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~ GIAO KHOA & PHUONG PHAP GIAI TOAN 10
Chuong I: MENH BE - TAP HOP

MENY DE & MENH DE CHUB RIEN

1. Ménh dé:
Ménh dé 1a mot khing dinh ding hoic sai. Ménh dé& khong thé vira
dung Vira sai.
Vidu: i) 2 + 3 = 513 ménh dé dung.
i) "N 2 14 s6 hitu ti” I3 ménh dé sai.
i) "Mét qua !” khong phai la ménh dé
2. Ménh dé chua bién:
Vi du: Cho ménh dé 2 + n = 5. véi méi gid tri cia n thi ta duoc mot dé ding hodc sai.

Ménh dé nhu trén duoc goi la ménh dé chua bién.
3. Phii dinh ciia ménh dé:

Phi dinh ctia ménh d& P ki hidu 12 P . Néu ménh dé P dang thi P sa,
P sai thi P dlng.
Vidu: P "33 s6 nguyén t6”

P : "3 khéng 13 s6 nguyén t6”
4. Ménh dé kéo theo:
Ménh dé “néu P thi Q" duoc goi 1a ménh dé& kéo theo. Ki hiéu
P=0.
Ménh d& P = Q chi sai khi P dung va Q sai.

Vi du: Ménn a6 "3 < =2 = (=3)* < (-2)* “sai

Ménh dé \/5 <2=3<4 "ding
Trong ménh dé P = Q thi:
P: gia thiét (diéu kién du dé cé Q)
Q: két ludn (diéu kién cén dé cé P)
Vi du: Cho hai ménh dé:

P: "Tam gidc ABC c6 hai goc bang 60°”
Q: "Tam gidc ABC la tam giac déu”.
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H&y phat biéu ménh d& P => Q duti dang diéu kién cén, diéu kién dd.

i) Piéu kién cén: “Dé tam gidc ABC cd hai goc bdng 60° thi diéu kién can la tam gidc
ABC la tam gidc déu”

ii) Biéu kién du: “Dé tam gidc ABC la tam gidc déu thi diéu kién du la tam gidc ABC cé
hai géc bang 60°”
5. Ménh dé dao - Hai ménh dé tuong duong.

Ménh dé dao ciaménh dé P= Q laménh dé Q = P.
Chi y: Ménh a8 P = Q ding nhung ménh dé déo Q => P chua chéc ding.
Néu hai ménh dé P = Q va Q = P déu duing thi ta néi P va Q I3 hai ménh dé tuong duong
nhau. Ki hiéu P < Q
6. Ki hiéu V,3:

V : Poc lavéi moi (tit ca)

3: Poc laton tai (6 mdt hay co it nhat mot)
7. Phu dinh cua YV va 3:

* Ménh dé pht dinh cia ménh dé “ Vx e X,P(x) 1A 3x e X,P(x) "

* Ménh dé phi dinh cia ménh dé “3x € X, P(x)” 1a* Vx e X, P(x)”

Ghi nhe:
- Phudinhcua V la 3.
-Phadinhcua 3 1a V.
- Pha dinh cua =1a #.
- Phudinhcua>1a <.
-Phudinhcuna<la>.
VidweP:“3IneZ:n<0”

P:"VneZ:n>20"
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AP DUNG MENH DE VAD SUY LUAN TOAN HOC

1. Dinh li va chung minh dinh li:
- Trong toén hoc, dinh 1i 12 mot ménh dé dung. Nhiéu dinh 1i duoc phat biéu
dudi dang Vx € X, P(x)=Q(x) (1)

Trong d6 P(x),Q(x) lanhimg ménh dé chira bién, X 1a mot tap hop
nao do.
- Chimg minh dinh li dang (1) 1a dung suy luan va nhirng kién thirc dung da
biét dé khing dinh rang ménh dé (1) 1a dung, tirc 1a cin ching to rang voi moi
x thugc X ma P(x) dung thi Q(x) ding.
CO6 thé chimg minh dinh 1i dang (1) mot cach truc tiép hodc gian tiép.
* Phép ching minh truc ti€p gom cac bude:
- L&y x thdy y thudc X ma P(x) dung;
- Dung suy luén va nhiing kién thic toan hoc ding d& biét dé chi ra réng Q(x) dung.
* Phép chimg minh phan chimg gom cac buoe:

- Gi st ton tai X, € X sao cho P (xo) ding va Q (xo ) sai, tic 1d ménh dé (1) 1 mét ménh
dé sai.
- Ding suy ludn vé nhifng kién thirc todn hoc ding da biét dé chi ra didu méu thudn.
2. Diéu kién can, diéu kién du:
Cho dinh li dang: "Vx € X, P(x) = Q(x)" (2).
- P(x) goi 1a gia thiét va Q(x) goi 1a két luan cua dinh li.
- Pinh li (1) con duoc phat biéu dudi dang:
+ P(x) 1a diéu kién du dé c6 Q(x), hodc
+ Q(x) 1a diéu kién can dé c6 P(x).

3. Dinh li dao, diéu kién cdn va du:
Xé ménh dé dao ciia dinh li dang (1) 12 Vx € X,Q(x) = P(x) (2).

Ménh d& (2) c6 thé ding, c6 thé sai. Néu ménh dé (2) dung thi nd dugc
goi la dinh 1i ddo cua dinh li (1), luc d6 (1) goi la dinh 1i thuan.
Dinh 1i thuan va dao co6 thé viét gop lai thanh mét dinh 1i dang:
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VxeX,P(x)<0(x) ().

Khi dé ta noi: P(x) 1a diéu kién cin va du dé co6 Q(x) (hodc nguoc lai).
Ngoai rata ciing c6 thé néi “P(x) khi va chi khi (néu va chi néu) Q(x)”
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TAP HOP

I. TAP HOP:
- Tap hop la mot khai niém co ban cua toan hoc.
- Cho tap hop A. Phan tt a thude tap A ta viét ae A. Phan ttr a khong thude
tip Ataviét ag A.
1. Cdch xdc dinh tap hop:

a) Cach liet ke: Lataliét k@ tat ca cac phan tir cua tap hop.

Vide: A={1,2,3,4,5

b) Cach néu tinh chat dic trung: Chi ra tinh chit dic trung cia cac phan
tu cua tap do.

Vidw: A={xeR:2x" ~5x+3=0}

Ta thuong minh hoa tip hop bing mot dudng cong khép kin goi 1a
biéu d6 Ven.
2. Tdp hop réng: Latip hop khong chira phan tir ndo. Ki hiéu &.

Vay: Az < IxxeA
3. Tdp con: ACB@Vx(xeA:xeB)‘

C @

Chuy:i) Ac A,VA
i) dc A,VA
i) AcB,BcC=>AcC
4. Hai tdap hop bdngnhau:‘AZBQVx(xeA@xeB)‘

II. CAC PHEP TOAN TREN TAP HOP

1. Phép giao: AﬁB:{x/xeA vdxeB}

GV: NGUYEN THANH NHAN 37 % @:0987.503.911



r~ GIAO KHOA & PHUONG PHAP GIAI TOAN 10

. xeA
Nguoc lai: xe ANB <
xeB

2. Phép hop: AuB:{x/xeAhodcxeB}

xeA

xeB

Nguoc lai: xeAuB@{

3. Hiéu cua hai tap hop: A\B:{x/xeAvdxﬁéB}

A
B

X e
X &

=D

4. Phdn bu: Khi A c E thi E\A goi 12 phin bl ciia A trong E. Ki hiéu: C,B .
Vay: C,A =BEAkhi ACE.

Nguoc lai: xeA\B@{

\\
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III. CAC TAP HOP SO:
Tap sb ty nhién: N ={0,1,2,3,4,...}; N ={1,2,3.4,..|

Tap sb nguyén: Z ={...,-2,-1,0,1,2,..|

Tap cac s hitu ti: Q :{x :ﬂ/m,neZ,n ¢O}
n

Tap s6 thuc: ki hiéu R, gdm céc s6 hiru ti va cac sb vo ti. Tap sb thuc
duoc biéu dién bang truc so.

Quan hé giira cac tapsoi: NCZcQcR.

-0 0 +00

+ Cac tap con thuong dung cia R:

Biéu dién trén truc so

Tap h Noi dun;
ap hap ¢ dung (phédn khong bi gach chéo)
Tip sé thue (—= ; +20) | 0 -
a b
Boan [a ; b] [xeR|a<x<b) { Fsriirien
) a b
Khodng (v ; b) (xeR|a<x<b) { rieriseiiom
‘ . a b
Niakhoing [a:b) ||y c R|u<x<b] f Yrrssisttite
k] b F)
Nira khoang (u ; b] [xeR[a<x<h] M
e
Nita khoang (—0:a]  |{xe R|x<al
L3 b4 u
Nira khoang [a ; 400) (xeR|x2a) m{
. a
Khoing (—0 ; @) {xeR|x<a) ¥
. a
Khoang (« ; +o0) jxeR|x>al %
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Chu y: Céch biéu dién phép hop, giao, hiéu cua 2 tap hop trén truc s6:

V truc s6, biéu dién cac s6 13 bién cua tét ca cac tap hop Ién truc s6 theo thir tur tir nh

dén ldn Sau do biéu dién I3n luot ting tép hop theo qui tic sau:

|

Phép hop: Mubn 18y hop cua hai tip hop A va B. T6 ddm bén trong cua hai tip hop,
phén t6 dédm do chinh la hop cda hai tap hop.

Phép giao: Muén 18y giao cua hai tip hop A va B. Gach bé phan bén ngoai cua tap A, roi
tiép tuc gach bo bén ngoai cua tap B. phdn khdng gach bé do chinh la giao cua hai tap
hop A va B.

Cdch tim hiéu (a;b) | (c;d): T6 dém tdp (a;b) va gach bo tap (c;d). Phan té6 ddm khong
bi gach bo la két qua cén tim.
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¢6 GAN DUNG V3 €A1 €6

1. S6 gan dung:

Trong do dac, tinh toan ta thuong khong biét duoc gia tri dung cua cac
dai luong ta dang quan tim ma chi biét duogc gid tri gin dung cta no.
2. Sai so6 tuyét doi va sai sé tuong doi:

a) Sai so tuyét doi:
Gia st alagiatri dung cua mot dai lugng va ala gid tri gin ding cua

a . Giatri

a—a‘ phan anh mirc d6 sai 1éch gitra a vaa. Tagoi a—a‘ lasai s

tuyét d6i ciia s6 gan dung a vaki hisula A ,tacla A = ‘a — a‘
a a

Trén thuc té nhidu khi ta khong biét a nén khdng thé tinh dugc chinh
xéc A, . Tuy nhién, taco thé danh gid duge A khong vuot qui mét s6 duong
nao do.

“Néw 4, <dthi:[a—d[<d ©-d<a-a<d ©a-d<a<a+d
Khi d6 ta qui woe viét: a=a+d

Nhu viy khi viét: ; =a+tdta hiéu s6 dung ; nam trong doan
[a —d;a+d }

Vi vay, d cang nho thi d6 sai léch cang it di.

b) Sai s¢ twong doi:

s . . A
Sai s0 twong doi clia s6 gan dung a, ki higula &, lati so ‘—“ Tuc la
a

A{l

o =5.
la

a

., = d
Néu a=axd thi A <d do do: (SQS‘—
a
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. od o L R
Néu ‘— cang nho thi chat lugng ctia phép do dac hay tinh toan cang
q

Ccao.

Nguoi ta thuong viét sai s6 tuong doi dudi dang phan tram.
3. So qui tron:
Nguyén tie qui tron sé:
* Néu chif s6 ngay sau hang qui tron nhd han 5 thi ta chi viéc thay thé chit s6 d6 va cac chir s
bén phai no bdi s6 0.
* Néu chir s§ ngay sau hang qui tron I16n hon hay bang 5 thi ta thay thé& chir s6 d6 va cac chir s§
bén phai nd bdi 0 va cong thém 1 dan vi vao chif s6 § hang dugc qui tron
Chi y:
1. Khi qui tron sé ding a dén mét hang nao thi ta ndi s6 gén dung a nhdn duoc la chinh xdc dén
hang do.
2. Néu két qué cudi cing cia bai todn yéu csu chinh xéc dén hang 107" thi trong qué trinh tinh

(n+l) )

todn, & két qua cua cac phép tinh trung gian ta can I8y chinh xac it nhat dén hang 10

3. Cho s6 gén ding a c6 dé chinh xdc d (ticld a = at d ). Khi dugc yéu cdu qui tron s6 a ma
khdng noi ré qui tron dén hang nao thi ta qui tron s6 a dén hang cao nhdt ma d nhé hon 1 don vi
cua hang do.

4. Chi s6 chac va cdch viét chudn cua so gan dung:

a) Chir s chac:

Cho s gin dung a cta sb a voi do chinh xac d. trong s6 a, mot chit s6
duogc goi 1a chit sé chic (hay dang tin) néu d khong vuot qua nira don vi cua
hang c6 chir s6 do.

* Nhan xét: T4t ca cdc chif s6 ding bén tréi chif s6 chic 13 chif s6 chic. tét cé céc chit s6 dimng
bén phai chif s§ khéng chéc déu la chif s khéng chac.

b) Dang chudn ciia s6 gan ding:

Trong céch viét a=a+d , ta biét ngay d6 chinh xac d cua sb gan ding a.
Ngoai cach viét trén, ngudi ta cOn qui ude dang viét chudn cua sb gin dung va
khi cho mot sé gin diing dudi dang chuén, ta ciing biét dugce do chinh xac cua
no.
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* Néu sé gin dung 1a sb thap phan khong nguyén thi dang chuin 1a dang ma
moi chit s6 ctia nd déu 1a chit sb chéc.
* Néu sb gan ding 1a sd nguyén thi dang chuin cua n6 1a A.10", trong d6 A 1a
sd nguyén, k 1a hang thip nhat c6 chir sb chic (k € N)
Chi y: Vi qui udc vé dang chuén cua s6 gén ding thi hai s6 gén ding 0,14 va 0,140 viét dudi
dang chuén cd y nghia khac nhau. S6 gén ding 0,14 cd sai s6 tuyét déi khéng vt qud 0,005 con
6 0,140 c6 sai sé tuyét doi khéng vuot qua 0,0005.
5. Ki hiéu khoa hoc cua mét so:

Mdi sb thap phan khac 0 déu viét duge dudi dang «.10", trong do:
1< ‘a‘ <10,n € Z. Dang nhu thé duge goi 1a ki hiéu khoa hoc cua sé do.

Nguoi ta thuong dung ki hiéu khoa hoc dé ghi sé rat 1on hodc s rat bé.
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Chuong I1. HAM SO BAC NHAT VA BAC HAI.
DA CUDNG VE HAM €O

1. Khdi niém vé ham so:
a) Ham so:
Cho mot tap hop khac rong D — R .

Ham sb f xac dinh trén D |a mot qui tic dit twong tng mdi sé x thude
D véi mot va chi mot so, ki hidu 1af(x); sd f(x) d6 goi lagidtri cia ham sb f tai
X.

Tap D con goi 1a tap xac dinh (hay mién xac dinh), x goi la bién s hay
ddi s6 cia ham s5 .

De chi r5 ki hiéu bién s6, ham 5 f cdn duge viét 1 y = f (x)

b) Ham s& cho bing biéu thiee: Cho ham sb y = f(x) , khi d6 ta néi ham sb
duoc cho bang biéu thirc f(x).
*Tap xac dinh cta ham so:

Ta qui woc rang: Khi cho ham s bang biéu thirc y = f(x), néu khong
néi gi thém thi tap xac dinh cia ham s y = f(x) 1atap hop tat ca cac gia tri cua
x dé biéu thirc y = f(x) c6 nghia (hay |a gi& tri cta biéu thic f(x) dugce xac
dinh). Ki hiéu 1& D
Vay: Tap xac dinh D = {x eR/y=f(x)co nghfa}

*Tap xac dinh cta cac ham so thuong gap:

. y:gg; 06 nghta <> O(x) # 0

oy =+/P(x) conghia < P(x)=>0

°y= Px) cd nghia < Q(x)>0
O(x)
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o y=+/P(x) +JO(x) 06 nghia < {P(x) 20

0(x)=0

e Cac ham da thirc nhu: y = ax® + bx + ¢, y = ax + b,... c0 tip xac dinh

laAR.
¢) Do thi ciia ham sa: Cho ham s y=f(x) ¢6 TXD 1a D.
P4 thi (C) ciia ham s 12 tap hop cac diém M(x, f(x))trén mat

phing toa do Oxy véi x € D . Viy (C)z{M(x,f(x))‘y zf(x),xeD}

Luwu y khi gidi toan: piém thuéc dé thi < toa do cia diém phai théa mén phuong
trinh cua doé thi.
2. Sw bién thién cua ham so:

Taki hiéu K 1a mot khoang, nira khoang hay doan. Ta co:

* Ham sb y = f(x) goi la ddng bién (hay ting) trén K néu:
Vx,x,eK:x <x,= f(x)<f(x,)

* Ham sb y = f(x) goi 1a nghich bién (hay giam) trén K néu:
Vx,x,eK:x <x,= f(x)> f(x,).
Nhan xét:
- Néu m¢t ham sé déng bién trén K thi trén do do thi cua nd di Ién tur trdi sang phai.
- Néu m¢t ham sé nghich bién trén K thi trén dé do thi cia nd di xubng tur trdi sang phai.

* Phuong phap khao sat sw bién thién cia ham s¢

BirLay Vx,,x, € K,x, #x,.

Jx) - f(x)
X, 7

Bs: Néu ti s6 T > 0 thi ham s tang trén K.
Néu ti s6 T < 0 thi ham sb giam trén K.

3. Tinh chan lé ciia ham so:

B, Laptisd: T =

Cho ham sb y = f(x) x4c dinh trén D.
VxeD=-xeD

fE0)=f(x)

* Ham sb y = f(x) duogc goi 1a ham s chén néu {
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VxeD=-xeD
f(=x)==f(x)

* Phuong phap ching minh ham sé chan, ham sé 1é.

* Ham s6 y = f(x) duoc goi 1a ham sb 1& néu {

B.: Tim tap xac dinh D ctia ham .
B.: Chimg minh tdp D latap dbi xtng (cin ¢/m: xe D = —x e D)
Bs:Tinh f(-x).
Néu f(-x) = f(x) thi ham s 1a ham sb chén.
Néu f(-x) = - f(x) thi ham sb 1a ham s 1é.
*Lua y: Hém s6 cd thé khéng chén khéng Ié.
4. Do thi ciia ham s6 chdn va ham sé lé:
* P thi ctia hdm sb chin ddi ximg qua tryc tung.
* P thi ciia ham sb 1¢ d6i xing qua gbc toa do.
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WA eby=-ax+b

1. Ham s6 bdac nhdt: y=ax+b (a # 0)
a TapxacdinhD= R.
b. Sur bién thién:
- Néu a > 0 ham s dong bién trén R
- Néu a < 0 ham sb nghich bién trén R
c. D6 thi: D6 thi 1a duong thing khong song song, khong triing voi hai

truc toa do va cit truc Ox tai A(—é; OJ , Oy tai B(0; b).
a

* Ch y:

- a dugc goi la hé s6 goc cua duding thang.

- Néu goi QL 13 gdc tao bdi duding thdng y=ax+b va chiéu duong cda truc Ox thi @ =tan o .
- Néu a>0 thi duong thdng y=ax+b nghiéng vé bén phai.

- Néu a< 0 thi duong thdng y=ax+b nghiéng vé bén trai,

- Cho hai dutng thing (d):y:ax+b,(d'):y:a'x+b'. Ta cd:
s@ra)={ee
H(@)=(@)e o

+ (d)cé’t(d')@dia'
+(d)L(d')=aa'=-1
2. Hoam s6y =b

- TapxacdinhD = R

- Ham s hang 1& ham sb chin.

- D6 thi 1a dudng thing song song véi truc hodnh va cit truc tung tai
diém (0; b).

3.Ham sé y = ‘x‘
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- TapxacdinhD= R.
-Hamsb y = ‘x‘ |a ham sb chin. D6 thi déi ximg qua truc tung.

- Ham s6 ddng bién trén khaing (0;+00) vanghich bién trén khoing

(=0

Bang bién thién:
X ‘ —0 0 400
g +\ g
O /
Do thi:
y
A
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HAM ¢0 BAC yAt

1. Dinh nghia:
Ham sd bac hai 14 ham sb cho bang biéu thic c6 dang
y =ax’ +bx =c, trong d6 a, b, ¢ 1a nhirng s6 thuc vaa = 0.
2. Do thi cia ham sé bdc hai:
- TapxacdinhD = R
b A

- P thi 1a duong parabol ¢6 dinh I| ——;—— |, nhan dudng thing
2a  4a

b . ‘. x 1x A e . .
X = o l[am truc doi xtng, c6 bé 10m quay 1én khi a > 0, quay xuong khi a <
a

0.

3. Su bién thién cua ham sé:

£ S g . A b 5
Néu a > 0 thi hdm s6 nghich bién trén khoang (—oo;—z—] va dong
a

bién trén khoang —i; +00
2a

. e A b R . A
Néu a < 0 thi ham s6 dong bién trén khoang (—oo;—z—] va nghich bién trén
a

khoang (—23;+oo]

a
Béng bién thién:
X —o0 b 00
a>0 2a
y +00 +00
\ A /
4a
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X b
a<0 — -— +00

7N

Dang 1: Vé do thi ham s bac hai:

4. Dang todn:

- Céc bude v& d6 thi cua ham s bac hai:
- , , b A
+ Xéac dinh dinh cta parabol: [| ——;——
2a  4a
+ Xac dinh truc d6i ximg va huéng bé 16m cua parabol.
+ Xac dinh mot s diém cu thé cua parabol, ching han: giao diém cta parabol
v6i hai truc toa d6 va cac diém ddi xtmg vé6i chung qua truc ddi xtng.
+ Cin cir vao tinh déi xtmg, bé 16m va hinh dang parabol dé “ndi” cac diém d6
lai.

Dang 2: Lap phuong trinh parabol (P) théa diéu kién K:

Buéc 1: Gia st parabol (P) c¢6 phuong trinh (P): y = ax” + bx + c(a #* 0)
Budc 2: Dua vao diéu kién K dé xac dinh a, b, c.

Trong buoc nay ta thuong co cdc diéu kién thuong gdp sau:

*Diém A(x,;,)€(P) <y, =ax, +bx,+c

b
X, =—
*(P) co dinh 1(x,;y,) < " 2a
A
vl

*(P) co gid tri cuc dai (hodc cuc tiéu) bang y,
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a<0 a>0
& A hodc < A
Yo = da Yo = da
*(P) dat gid tri cuc dai (hodc cuc tiéu) tai diém c6 hoanh dj bang X,
a<0 a>0
= p hoac b
Yo =757 0T "5
2a 2a
*(P) nhian duong thang x = xjlam truc doi xiing < x, =——

2a
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Chuong 111. PHUONG TRINH & HE PHUONG TRINH

DA CUDNG VE PHUDNG TRINY

I. Khdi niém phuwong trinh.
1. Phuong trinh dn x la ménh dé co dang f(x) =g(x) (1)

Néu hai ham s5 y=f(x),y =g(x) lan luot 6 tip xéc dinh Ia
DD, thi D = D, N D, goi latap xac dinh cta phuong trinh (1).

Néu co sb x, € D sao cho f(xo) = g(Xo) thi Xo dugc goi la mot nghi¢m
cua phuong trinh f(x) = g(x).

Giai phuong trinh [atatim tat ca cic nghiém cia no.

Phuong trinh khéng ¢ nghiém ta no6i phuong trinh vo nghiém.

Chu y: Céc nghiém cia phuong trinh (1) chinh la hoanh dé cac giao diém cia db thi céc ham s6

y= f (x ) &y =g (x ) . Phuong trinh (1) ciing goi I3 phuong trinh hoanh dé giao diém
cua do thi cdc ham s6''y = f(x)&y = g(x) .
2. Piéu kién cua phwong trinh: La diéu kién ctia 4n x dé hai vé cua
phuong trinh ¢ nghia.
* Cha y: Khi gidi phuong trinh, viéc tim tdp xac dinh cda phuong trinh déi khi con kho
hon viéc giai phuong trinh do, nén khi giai ta chi can ghi diéu kién cua phuong trinh la
du. Khi gidi xong ta chi viéc thay nghiém vao diéu kién dé loai nghiém ngoai lai di.
3. Phuong trinh chita tham sé: La phuong trinh ngodi 4n x cOn co c&c chit
sd khac xem nhu 13 hing s6 va duogc goi 1a tham sb.

Vi du: x* + 2x —m = 0. Véi m 1a tham sb.
4. Phuong trinh tuong dwong: Ha phuong trinh dugc goi la twong duong
néu chiing c6 cuing tap nghiém (ké ca tap rong)

Kihig¢u: * f, (x) =g (x) = (x) =g, (x) ”
Cha y: Khi muén nhdn manh hai phuong trinh ¢6 cing tap xdc dinh D va tuong duong vdi nhau,

ta n6i "Hai phuong trinh tugng ducng trong diéu kién D”
5. Phép bién doi tuong duong:
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Céc phép bién d6i khong 1am thay ddi tap nghiém cua phuong trinh
duogc goi 1a cac phép bién dbi tuong duong
* Phép cong (trir): f(X) =g(x) < f(X) = h(x) =g(x) = h(x)

Cong hoic trir vao hai vé cua phuong trinh véi biéu thire h(x) ma
khong 1am thay doi diéu kién cta phuong trinh thi ta dugc phuong trinh méi
tuong duong.

* Phép nhan (chia): f(X) =g(x) <> f(x).h(x) = g(x).h(x)

f(x) g(x
f(x) =g(x) < ( ) = ( ) véi h(x) #0
h(x) h(x)

Nhan hodc chia vao hai vé ciia phuong trinh véi biéu thire h(x) #0
ma khong lam thay doi diéu kién ctia phuong trinh thi ta duoc phwong trinh
moi tuong duong.

Chu y: Prép chuyén vé: f(x) + h(x) = g(x) = f(x) = g(x) - h(x) .

6. Phuong trinh hé qua:

Cho hai phuong trinh: f(x) = g(x) (1)  fi(X) = q.(X) (2)

Phuong trinh (2) duoc goi 1a phuong trinh hé qua ctia phuong trinh (1)
néu tap nghiém cua phuong trinh (2) chira tap nghiém cua phuong trinh (1). Ki
hig¢u: ()= (2
* Luua y: i) Khi binh phuong hai vé cda phuong trinh thi ta dugc phuong trinh hé qua cua phuong
trinh dé cho.

ii) Khi gidi phuong trinh mé din dén phuong trinh hé qua thi phdi thi lai nghiém vao
phuong trinh ban ddu dé loai nghiém ngoai lai.
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PHUONG TRINY
BAC NHAT VA BAC HAt MOT AN

1. Gidi va bién ludgn phuong trinh: ax + b =0 (1)

ax+b=0(1)
Heé s6 Két luan
a#0 . b
(1) c6 nghiém duy nhat x = .
s b#0 (1) vo nghiém
b=0 (1) nghiém dung véi moi x

2. Gidi va bién lugn phuong trinh: ax® + bx +c =0 (2)

* Truomg hop 1: V6i a=0, ta co6 phuong trinh bx + ¢ =0, day la phuong trinh o
hé s cu thé nén co thé két luan dugc nghiém cta phuong trinh (2)

* Truomg hop 2: V6i a # 0, tatinh biét thic: A= b* —4ac

+ Néu A < 0: phuong trinh (2) v6 nghiém.

X s L b
+Neéu A =0: phuong trinh (2) c6 nghiém kép x, = oy
a

—b+A

2a
Két luan: (t0y theo gid tri cia m ta két luan tap nghiém cua phuong trinh)
Chiy: Tacothé ding A’

ax” +bx+c=0(a#0)2)

N b7 ae | Kétluan

+Néu A >0 : phuong trinh (2) ¢6 hai nghi¢m phén biét x, , =

A'>0 ] a o b+ +/A"
(1) ¢6 2 nghi¢m phén biét x,, = —

A'=0 . X
(2) c6 nghiém kép x =——
a
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A'<0 ‘ (2) v6 nghiém
Chi y: Phuong trinh tring phuong: ax* + bx®> + ¢ = 0 (a# 0) ¢ thé dua vé
phuong trinh bc hai bang cach dat t =x* (7> 0)
3. Dinh li Viet:

- Cho phuong trinh bac hai ¢6 hai ax* + bx + ¢ =0 (a # 0) ¢ hai nghiém x;,

X,. Khi do: a

a

- Nguoc lai néu c¢6 hai séu vav macotongu+v=S, tichu.v=Pthiuvavla
céc nghiém cua phuong trinh: > —St+P =0 (3)

* Chu y:

u=t u=t,
+ Néu phuong trinh (3) cd hai nghiém T ,1, thi hodc

V=1, V=1,

+ Néu da thic | (x) = ax’ ++bx + ¢ c6 2 nghiém X,, X, thi f(x) cd thé phan tich thanh
f(x) = a(x—xl)(x—xz)

4. Dang todn:

Dang 1: Tinh gia tri ctia biéu thie d6i ximg giira cac nghiém cia phuong trinh bac hai:

Goi x,,x, lacac nghiém cla phuong trinh béac hai ax’ +bx+c=0.Taco

mot sb biéu thire thudng gip nhu sau:

* x2+x2=(x +x )Z—xx =S*-2P
1 2 1 2 1772

* x4 z(x +x )3—3xx (x +x ):5'3_3]35
1 2 1 2 1772 1 2

1

2 2
1 x,+x, S 1 1 x+x, S$-2P
—_— = = — — 4 = =
2 2.2 2
XX, XX, P XX, x| X, P

*

N |

GV: NGUYEN THANH NHAN 3 25 & @:0987.503.911



r~ GIAO KHOA & PHUONG PHAP GIAI TOAN 10

Dang 2: Tim hé thiec lién hé giita cac nghiem khong phu thuéce vao tham sé (gia st 1a
m):
Bude 1: Tim diéu kién cia m dé phuong trinh ¢6 hai nghiém phén biét X5 X,
a#0
=
A>0
o — 5+, = f (m)
Budc 2: Ap dung dinh li Viét ta dugc
XX, = g(m)
Bude 3: Khir m tir hé trén ta duge hé thirc can tim.

Dang 3: St dung dinh li Viét xét ddu cac nghiém cia phuwong trinh bac hai:

ax’ +bx+c:0(a¢0)

Z C < 2 ‘A FERRT
* Néu P =— <0 < phuong trinh ¢6 hai nghiém trai dau < x, <0< x,
a

. 1420 . : . ;
* Néu {P 0 < phuong trinh ¢6 hai hghiém cung dau.
>

A=20

* Néu < P > 0 < phuong trinh ¢6 hai nghiém duong < 0 < x, < x,
S>0

A=20

* Néu < P > 0 < phuong trinh ¢6 hai nghi¢m am < x, < x, <0
S<0
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PHUONG TRINY VA HE PHUONG TRINY
I. Phuong trinh chita dn trong ddu gid tri tuyét doi:
Cie dang co ban: 1) |A| = |B, ii) |4| = B
Cich gidgi 1: Dung dinh nghia tri tuyét d6i dé bo tri tuyét ddi:
‘A‘ _ A l’lé,lzt,A > 0
—-Anéu A<O

Cich giai 2: Binh phuong hai vé din dén phuong trinh hé qua. Khi giai xong
phai thir lai nghiém dé loai nghiém ngoai lai.
Céch gidi 3: Dung cong thirc:

A=B
e

B>0
0 |Al=Be=i[a=B

A=-B

II. Phuong trinh chita dn duoi ddu cdn:

Cac dang co ban: i) \/Z:\/E , i) \/Z:B

Cich giai 1: Binh phuong hai vé din dén phuong trinh hé qua. Khi giai xong
phai thir lai nghiém dé loai nghiém ngoai lai.
Céch gidi 2: Dung cong thirc:

. \/Z:\/E@{AZO (hodic B> 0)

A=B

2

. \/ZZB@{BZO

III. Phuong trinh va hé phuong trinh bdc nhdt nhiéu dn:
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1. Phuong trinh bdc nhdt hai dn: ax +by +¢=0 (2). Trongdoéa, b, cla
céc hé sd, a va b khong dong thoi bang 0.

Cip (xoYo) duoc goi 1a nghiém cua phuong trinh (2) néu chung
nghiém dung phuong trinh (2).

S . . . . . {a1x+b1y =6
2. Hé hai phuong trinh bdc nhdt hai dn: .
a,x+by=c,

Céch gidi: C6 3 cach:
1. Dung phuong phap cong dai so.
2. Dung phuong phap thé.
3. Dung dinh thuc:

= _ al bl _ Cl bl _ al Cl
bat D = p |t Pe= bl Dy =
aZ 2 C2 2 aZ C2

* Néu D = D = Dy =0 thi hé c6 v6 s6 nghiém

*Néu D = 0,D_+#0hodc Dy # (0 thi hé v nghiém.

DX
X =
* Néu D # 0 thi hé c6 1 nghiém D
-
Y D

ax+by+cz=d,
3. H¢ ba phuong trinh bdc nhdt ba dn: ya,x+b,y+c,z=d,
ax+by+c,z=d,
Cich giai:Khir dan timg 4n s6 dé dua hé phuong trinh trinh vé dang tam giac:
ax=d,
a,x+by=d, (pp Gausse)
ax+by+c,z=d,

4. Hé phuong trinh gom mét bac nhdt va mét bac hai doéi voi 2 dn:
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2 2
] X =3x+y+y =4
Vi du: yry
2x+y=4
Cach giai:
- T’ phuong trinh bdc nhéat ta ridt mét an theo an kia rbi thé vao phuong trinh bac hai
ta dutc phuong trinh bac hai mét &n.
- Gidi phuong trinh bac hai ta tim dugc nghiém, thay nghiém via tim vao phuong trinh
béc nhét ta tim duoc nghiém cia &n con lai.
5. Hé phuong trinh doi xung loai 1:
Dang: L& hé phuong trinh ma khi thay x boi y vay bdi x thi mdi phuong trinh
cta hé khong thay doi.
X Hx+y+y’ =8

Vid: xy(x+y):6

Cach giai:

P=xy
P. Giai hé nay ta tim duoc S,P.
- x,y khi d6 & hai nghiém cua phuong trinh X* —SX +P =0 (néu cd)

S=x+ ,
- Dat { Y , thay vao hé phuong trinh ta duoc hé phuong trinh mdi theo én S,

* Chu y: Néu (x;y) la mét nghiém thi (y;x) cling la mét nghiém.

6. Hé phuong trinh doi xing loai 2:

Dang: La h¢ phuong trinh mé khi thay x boi y vay boi x thi phuong trinh nay
cia hé s€ trd thanh phuong trinh Kia ciia hé, va nguoc lai.

2 _ —
Vi du: {x =2y-3

y>=2x-3
Cach giai:
- Trir tung vé hai phuong trinh ta duoc phuong trinh mdi.
xX=y
- Phén tich phuong trinh mdi thanh dang (x —y).f(x;y) =0 f( ) o
xXy)=

- Két hop vdi 1 trong 2 phuong trinh cua hé ta dugc mét hé mdi don gian hon roi gidi.
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Chuong IV: BAT DANG THUC & BAT PHUONG TRiNH.
I. Bdt Dang Thikc:

1. Bdt ddng thiic cé6 dang: A>B,A<B, A>B,A<B.

2. Bdt ddng thite hé qud: Néu ménh @& A< B = C <D dung thi ta noi
BDT C<D IaBDbT h¢ qua cia BBT A <B.
3. Bdt ddng thire twong duwong: Néu BDT A < B lahé qua cia BDT C< D
va nguoc lai thi tandi hai BPT tuong duong nhau. Ki hiéu: A<B< C<D.

4. Cdc tinh chdt:

‘ Tinh chat Tén goi
Diéu kién Noi dung :
a<bvab<c=a<c Bic cau
a<b&sa+ce<b+c Cong hai vé bat dang thirc
Vo1 mot )
c>0 a<b< ac<be Nhan hai vé bat dang thuc
c<0 a<b < ac>be V6i mot sO.
a<bvac<d=a+c<b+d| Cong he}i bat ding thirc
cung chiéu
a>0,c0 a<bvac<d= ac<bd Nhan hai bat dang thuc

cuing chiéu

n nguyén duong

a< b o a2n+l > b2n+l

O<a<b=a" >b"

Nang hai vé ciia bat ding
[én mot lay thira.

A>0

a<b<:>\/;<\/z

a<b<:>%/;<i/z

Khai can hai vé ciia moét bat
dang thuec.

5. Bdt ddng thite Cosi: Cho hai b a vab khong am:

Taco: a+b > 2+ ab . Ding thic xay ra khi vachi khia =b.

6. Cdc hé qua:

i) a+122, Va>0

a
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ii) Cho hai s x > 0, y > 0. Néu x + y khong ddi thi x.y 16n nhat khi va chi khi

X=Yy.
iii) Cho hai sd x >0, y > 0. Néu x.y khong ddi thi X + y nho nhat khi va chi khi

)’;. B):i-'t ddng thuec chita gid tri tuyét doi:

i) ‘x‘ > O,M > x,‘x‘ >—x

i) ‘x‘ﬁa@—aﬁxﬁa, Ya>0

iii) ‘x‘2a<:>x£—a hoic ‘x‘Za, Ya>0

v) ‘a‘ - ‘b‘ < ‘a + b‘ < ‘a‘ + ‘b‘
8. Cdc phuwong phdp ching minh BDT:

i) Dung dinh nghia: Mu6n chiing minh A > B thi ta cin ching minh: A —
B>0.

ii) Phuong phap chimg minh twong dwong:

A>BS A >B <A >B, & ... <A >B .
Trong d6: A > B 1a bdt can chirng minh

A, > B, 1a bdt dung da biét.

i) Dung cac bat ding thie da biéi: BDT Cosi, BDT chira gia tri tuyét
doi...

II. Bdt phuong trinh va hé bdt phuong trinh mét an:
1. Khdi niém bdt phuong trinh mét dn:

Bit phuong trinh 4n x ¢6 dang f(x) < g(x),
f(x)< g(x), f(x)> g(x), f(x) = g(x). Trong d6 f(x) va g(x) la nhiing biéu
thirc chira x.

2. Diéu kien ciia bdt phuwong trinh: 13 diéu kién cua 4n x dé hai vé f(x) va
g(x) déu c6 nghia.

TXD: D= {x eR/ f(x),g(x) co nghfa}

3. Hé bdt phwong trinh mét én: Lahé gdm mot sb bat phuong trinh an x
ma ta phai tim nghiém chung ctia chung.
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Mdi gia tri ciia x dong thoi 1a nghiém cua tit ca cac bat phuong trinh
cta hé duge goi 1a mdt nghiém cua hé bat phwong trinh da cho.

Phwong phép giai hé bat phwong trinh: Giai timg bat phuong trinh
roi lay giao ciia cac tap nghiém.
4. Bdt phuong trinh twong duong: Hai bit phuong trinh (hé bpt) duoc goi
| twong dwong nhau néu chung c6 cuing tip nghiém. Ki hiéu: <
5. Cdc phép bién doi twong duwong: Cho bit phuong trinh P(x) < Q(x) ¢6
TXD D.
a) Phép cong (trir): Néu f(x) xac dinh trén D thi:

P(x) <Q(x) < P(x) +f(x) <Q(x) + f(x)
b) Phép nhan (chia):
i) Néu f(x) > 0, Vx € D thi: P(X) < Q(X) < P(X).f(x) < Q(x).f(X)
i) Néu f(x) < 0, Vx € D thi:P(x) < Q(x) < P(X).f(x) > Q(x).f(X)
¢) Phép binh phuong: Néu P(x) >0, Q(x) > 0,Vx € D thi:

P(X) < Q) < PA(x) < Q(x)
6. Cdc chu y khi giai bdt phuong trinh:

i) Khi bién déi hai vé cia bét phuong trinh thi cé thé Iam thay dobi diéu kién cua bat
phuong trinh. Vi véy, dé tim nghiém cta bét phuong trinh ta phai tim cac gid tri cia x thod mén
diéu kién cua bat phuong trinh do va la nghiém cua bat phuong trinh mdi.

Sx+243—x > x 4-3J3—x
4 4 6
ii) Khi nhén (chia) hai vé cua bét phuong trinh vdi biéu thuc f(x) ta cdn luu y vé déu cua
f(x). Néu f(x) nhén ¢ gid tri duong lan ém thi ta phai I3n luot xét c hai truong hop. Moi trudng
hop din dén mét hé bét phuong trinh.
iii) Khi gidi b4t phuong trinh ¢d n & méu ta quy ddng mau nhung khéng duoc bé méu
va phai xét dau biéu thuc dé tim tap nghiém

VD: Gidi bpt:

VD: Gii bpt: >1
x j—
iv) Khi giai bat phuong trinh P(x) < Q(x) ma phai binh phuong hai vé thi phai xét hai
truong hop:

TH1: P(x) va Q(x) déu khdng &m thi ta binh phuong hai vé cua bat phuong trinh.
TH2: P(x) va Q(x) déu am thi ta viét P(x) < Q(x) <> - Q(x) < - P(x) rbi binh phuong
hai vé cua bat phuong trinh mdi.

VD: Gidi bpt: 1/x2 +1—7 > x +l
4 2
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III. DGu cua nhi thicc bdc nhdt:
1. Nhi thice bae nhdt: Labiéu thic c6 dang: f(x) = ax + b. trong d6 a, b 14
cac hang s6 (a # 0).

2. Ddu cua nhi thicc bdac nhdt f(x) = ax + b:

Béng Xét Dau:
X
—00 —— +00
a>0 - 0 +
f(x) =ax +
(X) ax b a<0 + 0 -

Quy tic: Phai cting — Trai trdi.
3. Phuong phdp lap bang xét ddu cua nhi thuc:
B;: Tim nghiém cla nhi thirc.
B,: Lap bang xét dau.
Bs: Két luan vé dadu cla nhi thic.
4. Ddu cua mét tich, moét thuwong cdc nhi thicc bdac nhdt:
Phuong phap xét ddu: Tim nghiém timng nhi thitc c6 mit trong biéu thirc. Lap
bang xét diu chung cho tit ca cac nhi thirc ¢6 mit trong biéu thirc. Tir d6 ta suy
ra duoc dau cua biéu thirc.
Ax-1D(x+2)
—-3x+5
5. Ap dung vao viéc gidi bdt phwong trinh:

VD: Xé dau biéu thirc: f(x) =

a) Bat phuong trinh tich, bt phwong trinh chita 4n ¢ mau:

Phuong phap gidi:
B;: Dua bat phuang trinh vé dang f(x) > 0 hodc f(x) < 0.
B,: Lap bang xét dau ctia biéu thiic f(x).
Bs: Dua vao bang xét dau két luan nghiém clia bat phuaong trinh.
VD: Giai bat phuong trinh:
2 Ax-1(x+2) 1

>0 b) >1
-3x+5 1—x

* Cha y: O déy ta ciing con c6 mét phuong phdp xét déu riéng don gién ma higu qué hon
6. Bdt phuong trinh chita dn trong ddu gid tri tuyét doi:
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Chu y:
l = .
—-Anéu A<Q

ii) \A\z — A2, VA

iii)‘x‘ﬁa@—aﬁxéa,Va>O

iv)‘x‘2a<:>x£—a hoic x2>a,Va>0

Phuong phap giai:
Phuong phap: Ding dinh nghia dé khir tri tuyét dbi.
B:: Lap bang xét dau ctia biéu thiic trong dau gia tri tuyét déi.
B,: Dua vao bang xét dau khir dau gia tri tuyét doi va giai bat phuong trinh
trén tirng mién xac dinh clia bat phuong trinh.
Bs: Nghiém clia bat phuang trinh a hgp cac tdp nghiém trén ting mién xac

dinh.
0 f(x)fae—-a<f(x)<a,Va>0
< _

0 fyzae| TP il
fx)2a

0 \A\S\B\@AZSBZ
B>0

0 ‘A‘SB@
A> < B?
B<0

0 ‘A‘ZB@ B>0
A’ > B?

Phuong phap: Dung cong thure.

7. Bdt phuong trinh chita dn trong can bdc hai:
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_ B<0
A>0

B>0
A>B?

*\/Z>B<:>

B>0
*\JA<B<<A>20
A< B’

. A<\/E©{AZO

A<B

IV. Ddu cua tam thie bdc hai:

1. Tam thirc bac hai d6i v6i x ¢6 dang: f(x) = ax” + bx+c (a = 0).
2. Diu cua tam thitc: Cho tam thic f(x) = ax® + bx + ¢ (a#0) ¢
A=b>—4ac

TH1: Néu A<O0:

Bang xét dau:

X —00 +00
f(x) Clng dau véi a voi moi x € R
TH2: Néu A=0
Bang xét dau:

X —b
—00 — +00
2a
f(x) Cung diu véi a 0 Cung diu véi a

TH3: Néu A>0
Bang xét dau:

X —0 X1 X2 +00

f(x) | Cungddu véia O Tréi dauvéia O CUngdiu véia

Phuong phap xét déu tam thie bac hai f(x) = ax® + bx + ¢ (a = 0).
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B:: Tinh A v tim nghiém cda tam thirc (néu ci)
B,: Lap bang xét dau ctia biéu f(x)
Bs: Két luan dau cua tam thuc.
VD: Xé& diu cac tam thire sau:
a.f(x) = -x*+3x-5
b. f(x) = 2x* - 5x + 2
c. f(x) = 9x* - 24x + 16
d. f(x) = (2x -5)(3 - 4x)
2x* —x—1

x*—4
f. £(x) = O + 3x — 4)(-3x - 5)
* Cha y: Khi xét ddu mgt thuong cin xdc dinh diéu kién dé phén s6 cd nghia.

e. f(x) =

3. Bdt phuong trinh bac hai mét dn:
Dang: f(X) > 0, f(x) <0, f(x)<0; f(x) =0 voi f(x) = ax* + bx + ¢ (a # 0)
@ Cach giai:
B;: Pua bdt phuong trinh v& moét trong cac dang f(x) > O,
f(x) <0, f(x)<0; f(x)=0.
B,: Lap bang xét d&u biéu thirc f(x).
Bs: Nhan nghiém (ng véi dau cla bat phuang trinh.
VD: Giai cac bat phuong trinh sau:

a.2x*-5x+2>0 b. 9x* - 24x + 16 > 0
. X +x+2<0 d.x*+12x+36 >0
e.x*+12x+36 <0 f.(2x-5)(3-4x) > 0
2x* —x—1
g. (¢ + 3x-4)(-3x-5) >0 h.2—4£0
x J—

4. Cdc ttng dung cta tam thitc bdc hai:

Cho tam thirc f(x) = ax’ +bx + ¢ (a # 0) 6 A=b" —4ac

o} Phuong trinh f(x) = 0 ¢d hai nghiém < A>0
0 Phuong trinh f(x) =0 co nghiém kép < A=0
o] Phuong trinh f(x) = 0 vd nghiém < A< 0
. L e L az0
o] Phuong trinh f(x) = 0 cO hai nghiém tréi dau <> {P <0
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. #0
0 Phuong trinh f(x) = 0 c6 hai nghiém cling diu <> |
P>0
az0
X o A>0
o] Phuong trinh f(x) = 0 cO hai nghi¢m am <
S<0
P>0
az0
X L A>0
o] Phuong trinh f(x) = 0 c6 hai nghiém duong <>
S>0
P>0
>0 >0
0 f)>0vred? f(x) > OVx |
A<O AL0
<0 <0
0 f)<0Vrei? f(x) < OVx <4
A<O AL0

a<0

o] f(x) > 0vbnghiém < f(X) < O0Vx <
) ghié ) {ASO

a<0

0 f(x) > 0vO nghiém < f(x) < OVx <
A<0

a>0

o] f(x) < 0vb nghiém < f(x) > 0Vx <
) ghié ) {ASO

a>0

0 f(x) < 0vO nghiém < f(x) > OVx <
A<0
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Chuong V: THONG KE

I. BANG PHAN BO TAN SO & TAN SUAT.

1. Gia sir ddy n sb liéu théng ké da cho c6 k giatri khac nhau (k < n). Goi x; 1a
mot gia tri bat ki trong k gia tri d6. Ta co:

S6 14n xuét hién gi4 tri x; trong ddy s lidu da cho dwogc goi 1a tin sb
cua gia tri do, ki hiéu 1an.

‘ n Cix A Kye o ap o,
SO f, =— dugc goi latan suat cua gid tri x;.
n

2. Gia str ddy n s liéu thong ké d& cho duoc phan b vao k [p (k<n). Xét 16p
thri(i=1,2,3,....k) trong k 16p do, ta co:
S6 n; céc sb lidu théng ké thude 16p i duoc goi 1atan sb cia 16p dob.

4 n, NP A A ks , ;.
SO f, =— dugc goi latan suat cia 16p tha i.
n

Chu y: Trong béng phén b6 tén sudt, tin suét duoc tinh & dudi dang ti s6 phén trém.
II. BIEU PO.

1. Cdch vé biéu dé tan sudt, tan sé hinh cot.
a/ Cach vé biéu d6 tan suat hinh cot.

D& mé ta bang phén b tdn suét ghép Idp va trinh bay cdc s6 liéu théng ké,
CO thé vé biéu db tan sudt hinh cot nhu sau:

Chon hé truc toa do vuéng goc Oxy vdi don vi trén truc hoanh Ox cua dau
hiéu X dugc nghién ciu, don vi truc tung Oy la 1%. D& db thi can dbi, dbi khi phdi cat
bé mét doan nao do cua truc hoanh (hodc cua truc tung). Trén truc hoanh, dat cac
khodng c6 céc muit biéu dién cho cdc mut cla cdc Idp & bang phén b tin sudt (d6 dai
cta cdc khoang béng bé réng cua cdc Idp). Ta goi cdc khoang va cac Idp nay tuong
Ung vdi nhau. L8y cac khoang do lam canh dady, vé cdc hinh chif nhat co dé dai cua cac
duding cao bang tan suét cua cac Idp tuong ting va nam vé phia chiéu duong cua truc
tung. Cac hinh chi¥ nhat via vé duc I3p thanh mét biéu db tin suét hinh cot.

b/ Cach vé biéu dd tan s¢ hinh cot twong tw.
2. Cdch vé duong gdp khic tdn sudl, tdn so.

a/ Gia tri dai dién.
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Trong bang phan b ghép 16p, ta goi sb trung binh cong cia hai mt
[6p thir i lagia tri dai dién cha 16p d6, ki hiéu lac.

b/ Cach vé duomg gap khiic tan suat.

Cling c6 thé mé ta bang phén bé ghép Idp bdng cach vé duting gap khuc tén

suédt nhur sau: ’
Trén mat phéng toa dé Oxy (hé toa dé Oxy di ndi & trén), xac dinh cac diém

(cl,; fl) i=1,2..k trong do ci va fi Ian luot la gia tri dai dién, tan suat cua cdc Idp
cua bang phén b6 (gém k Idp). V& cdc doan thdng ndi diém (cl.; fl) véi diém
(cm ; fi+1 ) ,i=1,2..k-1, ta thu dugc mot duong gap khuc, goi la duong gép khuc
tén suét.

¢/ Cach vé duong gap khic tan so twong ty.
3. Biéu do hinh quat:

B1: V& duong tron, xac dinh tdm cua no.
B2: Tinh cdc goc & tdm cua mdi hinh quat theo cbng thie a°=F.3,6 (trong do f
la tan suéat)

III. SO TRUNG BINH CONG. SO TRUNG VI. MOT

1. S6 trung binh céng (hay sé trung binh)

x lasd trung binh cong ciia cac sb liéu thong ké.
a/ Truomg hop bang phan bé tan s, tan suat:
i 1 .
X :;(nlx1 +n,x, +...+nkxk) = fix, + f,x, +...+ f x_ trong d6 m,

fi lan luot 1& tin s, tAn sudt cia gia tri x;, n 1a S5 cac sb lidu théng ké
n+n,+..+n =n
b/ Truwong hop bang phan b tan s, tan suat ghép lop:

1

X :;(nlc1 +n,.c, +...+nkck) = fic, + f,¢, +...+ f,.c, trong d6 c;, ny,

fi lan luot 1& gia tri dai dién, tAn sb, tan suat caa 16p thtr i, n 1a sd cac sb licu
thongkén +n,+...+n, =n

2. S6 trung vi:
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Dinh nghia: Gia sir c6 mot miu gom n s6 lidu duge sip xép theo thir tu khong
giam.
£ N S S TP ,n+l , .x
Néu n la mot so 1€ thi s6 li€u ding thu T (S0 liéu dung chinh giira)
goi 1285 trung vi.
Néu n 1a mot s chin, ta ldy sb trung binh cong cua hai sé liéu dimg

n . n . z . z N N
thir 5 va 5 +11am sO trung vi. SO trung vi, ki hi¢u la M,

3. Mot:

Khai niem: M6t ciia mot bang phin bd tan sé 1& gid tri c6 tan sb 16n nhit va
duoc ki hiéu laMo.
IV. PHUONG SAI VA PO LECH CHUAN:

1. Cong thucc tinh phuong sai:

s? = %[nl (xl —;)2 +n, (x2 —;)2 +..tn, (xk —;)2}
=1, (xl —;)2 + £, (x2 —;)2 +..t+f (xk —;)2

* Truomg hop bang phan bé tan s6, tan suét:
Trong d6 n, f; lan Iuot 12 tAn sd, tin sudt cua gia tri x;n lacac sb liéu thong

ké (n= ny+ny+ ... +ny); x 1asd trung binh cong cua cac s6 liéu d& cho.
* Truomg hop bang phan bé tan s6, tan sudt ghép lop:

s? = %[nl (cl —;)2 +n, (c2 —;)2 +o.tn, (ck —;)2}
=1, (cl —;)2 + £, (02 —;)2 +o.t+ f (ck —;)2
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Trong d6 c,,n, f, lan Iuot 12 giatri dai dién, tan sb, tan suit cua gid tri

x.;n lacéc b liéu théng k& (n= ny+np+ ... +ny); x 1asd trung binh cong cua

c&c 0 ligu da cho.
.. .. . , . . , 22 N2
Ngoai ra, nguoi ta cOn chitng minh dugc cong thirc sau: s_ = x~ —(x)~ trong

do6 x* latrung binh cong cac binh phuong sé liéu théng k8, tirc 14

- 1
2 2 2 2\ _ 2 2 2
X —;(nlx1 +n,x, +...+nkxk) =fix; + %, +o+ fx,

(doi véi bang tan so, tan suat)

- 1
2 2 2 2\ _ 2 2 2
X —;(nlc1 +n,c, +...+nkck) = fic + f,6, +..+ fic,

(d6i v6i bang tan so, tin suat ghép 16p)
2. D¢ léch chudn. s = «/si

Phuong sai si va do léch chuan s déu duoc dung dé danh gia mirc
d6 phan tan cua cac s6 lidu thong ké (so voi sé trung binh cong). Nhung khi

can chi y dén don vi do thitading s_, vi s, c6 cing don vi véi du hiéu dugc

nghién cau.
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Chuong VI: LUONG GIAC
TOM TAT KIEN THUC

1. D6 va radian:

0 T 1y <[ 180)
(180) =7z (rad); 1 =12 (rad); 1(rad) ( - ]

2. Cdc hé thic co ban:

N sino
tana =

cosc / .
(cosa;tO); * cota = (sma;tO)
cosa

sin o

* sin“a + cos’a = LVa;

*

l+tan’ o = (a;ﬁ%ﬂm, keZ]

cos’ a

(a#krn, kel)

* 1+cot’ o = —
sin® &

*

tana.cota =1 (a ¢k77r, k e Z].

3. Cdc hé qud can nho:

sin(ar + k27) =sina; cos(a+k2m)=cosa

tan(a + kr) =tanq; cot(ax + k) =cota

tana xac dinh khi a ¢%+k7r,keZ

cota xacdinhkhi o #km,keZ
—-1<sina <1

—1<cosa <l
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Dau cac gia tri lwong giac:

Géc phan tu
GTLG I I Il v
sina, + + - -
coso + - - +
tana. + |- |-
cotal + - -
4. Cdc cung lién két:
a. Cung d6i: a va —a
cos(—a) =cosa; sin(—a) = —sina
tan(—oa) = —tana; cot(—a)=—cota
b. Cungbu: ¢ va 7 —«a
sin(r —at) =sina; cos(r—a)=—cosa
tan(r —a) =—tana; cot(m —ax) =—cota
T
¢. Cung phu: o va 2 a
(7 T )
sin| ——a |=cosa; cos| ——a |=sina
T V4
tan| ——a |=cota; cot| ——a |=tana
2 2
d. Cung saikémnhau 7: a var+a
tan(z + ) =tana; cot(m+a)=cota
sin(r + o) =—sina; cos(m+a)=—-cosa
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e. Cung hon kém nhau %Z a Vél%+0(

. T T .
SIH(E-FOCJZCOSOC; COS(5+QJZ—SIHQ

T T
tan(5+aj:—cota; COt(E+OCJ=—taHO£

5. Cdc cong thirc bién doi:

a. Cong thic cong:

e sin(a+b)=sinacosb + cosasinb
e cos(a+b)=cosacosh ¥ sinasinb

tanag * tanb

e tanath)= ———
1 F tanatanb
1_

e cot(asb)= Lranatanb
tanattanb

Luu y:
a. Khi tinh GTLG cua cdc géc khéng dic biét ta phén tich goc do thanh téng, hiéu cua
hai goc dac biét roi ding céng thuc cong.
b. Khi ¢/m ding thic luong gidc trong tam gidc ta thudng ding tinh chét:
A B = C o o o
A+B=n-C, 5 + 5 = 5 —3 sau dé dung céng thie céng va cung lién két

dé c/m.

b. Cong thie nhan doi:

e sin2a=2sinacosa
e cos2a=cosa-sin‘a=2cos’a—1=1-2sin"a

2tana cot’a—1
e ta2a= ——— ; oo2a= ———
1-tan“ a 2cota
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c. Cong thic ha bac:

1+ cos2a ., _l—-cos2a 5, _ 1 —cos2a
cos’a= ————; snfa= —————; tafas —————
2 2 1+ cos2a
Luu y:
* Dang dac biét:
A = cosa.cos?a.cos4a...cos2na @
B = sina.cos2a.cos4a...cos2na 2
Cich tinh:

- Nhén hai vé cda (1) vdi sina va hai vé cua (2) cho cosa.
. 1.
- Dung céng thic sina.cosa = Esm 2a nhiéu I5n.

- Cudi cuing cd thé dung lién két dé rit gon.
* Khi ¢/m hay rt gon mot dang thire, biéu thirc lugng giac ta thuong chon mot
goc chudn, doi cac goc khac vé géc chuin bang cong thirc nhan déi. Sau d6
ding hé thire co ban dé 1am bai.
* Khi tinh GTLG cta mét goc khéng dac biét, ta nhan d6i goc do dé duoc g6c
dic biét sau d6 dung cdng thirc nhan dé tinh.
d. Cong thice bién doi tich vé tong:

cosa.cosh = %[cos(a+b) + cos(a—>b)]
. 1
sinasinb = —E[cos(a+b) —cos(a—>b)]

sina.cosb = %[sin(a+b) + sin(a—b)].

e. Cong thirc bién dai tong ve tich:
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A+ B
SiNA + sinB = 2sin

A-B

C

A+
sinA —sinB= 2cos

. A-B

08
2

A+ B

S

2
A-B

COSA + cosB = 2cos

A+ B
COSA —cosB = —2sin

cos
2

A-B

tano + tanP =
cosa.cos f3

sin(a = f3)

sin
2

(a;ﬂ¢%+kﬂ, keZ]

f. Gia tri luong giac cia cac cung dac biét:

o° 30° [45° [60° |90° | 120° | 135° | 150° | 180°
Goéc T T T T 27 3r St
0 — — = = = - - T
6 4 3 2 3 4 6
sn | o | L2 B2 L
2 2 2 2 2 2
J3
cos 1 R ﬁ l 0 _l _ﬁ _ﬁ -1
2 2 2 2 2
w | o || 1 NER | I Cl T e
V3 5
\/5 1 L 0 _L \/_
o || ol w0 sl
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HINH HOC 10
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Chuong I: VECTO
CAC DINH NaHiA

1. Pé xac dinh mdt vecto can biét mot trong hai diéu kién sau:

- Piém dau va diém cudi cua vecto.

- b§ dai va hudng.
2. Hai vecto a va b duoc goi 1& cing phuong néu gia cua ching song song
hoac tring nhau.

Néu hai vecto a va b cing phuong thi chiing c6 thé ciing hudng hoic
ngugc huong.
3. Do dai cia mot vecto 1a khoang cach giira diém dau va diém cudi cia vecto
do.
4. a=>b khi vachi khi

Zz‘ = ‘l;‘ va a , b cung hudng.
5. V6i mbi didm A ta goi AA 13 vecto — khdng. Vecto — khong duge ki hiéu 12

=0 vecto 0 cung phuong va cung hudng véi moi

0 va quy udc rang ‘0

vecto.

Cac dang toan va phwong phap giai

Dang 1I: Xac dinh mét vecto, sy cung phuong va hudng cta hai vecto.
@ Phuong phap:

- Pé x4c dinh vecto g # 0 ta cin biét |a| va hudng cia a hoic biét

diém dau va diém cudi cua a . Chang han,véi hai diém phan biét A va

B ta co hai vecto khac vecto O 13 AB va BA

- Vecto a la vecto— khong khi va chi khi a‘ = 0hodc a=AA V6i A 12

diém bat ki.
Dang 2: Ching minh hai vecto bang nhau.
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@ Phuong phap: Dé ching minh hai vecto bang nhau ta c6 thé ding mot trong
ba cach sau:
=7

*

=Pl S
a va b cung huong
* Tt gidgc ABCD 1a hinh binh hanh AB = DC va BC = AD .

*Néu a=b, b=c thia=c
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TONG VA HIEU CUS HAI VECTO

1. Dinh nghia téng cta hai vecto va quy tic tim tong.

e Cho hai vecto tly y avab. Liy diém A tly y, dung
AB=a,BC=b.Khido a+b=AC.

o Viba didm M, N vaPtly ¥ taludn c6: [MN + NP = MP| (quy thc 3
diém)

e Tit gidc ABCD 12 hinh binh hanh, ta c6: |AB+AD = AC| (quy the
hinh binh hanh).

B C

A >D
2. Dinh nghia vecto déi.

* Cho vecto a . Vecto cb cung d6 dai vanguoc hudng vai a dugc goi la vecto
déi ciia vecto a, ki higu 13 —a .

* Mdi vecto déu co vecto doi, chflng han vecto ddi cua E la ﬂ , hghia 1a
AB=-BA

* Vecto dbicia 0 12 0.

3. Dinh nghia hi¢u cia hai vecto va quy tic tim hi¢u.

a-b=a+ (-13)

Quy tdc ba diém doi véi phép trir vecto: V6i ba diém bit ki O, A, B ta co
AB=0B-0A|
Liru y:
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e [1latrung diém AB @E+E=6.
e Glatrong tam tam giac ABC < GA+GB+GC =0

Cic dang toan va phuong phap gidi

Dang I: Tim tong clia hai vecto vatong cia nhiéu vecto.
@ Phuong phap: Dung dinh nghia téng cua hai vecto, quy tic ba diém, quy tic
hinh binh hanh va céc tinh chit caa téng cac vecto.
Dang 2: Tim vecto ddi va higu ctia hai vecto
@ Phuong phap:
e Theo dinh nghia, dé tim hiéu ZI—Z) , ta lam hai budc sau:
- Timvecto déi cita b.

- Tinhtdng Zl+(—l;)

e Van dung quy tic @ - @ = E Vv6i ba diém O, A, B bat ki.
Dang 3: Tinh do dai cia a+b,a—b

@ Phuong phap:

Pau tién tinh 21+Z)= E,ZI—BZ C—D Sau do6 tinh d6 dai cac doan
thing AB va CD bing cach gin n6 vao cic da giac ma ta c6 thé tinh dugc do
dai cac canh ciia n6 hoidc bang phuong phap tinh truc tiép khac.

Dang 4: Ching minh dang thirc vecto.
@ Phuong phap:

Mdi vé ctia mot dang thirc vecto gom céac vecto dugc ndi voi nhau boi
céac phép todn vecto. Ta ding quy tic tim tong, hiéu cua hai vecto, tim vecto
dbi dé bién ddi vé ndy thanh vé kia cta dang thirc hodc bién ddi ca hai vé cua
dang thirc dé duoc hai vé bang nhau. Ta ciing c6 thé bién ddi ddng thirc vecto
can ching minh d6 twong dwong véi mot déng thie vecto duge cong nhan 1&
dang.
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Yicy cup VECTO VO MOT ¢0.

1. Pinh nghia: Cho s k # 0 vavecto a+ 0 .Tich cia vecto a véi sé k 1amot

vecto, ki hiéu 1a ka, cing hudng v6i a néu k > 0, nguoc hudng véi a néu k

<0 vaco do dai bing \k\

il

2. Cac tinh chat. Va,b:Vh,k € R , taco:

K(a+b)=ka+kb; (h+k)a=ha+ka;
h(ka)=(nk)a; La=a(-1)a=-a
0.a=0,va; k0=0,Vk cR

1. Hai vecto a,b vdi b#0 cing phuong khi va chi khi co s k dé
a=kb. Cho hai vecto a va b cing phuong, b#0. Tim sb k dé

a = kb va khi d6 sb k tim duoc 12 duy nhét.
2. Ap dung:

e Ba diém phan biét A, B, C thing hang <> AB = kAC Véi sb k xéc
dinh.

e [1a trung diém cua doan thing AB <> W + ﬁ = ZM, VM .
e Glatrong tam tam giac ABC < MA + MB+ MC = 3M—G, M

Cic dang toan va phuong phap gidi

Dang I: X4c dinh vecto ka .
@ Phuong phap: Dua vao dinh nghia vecto ka
* |k = [i[ja

-Néu k>0, ka va a cung huong .
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-Néuk <0, ka va a nguoc huong .
*k0=0,YkeR  0.a=0,Ya
*la=a(-1)a=-a
Dang 2: Phan tich (biéu thi) mot vecto theo hai vecto khong cing phuong.
@ Phuong phap:
a/ DPé phan tich vecto x=0C theo hai vecto khong cung phuong
a=0A va b=0B talam nhu sau:
e V¢ hinh binh hanh OA’'CB’ ¢6 hai dinh O, C va hai canh OA’ va OB’
lan lugt nam trén hai gié cua O—A, ﬁ . Taco: ;c = O—A'+O—B'
e Xéc dinh sé hdé OA'=hOA . Xac dinh sé k & OB’ = hOB . Khi do
x=ha+kb.
b/ C6 thé sir dung linh hoat cac cong thirc sau:
* AB=0B—0A ,véiba diém O, A, B bt ki.
* AC = AB + AD néu tit gidc ABCD Ia hinh binh hanh.
Dang 3: Chiing minh ba diém thang hang, hai duong thang song song.
@ Phuong phap: Dya vao céc khang dinh sau:
e Ba dim phan biét A, B, C thing hang < AB va AC clng
phuong < AB =kAC .

o Néu AB=kCD va hai duong thing AB va CD phan biét thi AB //
CD.
Dang 4: Chirng minh cac dang thirc vecto co chira tich cua vecto véi mot so.
@ Phuong phap:
e S dyng tinh chét tich cua vecto vai mot sd.
e Sir dung céc tinh chit cua: ba diém thing hang, trung diém cia mot
doan thing, trong tim cla tam giac.
Dang 5: Xac dinh vi tri cua mot diém nho déng thirc vecto.
@ Phuong phap: St dung cac khang dinh va cac cong thic sau:
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. E:E)QAEB;
e Cho diém A vacho a.Cb duy nhit diém M sao cho AM =a
e« AB=AC=B=C,AB=AB<=A =A
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HE TRUC 704 DO

1. True va do dai dai sé trén true:

e Cho diém A va B trén truc (O;;) . Khi d6 c6 duy nhit s a sao cho
AB =ae . Tagoi a d6 1a do dai dai s6 cua vecto AB dbi véi truc d&
cho vaki hisu: a = AB.

o Néu AB cing huéng véi e thi AB=AB, con néu AB nguoc hudng
V6i ¢ thi AB=—AB.

e Néu hai diém A va B trén truc (0;2) C6 toa do lin luot 12 ava b thi

E:b—a

2. Toa d¢ etia mot vecto, ctia mot di€m trén mit phang toa d¢ Oxy:

* uz(x;y)(:);:x;+y}
* M(x;y) <> OM = xi+yj véi O lagbe toa do.
* Cho hai diém A:(xA;yA)vaB(xB;yB), ta co:

E:(XB X0 Vg _yA)

3. Toa dé cia cac vecto u+v, u—v, ku

Cho ;:(ul;uz), v:(vl;vz). Khi d6:

o utv=_(u +v;u,+v,)
o u—v=(u—-v;u,—v,)

o  ku=(ku;ku),keR

e uc.phuongveuy,—uy =0
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4. Toa d¢ trung diém cia doan thiang. Toa d¢ trong tam ciia tam giac:

a) Cho A(xA;yA) , B(xB;yB)vé I(x,;y,) 14 trung diém cta doan thing AB.

X, +X
X, = A2 A
Taco:
Yty
= A2 -

b) Cho tam gidc ABC c6 A(x,:y, ), B(x,:¥,), C(x.:y.), Taco toa do

trong tam G(xG;yG) cia tam gidc ABC dugc tinh theo cong thirc:

X, +tXxX,+Xx

- c
_yA+yB+yC
yc_f

Cic dang toan va phuong phap gidi
Dang I: Timtoa do cua diém va do dai dai s6 cua mét vecto trén truc (O;;) .
@ Phuong phap: Can cit vao dinh nghia toa do cta diém va d6 dai dai sb cua
vecto.
e PiémMcotoadda < O—M = a; véi O 1a diém géc.
e Vecto AB c6do daidaisé1a m=AB < AB =me .
e NéuM vaN cotoa do lin lugt laavabthi MN =b—a
Dang 2: Xac dinh toa do cuia vecto va cua diém trén mit phing toa do Oxy.
@ Phuong phap: Can ctr vao dinh nghia toa d cua moat vecto va toa d¢ cua
mot diém trén mat phang toa do Oxy.
e Détimtoa do cua vecto ;1 ta lam nhu sau: V& vecto O—M :;l Goi hai
diém M vaM, lan Iuot 1a hinh chiéu vudng goc ciia M trén Ox va

Oy. Khi d6 ;lz(al;az) trong d6 a, =OM,,a, =OM, .
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e Dé timtoa dd cua diém A ta tim toa do cua vecto & Nhu vay A c6
toa do la (x;y) trong d6 x =O_A],y =O_AZ; A; va A, tuong tng 1a
chan dudng vudng goc ha tir A xudng Ox va Oy.

e Néu biét toa do cta hai diém A, B ta tinh dugc toa dd cua vecto E
theo cong thuc: AB :(xB —X,3Y, —yA).

Dang 3: Timtoa d¢ cua cac vecto u+v; u—v; k.u
@ Phuong phap:
Tinh theo cac cong thirc toa do cua ; + \:; 1; —-v; k.u
Dang 4: Chirng minh ba diém thang hang, hai duong thing song song bang toa
do.
@ Phuong phap: Sir dung cac diéu kién can va du sau:
e Badiém phan biét A, B, C thing hang < AB = kAC
e Hai vecto a, b0 cung phuong <cé 56 k dé a=k. b
Dang 5: Tinh toa d¢ trung diém cua mot doan thang, toa do trong tdm cua tam
giéc.
@ Phuong phap: Str dung cac cong thirc sau:
e Toa do trung diém cia mot doan thing bang trung binh cong cac toa
d6 twong g cua hai diu mut.
e Toa do cua trong tim tam gidc bang trung binh cong cac toa do twong
ung cua ba dinh.
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Chuong I1: TICH VO HUONG CUA HAI VECTO
VA UNG DUNG

1. Dinh nghia.

Véi mdi goc o (0° <o <180°) ta xac dinh mot diém M trén nira

duong tron don vi sao cho xOM = ¢ vagia sir diém M c6 toa do M(x,;y,)-

Khi d6 ta dinh nghia:
L2 ¥

N 2L T M
AN

1 o
- -0 A0

1
1
]
R

>

i, R e
sin cua goc a layo, ky hi¢u sina =y, ;

* c0sin clia goc a laxo, Ky higu cosa = x;

* tang cua goc o la &(xo #0), ky hiéu tana :ﬁ;
XO xo
~ . X Lo X
* cotang cia goc ala —-(y, # 0), ky higu cotar =—;
y() y()

Céc sb sina,, cosa, tana, cota duge goi 1a cac gid tri liong gide ciia goc a.
w ChUy: + Néu o la géc tu thi cosa<0, tana<0, cota<O.

+ tana chi xdc dinh khi o #90°, cota chi xdc dinh khi @ #0° va
o #180°

2. Cac hé thuc lugng giac.

sina = sin(180° —a)

cosa =—cos(180° —a)
tana = —tan(180° —a)
cota=—cot(180° —a)
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3. Gia tri lugng giac cia cac goc dac biét.

a 0 T T T T T
Giatri “ 1 Py Py 0
oa 1iéc o | © 4 3 2 | (180%
uwong g 0% | (459 (60%) (90%)
sina 0 l ﬁ ﬁ 1 0
2 2 2
cosa 1 ﬁ ﬁ l 0 -1
2 2 2
0 1 1 V3 0
tano -
NE) |
t V3 1 1 0
ot Nl
¢ ] NE) ||

4. Goc gitra hai vecto.

Cho hai vecto @ va b déu khac vecto 0. Tir mot didm O bét ky ta vé
OA=a va OB=b.Géc AOB Vi sé do tir 0° dén 180° dugc goi 1a géc gitra
hai vecto @ va b. Taki hi¢u goc gita hai vecto @ va b 12 (Zz,l;). Néu
(Zzl;) =90° thi ta ndi ring ¢ va b vudng géc Vi nhau, ki hidu 1a @ | b hoic
bla.

5. Tich vo huong cia hai vecto:

a/ Dinh nghia:  Cho hai vecto a va b khic vecto 0. Tich vo hwong cla ala

mot sb, ki hiéu 1a a. b dugc xac dinh boi cong thure sau: a. a.b= ‘ Hb COS a, l;)
Truong hop it nhat mot trong hai vecto ;1 va l; bang vecto O ta quy udc :
(ab=0)

Chii y:
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* V& a va bkhacveats O tacd: a.b=0<=a l b

-2

*Khi a= b tich vé huéng a.a dugc ki hiéu la @ va s6 nay dugc goi la binh phuong vé

hudng cua vecto a
b/ Cac tinh chat cia tich vo huwong:

V&iba vecto a, b, ¢ batki vamoisd k ta

* ZIZ) = l;Zl (tinh chét giao hoén)

co:

* Zz(l; + 2) =ab+ac (tinh chit phan phéi)

* (ka)b=k.(ab)=a(kb)

- =2
*aa=a —0<:>a 0

¢/ Biéu thitc toa d¢ cia tich vo huong:

Trong mat phing toa do (O;E,

;) cho hai vecto ;lz(al;az),

b=(b;b,

) . Khi d6 tich v6 hudng a. ab 1a

a.Z) =ab, +a,b,

* Nhdn xét: Hai vectda:(al;az), bz(bl;

nhau khi va chi khi a b, +a,b, =0

b,) khéc vecto - khdng vubng goc vdi

alb<ab +ab =0

272

d/ Dé dai cia vecto: Cho ;l =(a;;a,), khi do:

e/ Goc gitra hai vecto:

Cho a=(a;a,), b=(b:b

1272

_ 2 2
al = al+a2

b,) déu khac vecto - khong, khi do:

ab +a,b,

cos(a.b) =

I

Ja2 +a b+ D2

f/ Khoéang cach giirc hai diém:
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Khoang cach giita hai diém A(x,;y,) va B(x,;y,) dugc tinh theo

cong thic: |AB :\/(xB —x,) +(y,—y,)

6. Cac hé thic lugng trong tam giac:

a/ Pinh li ¢o sin:
Trong tam gi4c ABC bit ki voi BC=a, CA=b, AB=c, ta co:

o &’ =b>+c*-2b.ccosA
e b =da*+c*-2accosB

o *=a*+b*-2abcosC

He qua:
b*+c* —a’ a’+c’ -b’ a+b-c’
C0SA=———;c08B=———;c08C =———
bc 2ac 2ab

@ z‘fp dung: Tinh d¢ dai duong trung tuyén clia tam gidc.

Cho tam gidc ABC ¢6 c&c canh BC=a, CA=b, AB=c. Goi m,,m,,m_ lan
luot 13 d6 dai cac dudng trung tuyén lan luot v& tir cac dinh A, B, C cua tam
giac. Tach:

, 2b*+c)-a’

m =——————
¢ 4

2 2(a2+C2)_b2

[ ] mh ==
4

° m2 _ 2(612 +b2)_C2
‘ 4

b/ Dinh li sin: Trong tam gi4c ABC bit ki voi BC=a, CA=b, AB=c va R la ban

a b c

=2R

kinh dudng tron ngoai tiép, ta co: |—— = ——=— =
sinA sinB sinC

¢/ Cong thie tinh dién tich tam giac:
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° S:la.h :lb.hh:lc.h‘
2 * 2 2

. S:labsinC:lbcsinA:lcasinB
2 2 2

_abe
4R
° S:pr

e S=\p(p-a)p-b)p-c)

Cic dang todn va phuong phap gidi

Dang I: Tinh giatri lugng giac cua mot s6 goc dic biét.
@ Phuong phap:
Dua vao dinh nghia, tim tung dé y,va hoanh dé x, cua diém M trén nua

L —

duong tron don vi vdi goc xOM = o va tur do ta co cac gia tri luong gidc:

3 . . y() . xO
sina =y,; cosa = x;tana =—; cota = —.

%o Yo

e Dua vao tinh chdt: Hai goc bu nhau c¢6 sin bang nhau va ¢ cbsin, tang,
cétang doi nhau.

Dang 2: Chirg minh céc hé thirc vé gi4 tri luong giac.

@ Phuong phap:
e Dua véo dinh nghia gid tri luong gidc cua mot géc o (00 <a< 1800) )
e Dua véo tinh chét cua téng ba goc cia moat tam gidc bdng 1800.

e  SUrdung cdc hé thuc:

.2 ) SiIna
SIn” o + Cos azl;tana: ytana =
cosa cota

Dang 3: Cho biét mot gia tri luong gidc cua goc o , tim cac gia tri luong giac
con lai cla « .

@ Phuong phap:

GV: NGUYEN THANH NHAN O3 62 ¥ @:0987.503.911



r~ GIAO KHOA & PHUONG PHAP GIAI TOAN 10

e Surdung dinh nghia gia tri luong gidc cua goco va cdc hé thuc co ban lién hé
gilfa cac gid tri do nhu:

. 5 sina cosa
sin“a+cos”a =1;tana = ; cotor = —
cosa sina
2 1 2
l+tan” o = ; 1+cota= —
cos o sin” o

Dang 4: Tinh tich v hudng cua hai vecto.
@ Phuong phap:

e Ap dung céng thic cua dinh nghia:|a.b = ‘a‘ ‘b‘ Cos(a,b) )

e Dung tinh chat phan phobi: Zl(l; + 2) = le; + Zl; .
Dang 5: Chirng minh cac dang thirc vé vecto c6 lién quan dén tich vo hudng.
@ Phuong phap:
e Surdung tinh chat phan phdi cua tich vé hudng déi vai phép cdng cac vecto.
e Dung quy tic ba diém déi véi phép cdng hodc trir vecto.
Dang 6: Chitng minh sy vudng goc cua hai vecto.
Dang 7: Biéu thirc toa do cua tich v hudng va c&c tmg dung: tinh d6 dai cua
mot vecto, tinh khoang cach giita hai diém, tinh goc gitta hai vecto.
@ Phuong phap:

e Cho hai vecto ;l:(al;az) vdzz(bl;bz) . Ta cd:

ZI.Z; =ab, +a,b,|

« Djdaivecto: a=(a;a,), khi do: ‘a‘ =\a, +a

e Gdc giiia hai vecto az(al;az), b=(b;b,) la:

ab +a,b,

‘Hb‘ Jar+a Jpr b |

cos(a.b) =
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« Khodng céch gilia hai diém A(x,;y,) va B(x,;y,) duoc tinh theo cdng

, 2 2

thue:|AB :\/(xB -x,) "+, -y,

Dang & Tinh mot sd yéu t6 trong tam giac theo mét yéu t6 cho trude (trong d6
c6 it nhat 1a mdt canh).

@ Phuong phap:

e Surdung truc tiép dinh If c6sin va dinh If sin.

e Chon céc hé thic luong thich hap d6i vdi tam gidc dé tinh mét s6 yéu t6 trung

gian cén thiét dé viéc gia todn thuén Igi.

Dang 9: Giai tam giac.
@ Phuong phap: Mot tam gidc thuong duoc xac dinh khi biét ba yéu t6. Trong cac bai
toan giai tam gidc, nguoi ta thuong cho tam giac vdi ba yéu té nhur sau:

e Biét mot canh va hai goc ké canh do (g, ¢, g).

e Biét mét goc va hai canh ké goc do (c, g, c).

e  Biét ba canh (¢, c, c).
Dé tim cdc yéu t6 con lai cla tam gidc ngudi ta thudng sur dung cac dinh Ii ¢b sin, dinh
Ii sin, dinh Ii téng ba gdc cua mét tam gidc bdng 1800 va dic biét cd thé sur dung céc
hé thuc luong trong tam giac vudng.
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Chuong [11:PHUGNG PHAP TOA B0
TRONG MAT PHANG

PHUONG TRINY DUDNG THANG

1. Phuong trinh tham sé.

e Phuong trinh tham s6 cua dudng thing (A) di qua diém
M, (xo;yo)véc()vecto chi phuong U= (ul;uz) &
X =x,+1tu,
{y =Yy, tiu,

e Phuong trinh duong thing (A) di qua diém M, (xo;yo)vé c6 hé sé

goc k la: |y —y, =k(x—x,)

e Néu (A) cd vecto chi phuong ;:(ul;uz) v6i u, #0 thi h¢ sb goc

cia (A) Iék:Z—T
e Néu (A)cohesé goc k thi (A) o6 vecto chi phuong ld u =(1:k)
2. Phuong trinh téng quat.
e Phuong trinh tong quit cta dudng thing (A) di qua diém
M, (x,:y, ) vaco vecto phap tuyén n=(asb) lax
a(x—x,)+b(y-y,)=0

Hay ax + by + ¢ =0véi ¢ =—ax, — by,

e Duong thing (A) cit Ox va Oy lan luot tai A(a;0) va B(O:b) c6

phuong trinh theo doan chin 1& il +% =1 (a,b # 0)
a
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* Cha y: M7 lién hé gidia VTCP va VTPT cua cing mgt dutng théng: Néu n = (a; b) la 1 vVTPT
thi VICP Ia U = (—b;a) hodc u = (b; —a)
3. Vi tri twong d6i cia hai dwong thang:
Xét 2 duong thing Acax+by+c =0; A:ax+by+c,=0. Toa d6
) o R o . ax+by+c =0
giao diem cia A, A, langhi¢ém cta h¢ phuong trinh :
a,x+by+c,=0

(D). Ta c6 cac truong hop sau :

a) He () c6 mot nghiém (xo;yo), khi d6 A cit A, tai Mo(Xo;Yo)
b) Hé (I) c6 v6 s nghiém, khi d6 A tring A,

c) Hg (I) vo nghiém, khi do A // A, .

Chay:Neu a,,b,,c, #0 thi:

y a b
* A cdtA & —#—
aZ 2
a b ¢
* Al//A2<:>—':—'¢—'
aZ b2 C2
a b ¢
* A=A & —L=—"—=—1
aZ b2 C2

4. Gée giira hai dwong thing :
Cho 2 dudng thing : A :ax+by+c =0 covecto phap tuyén ni va

A :ax+b,y+c, =0 c6vecto phdp tuyén n, .

— - — ‘ala2 +blb2‘
bat go:(Al,Az) khi do: cosgozcos(nl,nz):
Ja + b Ja + b2

Chiy:
s A LA <n Ln < aa +bb, =0
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+Néu A;va A, cb phudng trinh y=kix+m; va y= kox+m, thi Al 1 A2 = klk2 =—1|

5. Khoang cach tir mot diém dén mot duong thang.
Trong mit phiang Oxy cho duong thing A c6 phuong trinh ax+by+c=0 va

diém Mo(Xo;Yo). Khoang cach tur diém M, dén duong th'flng A, Ki hiéu 1a d(Mo,
A), dugc tinh boi cong thire:

‘axo +by, + c‘

Na' +b*

d(M,,A)=

Cic dang toan va phuong phap gidi
Dang I: Viét phuong trinh tham s (PTTS) clia dudng thing.
@ Phuong phap: Dé viét PTTS cula dudng thaing A tathyc hién cic budc sau:
e TimVICP u= (ul ; uz) cta duong thdng A.
o Tim mét diém M(xo;yo) thuée A.
X =x,+1u,
e Phuong trinh tham s6 cua A la:
Y=y, + tu2
Chii y:
. Neu A cohes6gscktni A csvice u=(1k).
o N&u A cOVTPT I3 ;1: (a;b)thi A c6VTCP U :(—b;a) hodic u= (b;—a)
Dang 2: Viét phuong trinh tong quéat (PTTQ) cta duong thang.
@ Phuong phap: Dé viét PTTQ clia duong thang A tathyuc hién cac bude sau:

e TimVIPT n= (a;b) cta dudng thing A.

Tim mét diém M(xo;yo) thuéc A.

Viét phuong trinh A theo céng thuc: a(x - X, ) +b ( Y=Y, ) =0

Bién déi vé dang: ax + by +c =0

Chii y:
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e N&u dudng thing A cling phuong véi dudng théng d: ax+by+c=0 thi A cd PTTQ:
ax+by+c'=0.

e N&u dudng thdng A vudng goc vdi dudng thdng d: ax+by+c=0 thi A <6 PTTQ: -
bx+ay+c”=0.

Dang 3: Vi tri tuong dbi cua hai duong thang.
@ Phuong phip:  DE xét vi tri tuong déi cua hai dudng thdng
Acax+by+c =0 ;A ax+by+c, =0 taxétcdc truong hgp sau :

y a b
* A cdtA & —#—
aZ 2
a b ¢
* Al//A2<:>—':—'¢—'
aZ b2 C2
a b ¢
* A=A & —L=—"—=—1
aZ b2 C2

e Toadj giao diém cia A, A, I nghiém cua hé phuong trinh :
{a1x+bly +¢,=0
a,x+by+c,=0

»  Goc giita hai duong thang A va A, dugc tinh bdi cong thuc :

‘ala2 +blb2‘

2 2 2 2
a’ +b, \/a2 +b,

COS(Al ,Az) = \/

Dang 4: Khoang cach tir mot diém dén mot duong thﬁng.
@ Phuong phap:
o D€ tinh khodng cdch tr diém MO(xyy,) dén dudng thdng A:

+by+c=0 tading cong thic: d(M,,A) o, + vy +
ax VT+C= a aung cong C. 0° :ﬁ.
a +b
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PHUDNG TRINY DUDONG TRON

1. Phwong trinh dwong tron:

Phuong trinh dudng tron tdm I (a;b), ban kinh R |a:
(x—a)2 +(y—b)2 =R’

e Néu a’ +b° —c>0thi phuong trinh x> +y”> —2ax—-2by+c=0 la

phuong trinh cia dudng tron tdm I(a;b), bankinh R =+ a” +b* —c .
e Néu a’ +b° —c =0 thi chi co mot diém I(a;b) thoa mén phuong trinh
x*+y*=2ax-2by+c=0
e Néu a’ +b”>—c <0 thi khdng c6 diém M(x;y) ndo théa mén phuong
trinh x*> +y> —2ax—2by+c=0
2. Phuong trinh ti€p tuyén cia duong tron:

- Cho diém Mo(Xo;Yo) Ndm trén dudng tron (C) tam I(a;b). Goi A latiép tuyén
v6i (C) tai Mg ¢6 phuong trinh:

(xo —a)(x—a)+(y0 —b)(y—b) =0

Cic dang toan va phuong phap gidi
Dang 1: Nhan dang mét phuong trinh bac hai la phuong trinh duong tron. Tim
tdm va ban kinh dudng tron.
@ Phuong phap:
Cich I:

- Pua vé phuong trinh vé dang: x* +y* —2ax—2by+c=0. (1)

- Xét dau biéu thic: m=a’ +b° —c.

- Néu m > 0 thi (1) la phuong trinh duong tron tdm I(a;b), ban kinh:
R=~a"+b"—c.
Cich 2:

2 2
- bua phuong trinh vé dang: (x — a) + (y - b) =m. (2)
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- Néum > 0 thi (2) la phuong trinh duoding tron tadm I(a ;b), ban kinh R = \/; .
Dang 2: Lap phuong trinh dudng tron.

@ Phuong phap:

Cich I:

e Tim toa do tam I(a ;b) cua duong tron (C).
e Tim ban kinh R cua (C).

2 2
e Vit phuong trinh (C) theo dang : (x—a) +(y—b) =R? (1)

e (QdiquaA B<IA>=IB’ =R".
e (C)diquaA va tiép xuc vdi d.thing A taiA < IA = d(I,A) .
» (C) tiép xic vdi hai d.thing A va A,
ed(1A)=d(1,A,)=R.
Cich2:
e Goi phhuong trinh cua duong tron (C) la
X +y*=2ax-2by+c=0.(2)
o Tirdiéu kién cua dé bai dua dén hé phuong trinh vdi ba &n s6 la: a, b, c.
e Giai hé phuong trinh tim a, b, ¢ thé vao (2) ta dugc phuong trinh duong tron
(©.
Dang 3: Lap phuong trinh tiép tuyén cua duong tron.
@ Phuong phap:
Loai I: L3p phuong trinh tiép tuyén tai diém MO(x0;y0) thudc dudng tron (C).

e Tim toa do tam I(a;b) cua (C).
e Phuong trinh tiép tuyén vdi (C) tai MO(x0;y0) c6 dang:

(xo —a)(x—a)+(y0 —b)(y—b) =0.
Loai 2: L3p phuong trinh tiép tuyén cia A vdi (C) khi chua biét tiép diém: Dung diéu
kién tiép xuc dé xéc dinh A: A tiép xic vdi dudng tron (C) tdm I, ban kinh R
«d(1,A)=R
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PHUDNG TRINH DUDNG ELIP

1. Dinh nghia.

Dinh nghia: Cho hai diém c6 dinh Fi, F, va mot do dai khong déi 2a 16n hon
F1F.. Elip latap hop cac diém M trong mit phiang sao cho: F;M+F,M=2a

Céc diém F; va F, goi la céc tiéu diém cua elip. Do dai F1F,=2c goi latiéu cuw
Cua elip.

2. Phuong trinh chinh tic cua elip (E).

* Cho elip (E) ¢ cac tiéu diém Fy(-c,0), F(c;0). Diém M thudc elip khi va chi
2 2

khi MF+MF,=2a M(x;y) e (E) < +1y;_2 —1 (1), trong d6 b?=a’c2.
a
Phuong trinh (1) goi 1& phuirong trinh chinh tdc cia elip.
3. Cac thanh phan cia elip (E) la:
- Haititudiém: F}(-¢;0), F,(c;0).

1
- Béndinh: A (-a;0), A, (a;0), B (~b;0), B, (;0).
- Do dai truclon: A A, =2a.
- Do dai truc nhé: BB, =2b.
- Tiéucy: FF, =2c

Cac dang toan va phwong phap giai

Dang 1: Lap phuong trinh chinh tic cia mét elip khi biét cac thanh phan du dé
xac dinh elip do.
@ Phuong phap:
e Tir cac thanh phan da biét, ap dung cong thuc lién quan ta tim duoc phuong
trinh chinh tac cua elip.

e Ldp phuong trinh chinh tic cua elip theo cbng thuc:
2 2
X
(B) o+ =1
a b
e Ta o cac hé thuc:
- O<b<a
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=a-pr.

Dg dai truc Ion: A A, =2a.
Dg dai truc nho: B B, =2b.
Tiéu cu: FF, =2c

MF;+MF,=2a.
Ta c6 toa dé cac diém déc biét cia elip (E).

Hai tiéu diém: F, (—c;0), F, (c;0).

Bon dinh: A, (-a;0), A, (a:0), B, (~1:0), B, (1:0).

Dang 2: Xac dinh cac thanh phin ctia mét elip khi biét phuong trinh chinh tic
Cua elip do.

@ Phuong phap:

Céc thanh phén ctia elip (E): =+
a

2 i »
b
DJ dai truc Ion nam trén Ox: A/A, =2a.

DJ dai truc nhd nam trén Oy: B B, =2b.

Hai tiéu diém: F, (—c;O), F, (c;O) vdi c =\a* —b*
Tiéu cu: FF, =2c

Bon dinh: A, (-a;0), A, (a:0), B, (~5:0), B, (1:0).

c
Tisé6'— <1 (tdm sai cua (E))
a

Phuong trinh cdc dudng thdng chia cac canh cua hinh chif nhét co s la:
x=xa;,y=1b.
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PHUDNG TRINY DUDONG HYPERDL
1. Dinh nghia.

Dinh nghia:

Cho hai diém c6 dinh Fy, F, ¢ khoang cach FiF,=2c. Hypebol (H) 1a
tap hop cac diém M trong mit phing sao cho: | FM-FM I=2a, trong d6 a
| sd duong nhé hon c.

Céc diém F, va F, goi 1 Céc tiéu diém cia hypebol. P dai FiF,=2c
goi latiéu cur cta hypebol.
2. Phuong trinh chinh tic cia hypebol (H).
* Cho hypebol (H) c6 cac tiéu diém F1(-c,0), Fx(c;0). Piém M thudc hypebol

2 2

khi va chi khi [MF-MF,[=2a. M(x;y) € (E) < x—z—ly)—z ~1(1) (a0, b>0),
a

trong d6 b* =c> —a’
Phuong trinh (1) goi 1& phurong trinh chinh tdc cia hypebol.
3. Cac thanh phan cta hypebol (H) la:

- Haitieudiém: F}(-¢;0), F,(c;0).
- Béndinh: A (-a;0), A, (a;0), B (~b;0), B,(;0).
- Do dai tryc thuc: AA, =2a.
- Do dai tryc do: BB, =2b.
- Tiéucyu: FF, =2c
Cac dang toan va phwong phap giai
Dang 1: Lap phuong trinh chinh tic ctia mot hypebol khi biét cac thanh phan di
dé xac dinh hypebol do.
@ Phuong phap:

e Tir cac thanh phan da biét, ap dung cong thuc lién quan ta tim duoc phuong
trinh chinh tac cua hypebol.
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e L3p phuong trinh chinh tic cda hypebol theo <cbng thic:

2 2
(H) o -2 =1
a b
e Ta co cac hé thuc:
- a,b>0.
- E=a+b.

- Dg dai truc thue: A A, =2a.
- D¢ dai truc do: BB, =2b.
- Tiéu cu: FF, =2c

- |MF-MF,|=2a.
e Tacd toa db céc diém dic biét cua hypebol (H).

Hai tiéu diém: F, (—c;0), F, (c;0).

- Bondinn: A (-a:0), A, (a:0), B,(-:0), B, (1:0).
Dang 2: X4c dinh cac thanh phan ctia mot hypebol khi biét phuong trinh chinh
tic cua hypebol do.
@ Phuong phap:

2 2

Céc thanh phén cia hypebol (H): 2—2 —ly)—z -1
- DJ dai truc thuc nam trén Ox: A/A, =2a.
- DJ dai truc do ndm trén Oy: B B, =2b.
- Haitiéu diém: F, (—c;O), F, (c;O) vdi c =\a* —b*
- Tiéu cu: FF, =2c
- Bondinn: A (-a:0), A, (a:0), B,(~:0), B, (1:0).

c
- Tisé e =—>1 (tdm sai cua (H))
a

- Phuong trinh cdc dudng thdng chia cac canh cuda hinh chif nhét co s Ia:
x=xa;, y=1b.
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b
- Phuong trinh cac dudng tiém cdnla: y =t—x
a
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