc

cdn cik vdo tinh chdt ciia cdc ham sé y = f{x) va y = g(x), dwa ra bang bién thién va tir
bang bien thién dwa ra két luan.

2. Luu y: Néu m 14 tham s6 thi y = h(m) 12 dudng thang song song hodc tring vdi truc

hoanh.

3. Vidu:
Bai 1: Tim a dé BPT sau c6 nghiém:
x* +3x% 1< a(\/;— x—1) (1)

Giai:

* Piéu kién: x>1. Khi do:
1) = (\/;+\/x—1Xx3 +3x% —1)<a (1°).
*Pat f(x) = (x3 +3x? —1X\/§+\/x—1). Ta co:

f'(x)= (3x2 + GXX\/;+ \/x—1)+ (x3 +3x° —1{

1 1
+ >0vx >1
2Jx 2Jx—lj

Do d6 f(x) 12 ham ddng bién trén [L+oo).



* Bang bién thién:

f(x)

Nhin vao bang bién thién ta thay bpt (1) c6 nghiém khi a>3.

Bai 2: Tim m dé BPT 2x* - 2mx+1>3V2x* +x (1) nghiém ding vai
moi x> 0.

Giai:

Taco (1) «2mx<2x® +1-3V2x° +x < 2m< ox+1_3 2x+£(x>0) (1)
X X
* Pat t=2x+2. D0 x>0 nén theo BDT Cosi ta co t221/2x.1 =242 .
X X
(C6 thé sir dung bang bién thién dé tim diéu kién ciia t)
Khi dé (1°) tr¢ thanh :
ms%(t—sx/f)(tzzﬁ) (2).

(1) nghiém dung voi moi x >0 khi va chi khi (2) nghiém ding v&i moi t>242.

* Xét ham sb g(t)=£_ﬂ o gty=i__> _24t-3

2 2 2 a4k 4t

g'(t)=0<:>2\/f—3:0<:>t:%.



* Ta c6 bang bién thién :

t 9 22 + 00
4
+ o0
g(t)

\/‘_&/ﬁ
2

Nhin vao bang bién thién ta thiy (2) nghiém dung v&i moi t>2v2 khi m< 2 -

322
—

V. K§ thuit sir dung tinh don diéu ciia ham s trén mién xac dinh.
1. Thuéat toan :
Gid sit ham s6 y = f{x) don diéu trén D, u(x) va v(x) c6 mién gid tri la tdp con ciia D.
Khi dé tach: fu(x)= fv(x) < ux)=v(x).
f(U(x)) < f V(X)) = u(x) <v(x) hodc u(x)>v(x)
(Twong tir cho cdc ddu <,>,>)

2.Vidy:

Giai BPT : (x+3Wx+1+(x-3W1-x+2x<0 (1)

Giai :

A 1A X+1=0
*Dleuklen:{l >0<:>—1§x§1 (*)

* Khi do (1)< (x+IVXx+1+(x+1)+2Jx+1 < (1-xW1-x +([1—-x)+24/1-x



<:>(\/x+1)3+(\/x+1)2+2\/x_+1£(\/ﬁ)3+(\/ﬁ)2+2\/1—_x (2)
* Xéthamsd f()=t*+t> +2t véi t>0 :
CO f'(t)=3t+2t+2>0vt>0 Nén f(t) 1a ham dong bién trén [0;+c0).
* Mat khéc : (2) < f(/x+1) < f(V1-x) < x+1<1-x

o x+1<1-x < x<0 két hop voi diéu kién (*) ta dugc : —~1<x<0.

KL :
VI. K§ thuit sir dung tinh d6i xtrng ciia hai nghiém.

Tim m dé BPT sau c¢6 nghiém duy nhét :
—Ix=V1=x+2mx@-x)+24/x01-x)=m+m? (1)

Giai :

* Pidu kién : 0<x<1 (*¥)
* Nhan xét : Néu x, 12 nghiém cua (1) thi (1-x,) ciing 14 nghiém cta (1). Do d6 phuong

trinh c¢6 nghiém duy nhat thi x, =1-x, < X,

Thay x, =—Va0(1)tadu:oc \/7 \/7 1/—— 241/——>m+m om <0< m=0.

* Vo1 m=0 thi (1) trd thanh :
—\/;—\/1—X+2‘{/X(1—X)20@(4\/;—4\/1—X)2 <0

o Yx—41-x =0<:>x=1—x<:>x=% (théa man (*)).

Vay bat phuong trinh (1) c6 nghiém duy nhét khi m=0.
VII. Mt s6 Bai tap tw luyén :

Bai 1 : Giai cac BPT:



1,V2—-x*+ /2—%24_()(4_1). 2’ X—9\/; 51
X X 2~ 100x? — 40x + 40

3, VX+1+/2x—3+/50-3x <12 4, x? +2x +/2x—1 > /3x? + 4x+1

B, xJXx+1+/3—x <2Vx?+1 B, VX2 —4x+5++/x2 —10x+50>5

7, Jx=2+J4-x>x*—6x+11 8, (3—xWx—1++/5—2x </40—34x+10x* — x*

Bai 2 : Tim m dé BPT sau vo nghiém : m(\/1+ X2 —1-x? +2)2 VI-x* +41+ X2 —V1-x2 .
(BH B 2004)

Bai 3: Tima dé BPT sau ¢ nghiém : v/4x? + 2x+1-+/4x* —2x+1< 2a.

Bai 4 : Tim céc gia tri cia m dé bat phuong trinh sau c6 nghiém :
Y2x +2x + 246 —x +2J6—x <m
Bai 5: Tim m dé bat phuong trinh sau c6 nghiém:

3UX—=1+myx+1<2Yx* -1,
o 2 A e L2 5
Bai 6: Tim m dé€ BPT sau nghiém dtng v&i moi x e [0:1]: m+§\/x—x <Jx+1-x






