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LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 7)

“Non song Viét Nam co tré nén twoi dep hay khong, din toc Viét Nam co budc toi dai vinh
quang dé sanh vai voi cac cwong quoc nam chdu dwoc hay khong, chinh la nho mt phan lon ¢
cong hoc tdp cua cac em”

(Trich thw Chii tich Ho Chi Minh).

Yéu ai cir bao la yéu,

Ghét ai cwr bdo la ghét,

Du: ai ngon ngot nuéng chiéu,
Ciing khong ndéi yéu thanh ghét,
Du: ai cam dao doa giét,

Ciing khong noi ghét thanh yéu.
(Loi me dan — Phung Quan; 1957)
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CHUYEN DE N
HE PHUONG TRINH - HE BAT PHUONG TRINH - HE HON TAP

LY THUYET GIAI HIE PHUONG TRINH CHUA CAN THUC (PHAN 7)

TRUNG POAN TRUONG SA - QUAN POAN TANG THIET GIAP

Trong khudn khd Toan hoc so cip noi chung va Dai sé phd thong néi riéng, hé phuong trinh — hé bat phuong
trinh — hé hon tap 1a dang toan co ban nhung tha vi, c6 pham vi trai rong, phong pht, lién hé chit ché véi nhiéu bo
phan khac cua toan hoc so cép cling nhu toan hoc hi¢n dai.

Tai Viét Nam, hé phuong trinh, ndi dung hé phuong trinh — hé¢ bat phuong trinh — hé hon tap 1a mot bo phan
hitu co, quan trong, dugc phé bién giang day chinh thirc trong chuong trinh sach giao khoa Toan cac 16p 9, 10, 11,
12 song song voi cac khéi lwong kién thirc lién quan. Py ciing 1a klen thire phd blen xuat hién trong cac ky th1
kiém tra kién thic thuong nién, ky thi chon hoc sinh gidi toan cac cap trén toan qudc, ky thi tuyén sinh 16p 10 hé
THPT va trong ky thi tuyén sinh dai hoc — cao dang hang nim, mot ky thi day cam go, kich tinh va bat ngd, no lai
12 mot cau rat duoc quan tAm cua cc ban hoc sinh, phu huynh, cac thay c6, gidi chuyén mén va déng dao ban doc
yéu Toan.

Yéu cau cta dang toan khé da dang, da chiéu, muc tiéu tim cac 4n thoa man mot tinh chit nao d6 nén dé thao
tac dang toan nay, cac ban hoc sinh can lién két, phéi hop, téng hop céc kién thtrc duoc hoc vé phuong trinh, h¢
phuong trinh va bét phuorng trinh, nhu vy né doi hoi nang luc tu duy cua thi sinh rat cao. Tuy nhién "Trim hay
khong hay bang tay quen", cac phuong phap co ban da duoc dugc cac thé hé di truéc duc két va tan tuy cho thé hé
tuong lai, cac ban hoan toan du kha nang ké thira, phat huy va sang tao khong ngung, chudn bi du hanh trang nim
bat khoa hoc k¥ thuat, dua dat nuéc ngay cang vimg bén, phon vinh, va hién nhién nhitng bai toan trong céc ky thi
nhét dinh khong thé 1a rao can, ma la co hoi thir stre, co hoi khang dinh kién thirc, minh chirng sang ngoi cho tinh
than hoc tap, tinh than ai quéc !

Céc phuong phap giai va bién luan hé phuong trinh — hé bit phuong trinh — hé hdn tap duoc luyén tap mot
cach déu dan, bai ban va hé théng s& rat hiru ich, khong chi trong bd mén Toan ma con phuc vu déc luc cho cac
mon khoa hoc tu nhién khac nhu héa hoc, vat 1y, sinh th,...Tiép theo cac Ly thuyét giai h¢ phuong trinh chtra can
(Phan 1, 2, 3, 4), tai liéu chu yéu gi6i thiéu dén quy ban doc Ly thuyét giai hé phwong trinh chira can & cap do cao,
trinh bay chi tiét cac thi du dién hinh vé& hé giai duoc nho su dung téng hop cac phép thé, phép cong dai s6, dai
lwong lién hop, st dung ddng bo tinh chat don diéu ham sd, cac phép udc lugng — danh gia — bét dang thirc. Py 1a
noi dung c¢6 muc do kho tuong dbi, doi hoi cac ban doc gia can c6 kién thirc vitng chic vé cac phép giai phuong
trinh chira can, k¥ ning bién doi dai s6 va tu duy chiéu sau bat dang thirc.

Céc thao tac tinh toan va k¥ nang trinh bay co ban ddi voi phuong trinh, hé phuong trinh xin khong nhic lai.

I. KIEN THUC CHUAN BI

1. Ky thuat nhan, chia don thure, da thuec, héng déng thure.

2. Nam ving cc phuong phap phan tich da thirc thanh nhan tir.

3. Niam vimng cac phuong phap giai, bién luan phuong trinh bac nhat, bac hai, bac cao.

4. Sur dung thanh thao cac ky hi€u toan hoc, logic (ky hi€u hoi, tuyén, kéo theo, tuong duong).

5. K¥ nang giai hé phuong trinh co ban va hé phuong trinh dbi xtmg, hé phuong trinh ddng bac, hé phuong
trinh chtra can thong thuong.

6. Ky thuatdata an phu, su dung dai luong lién hop, b1en do6i trong duong.

7. Kién thirc nén tang vé udc lugng — danh gia, ham s - do thi, bat dang thirc — cuc tri.
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I. MQT SO BAI TOAN DPIEN HINH VA KINH NGHIEM THAO TAC

Bii todn 1. Gidi ol - X 4+3x7 +4x =)’ +6y> +13y+38,
ai toan 1. Giai phuong trin 2m-m+(y+l)2=2x2+3x—8. (xyei).
Loi gidi.
biéukién x>-2;y>-3.
Phuong trinh tht nhat cia hé twong dwong voi
X430 43 x+14+x+1=)" + 6y +12y+8+ y+2

<:>(x+1)3+x+1=(y+2)3+y+2

bat x+1:u;y+2:v:>u3+u=v3+v<:>u3—v3+u—v=0©(u—v)(u2+uv+v2+1):0.
. ) 1Y 3, L
Véiu” +uv+v +1=0< u+5v +Zv =—1 (V6 nghiém).

Véiu=v< x+1=y+2< x=y+1, phuong trinh thtr hai cia hé tré thanh

2Jx+2 —Jx+2=x"+3x-8 <= Jx+2-2=x>+3x-10

x=2
x—2
o ———=(x-2)(x+5) & 1
Nx+2+2 ——=x48 1
X+21+ m+2 ()
1 1
TacO ———<—<3<x+5,Vx>-3=(1) vO nghiém.
NX+2+2 & 5
Két luén hé phuong trinh da cho c6 nghiém duy nhat (x;y)=(2;1).
x—1)(x*—2x+4)=y"+3y,
Bai to4n 2. Giai hé phuong trinh ( )( ) yory (xyei).
22x—y +15=x"+5y.

Loi giai.
biéu kién 2x>y.
Phuong trinh thtr nhat cta hé twong dwong véi (x —1)[(}6—1)2 +3} =y’ +3y e (x—l)3 + 3(x—1) =y’ +3y.

Dit x—lzu;:>u3+u:y3+y<:>u3—y3+3u—3y=0<:>(u—y)(u2+uy+y2+3):O.
1 ) 1Y .3, o
Véiu" +uy+y° +1=0< u+5y +Zy =—1 (V06 nghiém).

Véi u = y < x—1= ythi phuong trinh thir hai cua h¢ tr¢ thanh
2x+1=x" +5x-20 & 2(Jx+1-2)=x* +5x-24
3

X =
2x—6
&S —=(x-3)(x+8) = 2
Vx+1+2 (x=3)(x+8) ———=x+8 (1)
x+1+2
g == 2 2 .  n
Rorang —<—=1<7<x+8,Vx>-1=(1) v6 nghiém.
x+1+42 2

Tir day suy ra hé ban dau c6 nghiém duy nhét (x;y)=(3;4).
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LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 7) 5

(x—y)(x2 +xy+y° +6)+3(x2 +y2)=—8,

Bai to4n 3. Giai hé phuong trinh (xyei).

42x—-y+7 +62=x(3x+5)+y.
Loi gidi.
biéu kién 2x—-y+72>0.
Phuong trinh thtr nhat cta hé twong duong véi
x3—y3+6(x—y)+3(x2+y2)=—8
S X +3x° +6x+8=3)" -3y +6y
S X 4+3x +3x+1+3x+3=3" -3y +3y-1+3y-3
& (x+1) +3(x+1)=(y-1) +3(y-1)

bt x+1:u;y—1=v:>u3+u:v3+v<:>u3—v3+3u—3v:0<:>(u—v)(u2+uv+v2+3)=0.

2
Véi u? +uv+v2+3=0<:>(u +%v) +%v2 =—-3 (V6 nghiém).

V6i u=v< x+1=y—1, phuong trinh thtr hai cua hé tr¢ thanh

4x+5 =357 +6x—60<:>4(\/x+5—3)=3(x2 +2x-24)

4x4) =3(x—4)(x+6) =

Jx+5+3 \/——:3(’”6) (1)

x+ §+33§<3 <3(x+6)=> (1)vo nghiém,

Két luan hé phuong trinh ban ddu c6 nghiém duy nhat (x; y) = (4; 6) |

Tadéy

7% +y° +3xy(x—y)—l2x2 +6x=1,

Bai to4n 4. Giai phuong trinh { (xyei).

5\3x+2y=3+y(x —x+5)+2=0.
Loi giai.
biéukién 3x+2y-32>0.
Phuong trinh tht nhat cia hé trong dwong voi
8x’ —12x> +6x—1=x"-3x"y+3x° -’
c>(2x—l)3:(x—y)3<:>2x—1=x—y<:>y:1—x
Phuong trinh thir hai ctia hé tré thanh
S(3x+2(1-x) -3 =(x" —x+5)(x—1)-2 = S¥x—1 =x*— 22" + 6x -7
x=2
5(x-2
Mz(x—2)(x2+6)© 5

=l \/x—_—lzx2+6 (1)

@5( x—l—l)=x3 4 6x—12

D@ thay ;S =5<7<x*+6,Vx>1 nén (1) vd nghiém.

Vx—1+1

Suy ra hé phuong trinh dé bai c6 duy nhat nghiém (x; y) = (2; —1) .

>
1
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LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 7) 6

x*+y’ =3x*—6x-3y+4,
(xyei).

Bai toan 5. Giai h¢ phuong trinh
X’ +y’ —6x+y+\/4x+y =\/y+5 +10.

Loi gidi.
bicu kién 4x+y>0;y>-5.
Phuong trinh thtr nhat cia hé trong dwong voi
x3—3x2+3x+1+3x—3+y3+3y:O<:>(x—1)3+3(x—1)+y3+3y:O (1)
bat x—1=1t ta thu duoc
(1)<:>t3+y3+3t+3y:0<:>(t+y)(t2—1y+y2)+3(t+y)=0

2
t—— ~y?=-3
<:>(t+y)(12—ty+y2+3)=0<:> ( 2y) RV =t==y
t=-y
Khi d6 phuong trinh thir hai ctia hé tro thanh 2x* —9x -8 =+/6—x —/3x+1 .

Véi —% < x<6, bién d6i vé dang

2% —9x—5++/3x+1-4+1-6-x=0

< (x=5)(2x+1)+ N =0

V3x+1+4 1++46—x

3 1
S (x-5) 2x+1+ + =0 (2
( )[ V3x+1+4 1+\/6—xj ( )
3 1
+
V3x+1+4 1++/6-x
Tir day di dén hé c6 nghiém duy nhét (x;y)=(5;-4).
Nhan xét. . . ; ) )
Thong qua 5 bai toan mo dau, thoat tién nhiéu ban doc gia co thac mac ty nhién la chua thay mat miii cua cdi goi
la y twong chu dao sw dung cong cu dao ham — tinh chat don diéu ham so. Het succ binh tinh, tam thoi chung ta can
quan sat mot chut, ré rang 5 bai toan trén déu co mot phwong trinh dinh huong, thudn tién bién doi twong duong
dé phdn tich nhan tir, hon nita déu ding chan mirc do don gian, trong do c¢6 mot phuong trinh cua hé ban dau co
dang phwong trinh da thirc hai an co dac thu bién doi vé ham so don diéu theo dang thurc
f(u)zf( )<:>u—v

Chura véi sir dung cong cu dao ham — tinh chat don diéu ham 50, cing hoan toan chua si dung dong bé hai phwong
trinh cua hé hay cong cu dao ham dé khdo sat ham so mét bién, di dén tim gid tri I6n nhat, gid tri nhé nhat cia cac
ham sé can thiét. Tiép tuc sir dung phwong phap thé doi véi phwong trinh con lai thu dwoc phirong trinh mét dn,
hau hét 5 bai toan trén da dwoc co y sap xép di theo hudng s dung dai heong lién hop — truc can thirc — hé tam
thoi, yéu cau cde ban djc gia ndm ving cdc phirong phdp gidi phwong trinh chira can dé doc hiéu tai liéu mot cach
tot nhat.
Kién thire vé dao ham — khao sat ham sé thudc lién cigu’ang trinh Dai s6 - Gidj tich lop 11 —~ 12 THPT, thuc su nhe
nhang va co ban voi cdc ban thi sinh on luyén thi tuyén sinh Pai hoc — Cao dang, nhung doi voi mot hoc Sini} lop 9
THCS hoan toan co thé giai dwogc toan bo cdc bai toan tuwong tu theo huong phan tich nhan tw, chi véi kién thirc
can thirc va phwong phdp giai phwong trinh vo ty thong thuong, diéu nay rdt dang hoan nghénh. Vi vay tac gia

mong muon cdc ban ddc gia nhé tuoi c6 thé coi 101 gidi sir dung kién thirc dao ham — ham s6 cé tinh chdt tham
khao.

RO rang 2x +1+ >0,Vxe[—%;6}nén (2)ex-5=0=x=5.
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Bai toan 6. Trich lugc cau 3, Dé thi chon hoc sinh gi6i 1op 12 THPT, Moén Toan; Tinh Lang Son, Dé chinh thirc,
nam hoc 2013 — 2014.

o . X =3x +6x—4=)"+3y, . ‘
Giai hé phuong trinh {m+ s (xyei).
Lai gii.
bicu kién x>3;y>—1.
Phuong trinh thir nhat cua h¢ tuong duong voi

=322 +3x-1+3x-3=y* +3y o (x-1)’ +3(x-1)=3*+3y (1).

Xéthamsd f(t)=£+3tte; = f(1)=3+3>0,Vte;| .
Ham sb trén lién tuc va déng bién trén | nén (1)< f(x—1)=f(y) o x-1=y.
Khi d6é phuong trinh thir hai cua hé tré thanh

Jr-3+dx=3=2x-3+2Jx>-3x =9 /x*—3x=6-x

6-x>0 x<6
<9, , = Sx=4=y=3
x =3x=x"—-12x+36 9x=36=0

Két luan hé phuong trinh ¢6 nghiém duy nhat (x; y) = (4; 3) .

Bai toan 7. Trich lugc cdu 2.b, Dé thi chon hoc sinh gidi 16p 12 THPT, Mén Toan; Thanh phd Ha Néi, Bé chinh
thirc, nam hoc 2013 — 2014.

¥ =y +3x> +6x-3y+4=0,
24—x? —33+2y -1 —3x+2=0.

Giai hé phuong trinh { (xyei).

Léi gidi.
—2<x<2
-1<y<3
Phuong trinh tht nhat cia hé trong dwong voi

X432 3+ 143x+3= 0 43y & (x+1) +3(x+1) =y 43y (1).
Xéthamsd f(¢)=f+3tte; = f'(t)=3+3>0,Vte; .

Ham sb trén lién tuc va dong bién trén | nén (1)< f(x+1)=f(y) o x+1=y.

biéu kién {

Khi d6é phuong trinh thir hai cua hé tré thanh

> 2-3x2>20 xﬁz
Nd—x? = 3x+2 & . , = 3 Sx=0=y=I.
4—x"=9x"-12x+4 x(5x—6)=0

Déi chiéu diéu kién, két luan hé c6 nghiém duy nhét (x;y)=(0;1).

Nhén xét.

Hai bai toan 6 va 7 buoc dau sw dung dao ham — tinh chat don diéu ham so, va may man hon la lai chung mot ham
s6 f(t) = +3t;t € . Trude tién ching ta khéng qud khé dé nhdn ra sw don gian va dinh hwdng xudt phat tir
phirong trinh thir nhdt cia hé ban dau. Thuc hién phdn tich, thém bot va bién doi di dén dang twong dong ham sé
f(u) = f(v) S u=v. Diéu kién tién quyét dé cé hanh trinh nay la ham sé ddc trung can xét phdi don diéu trén
mot mién xdac dinh (tap hop 56 thyre hodc mién xdc dinh ciia cdc biéu thirc dé bai, tham chi diéu kién c6 nghiém cua
cdc an). bBé chirng minh ham so don diéu trén mot mién cdc ban co thé co hai phwong an, do la sw dung dinh nghia
ham so don diéu chwong trinh Dai so lop 10 THPT hodc cong cu dao ham.

Phuwong an 1. Sir dung cong cu dao ham
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Xéthamso f(t)=r+3t;te; = f'(t)=3+3>0,Vte; .
Pao ham dwong nén ham sé lién tuc va dong bién trén tdp hop sé thuc. Tir d6 f(u) = f(v) Su=v.
Phuwong an 2. Su dung dinh nghia don diéu ham so

f(x)-f(x,) x+3x —(X; +3x2) X =X +3(x, +x,)

X =X, X=X, X=X,

2 2 2
(xl—xz)(x1 +x1x2+x2+3) 5 5 1 3,
= =X, +xx,+x, +3=x,+—=x, | +—x;, +3>0,Vx;;x, €]
X, —X, 2 4

Suy ra ham sé dong bién va lién tuc. Thu dwoc f(u) = f(v) Su=v.

)c()c2—3)cy+3y2):2y3 +3°+7y—-2x+2,
21/2(x+y—i-1)—1—4y(l+y)=x3—2x2 +5x.
Loi gidi.

Diéu kién x+ y > —1. Phuong trinh thir nhat ctia hé twong dwong voi

Bai to4n 8. Giai hé phuong trinh (xyei).

X =3x"y+3x)° =y +2x-2y =" +3y" +3y+1+2y+2
<:>(x—y)3+2(x—y)=(y+1)3+2(y+1) [*]
Xéthamsd f(t)=£+2tte; = f/(t)=3+2>0,Vte; .
Ham s6 lién tuc va dong bién trén | nén [+*] < f(x—y)=f(y+]) o x-y=y+le x=2y+1.
Phuong trinh thir hai ctia hé tré thanh
2\/2x+2+x—1+(2y+1)2=x3—2x2+5x+1<:>2\/3x+1+x2=x3—2x2+5x+1
© 24Bx+1=x" =32 + 5x+16 2(V3x+1-2) = x* = 3x* +5x -3
x=1
:(x—l)(x2—2x+3)© 2

V3x+1+2
2

D@ dang nhan thay 2 2 < (x—l)2 +2,Vx > —% = (1) v nghiém.

3x+1+2 2

Tir déy ta thu dugc nghiém duy nhat cia hé (x;)=(1;0).

2(x—1)

c>—
NV3x+142

=(x-1Y+2 (1)

X +x-y =(3y+1)(y+1)+1,
(xyei)

Bai toan 9. Giai h¢ phuong trinh
\/x+y +3\/x+3y+19 +xyt y° =105,

Loi gidi.
biéu kién x+y>0;x+3y+19> 0. Phuong trinh tha nhét cta hé twong duong véi

X +x-y =3y2+4y+2<:>x3+x:y3+3y2+3y+1+y+1<:>x3+x:(y+l)3+y
bat y+1=t¢taduoc

X
x3+x=t3+t<:>x3—t3+x—t=0©(x—t)(x2+xt+tz+l)=OC> ( 1 T 3,
+=t

D& nhan thay (*) v6 nghiém.
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LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 7) 9

. 1 iy
Véi x:t<:>x:y+1;x+y20:>yZ—E,phuongtrinh thir hai khi d6 tr¢ thanh

2y 146y +5+y +y* +y=105 (1).

Xéthamsd f(p) =2y +1+ 6y +5+y° + 3> +y ;ye[—%;JrOOJ

1

= +
2y+1 Jy+5
Mat khéc lai co f(4) =105 nén phuong trinh (1) c6 nghiém duy nhat y =4 = (x;y) = (4;5) .

Dao ham f'(y) +3y°+2y+1>0,Vye (—%&ooj, nhu viy ham sb dong bién.

Két luén h¢ phuong trinh da cho c6 nghiém duy nhat (x;y)=(5;4).

x*+3x*y" =x’y’ +3x)°,

X, yeE] ).
L2y 1438 +6x=2)" + p+7. (eyer)

Bai toan 10. Giai hé phuong trinh {

Loi gidi.

3
Diéu kién y > % Phuong trinh tht nhat ctia hé trong dwong voi (%2] +3 {éj =x +3x (1).
Xéthamsd f(t)=£+3tte; = f'(1)=3+3>0,Vte;| .
Ham s trén lién tuc va dong bién trén ; nén (1) < f();—zj =f(x)eox=y.
Khi d6é phuong trinh thir hai cia hé tré thanh

V2x-1+x"+5x=T < 2x-1-1+x +5x-6=0 < ~2x—1 -1+ (x-1)(x* +x+6) =0

2x-2 5 2 5 j
S —+(x-1)(x"+x+6)=0=(x—-1)| ————+x"+x+6 |=0 (2
V2x—-1+1 ( )( ) ( )(\/2x—1+1 ( )
Dé y ring #+x2+x+6—#+(x+ljz+§>0 Vx>lnén 2)ex-1=0=x=1=y=1
J2x—1+1 V2x—1+1 2) a7 :

Két luén h¢ da cho c6 nghiém duy nhat (x;y)=(1;1).

1_2y2+3x2+8

.. s |y X3y’ +4

Bai toan 11. Giai hé phuong trinh ] 5 (x; VEi )
S5x”+8y  +3 _X

2N10-x +2x* +4)y*  y

Loi gidi. ’
bicu kién x <10; y # 0. Phuong trinh thir nhat cua hé tuong duong voi
x(x2 +3y° +4) = y(2y2 +3x7 +8)<:> X +3xp> +4x=2y" +3x*y +8y
& X -3y +3x -y +dx—4y =y’ +4y<:)(x—y)3 +4(x—y)=r"+4y (1)
Xéthamsd f(t)=£ +4tte; = f/(t)=3+4>0,Vte; .
Ham sb trén lién tuc va déng bién trén | nén (1)< f(x—y)=f(y) o x=2y.
Phuong trinh thtr hai ctia hé khi d6 tré thanh
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LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 7) 10

58 +x°+3 e 6x° +3
2J10—x +2x% +x° 210 —x +3x7

= 6-2J10—x +6x° —3x2—3=0<:>2(3—\/10—x>+3(2x3 ~x*=1)=0

=1 6x° +3=210—x +3x*

2(x—1)

) ~ 2 1y 21|
@m+3(x—l)(2x +x+1)—0<:>(x—1)|:m+6(x+zj +§}_O (2)

Nhan xét +%>0,Vx£10 nén(2)©x—1:0<:>x:1:>y:%.

#+6(x+lj2
3+4/10—x 4

Két luén h¢ da cho c6 nghiém duy nhat (x;y)= (l;%j .

x’ Jr)62+2xy+(x+y)(?vcy+2):7y3 +3y> +4y,

Bai todn 12. Gidi hé phuong trinh {5 533 "2 +6x°  x+3y (xyei).
3x* +x+2y+11 - x+y

Loi gidi.
Pidu kién (x+y)(3x" +x+2y+11)#0;2x+y—2>0.
Phuong trinh thir nhat ctia hé twong duong véi
X430y 430 + Y + X7 +2xp+ Y  +2x+2y =8y’ +4y> +4y
= ()c+y)3 +()c+y)2 +2()c+y):8y3 +4y° +4y (1)
Xéthamsd f(1)=£ +2+2t taco f'(t) =3 +20+2=21"+(¢+1) +1>0,Vr e .
Vay ham s6 trén dong bién va lién tuc trén | nén (1)< f(x+y)=f(2y) S x+y=2y Sx=y.
Khi d6 phuong trinh thir hai tré thanh

543x—-2+6x° B

3x2 +3x+11
& 5Bx -2 -10+6x° — 62 —6x—12=0<:>5(\/3x—2—2)+6(x3 ~x*~x-2)=0

2 53x =2 +6x° = 6x% +6x+22

5(3x-6) : ] I5 1y, 9.
@m+6(x—2)(x +x+l)—0<:>(x—2){m+6(x+5j +ﬂ_0 (2)

2
RO rang 1—5+6(x+1j +2>0,Vx2z nén (2)<:>x—2:0<:>x:2:>y:2.
+2 2 2 3

N3x-2

Déi chiéu diéu kién thu dwoc nghiém duy nhét (x;y)=(2;2).

X +5y° 11y +12 =y +2x* —4x,

11 y+2+(x+y_2)3+4x3:27. (X,ye| )

Bai toan 13. Giai hé phuong trinh {
Loi gidi.

biéukién y>-2.

Phuong trinh tht nhat cia hé trong dwong voi

X =3x +3x—1+x" —2x+14+3x-3=3"-6)" +12y-8+)* —4y+4+3y -6
& (x=1) +(x=1) +3(x-1)=(y-2) +(y-2)"+3(y-2)
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LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 7) 11

Xéthamsd f(f)=£ ++360e) thi f'(1) =3 +2+3=2 +(t+1) +2>0,Vr €] .

Vay ham s6 trén dong bién va lién tuc trén | nén (1)< f(x-1)=f(y-2) o x-1=y-2< yp=x+1.

Phuong trinh thir hai ctia hé khi d6 tr¢ thanh
TWx+3+(2x—1) +4x* =27 & 11Wx +3 +12x° —12x* +6x-28 =0

o 1IWx+3-22+12x° —12x° +6x—6=0<:>11(x/x+3 —2)+6(2x3—2x2 +x-1)=0
11(x—1) 11

——2+6(x-1)(2x* +1 ~1)| ———+6(2x*+1) |=0 (2
Q\/x+3+2 (x )(x )<:>(x )L/x+3+2 (x )} ()
%+6(2x2+1)>0ﬁ’x2—3nén(2)<:>x—1=0<:>x=1:>y=2.
x+3+

Déi chiéu diéu kién thu dwoc nghiém duy nhét (x;y)=(1;2).

Nhan xét

x(x2 +3y? +5): y(2y2 +3x° +10),
Bai todn 14. Gidi h¢ phuong trinh 1 3, (xyei).

L JAx+2y—1+6x" =6x+2y+2.
X

Loi gidi. ’
bicu kién 4x+2y—12>0;x # 0. Phuong trinh thtr nhat ctia hé twong duwong véi

¥ =3x°y+3x) -y’ +5x-5y=y’ +5y & (x—y)3 +5()c—y)=y3 +5y (1)
Xéthamsd f(t)=£+56te = f'(t)=30+5>0,Vte; .
Ham s6 trén lién tuc va dong bién trén | nén (1)@f(x—y)=f(y)<:>x=2y.
Phuong trinh thir hai cua hé khi d6 tré thanh

% 5x—1+6x" =7x+2 & 3/5x—1-6+12x" —14x+2=0
3(5x—5)

J5x-1+2
Q(x_l){ﬁu(ém)}o (2)

3 i | ) 1
m+2(6x—1)>0,‘v’x2§ nén (2)<:>x—1—0<:>x—1:>y_2,
1

Két luan hé di cho c6 nghiém duy nhét (x;y)= (l;aj .

& 3(Vsx—1-2)+2(6x* - 7x+1)=0 = +2(x-1)(6x-1)=0

Nhan xét

x’ (7x+3)+2xy(6x+3y+2)+y3 +3x° =x—y,

Bai to4an 15. Giai hé phuong trinh { (xyei).

3J4x+y—2+3x" —2=12x+4y.
Loi gidi. )
bicu kién 4x+ y—2 > 0. Phuong trinh thtr nhat cua h¢ da cho tuong duong voi
7x° +12x°y+6x0° + V' +3x° +4xy+ )y =x—y
& (8)63 +12x%y +6x)° +y3)+(4x2 +4xy+y2)+2x+y =X +x" +x

c>(2x+y)3+(2x+y)2+2x+y=x3+x2+x (1)
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12

Xéthamsd f(f)=£ ++0e) taco f'(t) =32 +2+1=202 +(1+1)’ >0,Vie; .
Ham s trén lién tuc va déng bién trén | nén (1)< f(2x+y)=f(x) & 2x+y=x < x+y=0.
Khi d6 phuong trinh thir hai cia hé tré thanh

3V3x—2+3x" —8x—-2=03/3x -2 -6+3x" —8x+4=0

<:>3(\/3x—2—2)+(x—2)(3x—2)=0<:>%

+(x=2)(3x-2)=0
c>(x—2)[ﬁ+3x—2]:0 (2)

Ta co L+3x—2>0,‘#x2§ nén (2)<:>x—2:O<:>x:2:>y:—2.

V3x—-2+2

Tir day d6i chiéu diéu kién ta thu duge nghiém duy nhat (x;»)=(2;-2).

(¥ -2x+2)-4
‘14 +6) =t
Bai to4an 16. Giai hé phuong trinh y(y 4 (xyei).
(x—2)(y—3)+1/y—2+1:l
x*—=5x+y+3 3

Lo gidi.

Diéu kién x> —5x+ y+3# 0; y > 2. Phuong trinh th nhét ciia hé trong duong véi
¥ —2x*+2x—-1=y’+4y* +6y+3
(x3 —3x2+3x—1)+(x2—2x+1)+x—1:(y3 +3)° +3y+1)+(y2 +2y+1)+y+l
& (=1 +(x 1)’ +x-1=(p+1) +(y+1)’ +y+1 (1)

Xéthamsd f(1)=£ ++656€ tacd f'(t)=32+20+1=20 +(t+1)’ >0,Vi e .

Ham s trén lién tuc va dong bién trén | nén (1)< f(x—1)=f(y+l]) o x-l=y+lcx=y+2.

Phuong trinh thir hai ciia hé tré thanh
(x=2)(x=5)+vx—4+1 _l@ X =Tx+11+yx-4 1

x*—4x+1 3 X —4dx+1 3
@3(;8 —7x+11+\/x—4)=x2 —4x+1

S 3Wx—4+2x° —17x+32:0<:>3(\/x—4—1)+2x2 —17x+35=0
3(x—5)

Q—
Vx—4+1

+(x—5)(2x—7):O<:> +2x—7j=0 (2)

3
=S5) ———
(x )(\/x—4+1
Nhan xét

3
Vx—4+1

X +xt+4x+16=3"—-5y" +12y,

Bai toan 17. Giai hé phuong trinh X;V€Ej ).
{3x2+3x+y—5:4(y+2),/3x+y—5. ( )

Loi gidi.

biéu kién 3x+y—-5>0.

Phuong trinh thtr nhat ctia hé da cho tuong duong véi

+2x-720,Vx>4nén (2) < x-5=0< x=5= y=3. Hé c6 nghiém (x;y)=(5;3).
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LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 7) 13

X +x’+4x+16=)" —5y° +12y

X +xP+4x=1" -6y  +12y -8+’ —4y+4+4y-8

o +xtvdx=(y-2) +(y-2) +4(y-2)
Xéthamsd f(f)=2 +1 +4t taco f'(1) =3 +2+4=20+(1+1) +3>0,Vr e .
Vay ham s6 trén lién tuc va dong bién trén | nén thu duge f(x)=f(y-2) < x=y-2.
Phuong trinh thir hai ctia hé tré thanh

—J4x-3
3x2+4x—3=4x\/4x—3<:>4x2—4x\/4x—3+4x—3:x2<:>(2x—\/4x—3)2=x2c>x *

3x=+4x-3
x>0
¢ x=Ndx-3 <:>xe{l;3}.
x —4x+3=0
x>0
@ 3x=vVax-39 (H¢ vo nghiém).
9x"—4x+3=0

So sénh diéu kién ta thu duge nghiém (x;)=(1;3),(3;5).

Bai toan 18. Trich luge cau IL 2, Pé thi thit Pai hoc — Cao déng lan tha 3, Mén Toan (Danh cho tat ca cac khoi
thi); Truong THPT Chuyén DPai hoc Su pham Ha Noi, truc thuoc Pai hoc Su pham Ha Noi ; Mua thi 2013.

1 1
X+ =y+ ,
Gisi . x> +1 Y y2+1 ( )
1a1 hé phuong trin X,V E]
¥ PILONS . 4 3x%4+2x-2 48
" +— =
y y

Léi gidi.
biéukién y#0. R0 rang x = 0 khong thoa man hé phuong trinh da cho.
: ‘L I e+ +(t-1)
Xéthamsb f(1)=t+——3r#0 tacs f(f)=1-—2 L+ Z2HL_ (=1 Lo veso.
r+1 (t2 +1) (t2 +1) (t2 +1)
Suy ra ham s lién tuc, dong bién véi 1 #0.
Phuong trinh thr nhét clia hé tuong duong véi f(x)=f(y) < x=y.

Phuong trinh thtr hai ctia h¢ tré thanh | /9x +— 3x +2x-4 . /9x + — =3x ——+ 2

bat 3x—z—t:>t =9x’ +——12:>9x +——t +12.
X x’ o

Ta thu duoc
- t>-2 t2-2
NE+12=t+251 , < =2
rf+12=r+4+4  [4=8
o3x-2-2037 -2x-2-0oxe 1+\/7;ﬂ
x 3 3
Kétluénhéphuorngtrinhdéchocéhainghiém (x;y)=(1+2\/7;1+2\/7ja(1_2\/7;1_2\/7j'
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1 1

Y=—3 2 )
o A ‘ yo+4 x+4
Bai to4an 19. Giai hé phuong trinh (xyei).

6x+y+£+1:7\/x2 +y+2.
Y

X —

Loi gidi.
biéu kién y # 0. Xét x =0 khong thoa man hé phuong trinh da cho.

V6i x # 0 phuong trinh thir nhét ciia hé twong dwong x + 21 =y+ 21 .
x +4 vy +4

vOl1 ¢t # 0ta co

Xéthamsd f(t)=¢+
7() £ +4
2t '+8°-2t+16

(tz +4)2 (tz +4)2
_t4+4t2+4+t2—2t+1+3t2+11_(t2+2)2+(t_1)2+3’2+11
) (2 +4) ) (2 +4)
Suy ra ham s lién tuc va dong bién trén tap s6 thuc. Thu duge f(x)=f(y) < x=y.
Phuong trinh thir hai khi d6 tr¢ thanh
7x+%+1=7\/x2+x+2<:>7x2+x+2:7x X Ax+2 X +x+2-TxVx" +x+2+6x° =0 (1)

f'(e)=1-

>0,Vt#0

bat Vx*+x+2=¢ (1>0), phuong trinh (1) tr¢ thanh
t*— Tt +6x° :0<:>t(t—x)—6x(t—x)=0<:>(t—x)(t—6x):0

x=0
VX +x+2=x X +x+2=x 1+/281 14281
= = Sx=—"—Sy="—"—"—
X +x+2=6x {XZO 70 70

X’ +x+2=36x"

Két luan hé di cho c6 nghiém duy nhét (x;9)= [ -0 =

1+\/281.1+\/281J

I
2x°+1 2y +1°

2
w:s ’x2+y2+3.

2x—y+1

x—y+

Bai toan 20. Giai hé phuong trinh (x; VEi )

Loi gidi.

1
2

Diéu kién 2x— y+1# 0. Phuong trinh thir nhat twong duwong voi x + ! =y+——0.
2x° +1 2y +1

1
217 +1

r(0)=1-

Xéthamsd f(t)=t+ thi

4 Af a4 —drel 4+ (2-1)
(22 +1) (22 +1) (262 +1)

Suy ra ham s lién tuc va dong bién trén tép s6 thuc. Thu duge f(x)=f(y) < x=y.
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Phuong trinh thir hai khi d6 tr¢ thanh

2
6’”—4;”8:5 207 +3 < 6x> +4x+8=5(x+1)\2x" +3
X+

©2(x" +2x+1)=5(x+1)V2x* +3+2(2x* +3) =0
& 2(x+1) =5(x+1)V2x" +3+2(2x° +3) =0

Véi x# -1, dat x+1=u;72x* +3 =v (v>0) thu duge

u=2v
2u2—5uv+2v2:0©(u—2v)(2u—v):0<:>{
v=2u
Xét cac truong hop
x=-1 x2>-1 ]
Vo u=2vey , , (Hé v6 nghiém).
X +2x+1=8x"+12 Tx”—2x+11=0
xz-1 x>-1 —4++14 —4++14
v v=us 5 ) = SX=———— D y=————.
2% +3=4(x" +2x+1)  [2x* +8x+1=0 2 2
Két luan hé phuong trinh c¢6 nghiém duy nhét x = - +2\/ﬁ; y= 5 +2\/ﬁ.
1 1
.. L >
Bai to4n 21. Giai hé phuong trinh x'—x+1 y —y+l (xyei).

X +2x+3y+T7=72x" -y +1.

Loi gidi.
Diéu kién 2x° = +1>0.

Nhéan xét x = y =0 théa man hé phuong trinh da cho. Xét xy #0=x#0;y#0.
Xéthamsd f(t)=t-

2

;;t;tOthi
t°—t+1

£(6)=1+ 21 :t4—2t3+12+212—2t+1+2t—1:fz(t2—2t+3)
(tz_t"'l)z (tz—t+1)2 (tz—t+1)2

Suy ra ham s lién tuc va dong bién véi ¢ = 0. Phuong trinh tht nhét tré thanh f(x)= f(y) < x=y.

>0;Ve=0.

Khi d6é phuong trinh thtr hai cua hé c6 dang
X +5x+T =TV +1 & x* —x+1-Tx+14x" —x+1+6x+6=0.

Voi x2 -1, dat Vx* —x+1=u;v/x+1=v (u>0;v>0) ta thu dugc
u® —Tuv+6u’ :0<:>(u—v)(u—6v):0<:>{u -V
u=6y
Xét hai truong hop xdy ra

x>-1 x=0
o u=vexi-x+ :\/x+1<:>{ @{
oy

X —x+l=x+1 9

> | ~
o u=6vesr—x+1=6 /—xﬂ@{x @xe{37+\/1509;37 \/1509}

x> =37x-35=0 2 2
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37+\/1509_37+\/1509J (37 J1509 37- J1509 ]}
2 ’ '

Vay phuong trinh d3 cho ¢6 nghiém S = {(0;0),(2;2);[ > 5 >

2 2

y :
Bai todn 22. Gidi h¢ phuong trinh { ¥ =2x+3 7 »*=2y+3"  (xyep).

3x° 42" —x+5=5x" + > +1.

Loi gidi.
. . 2
Piéu kién x; . Xét ha 0 =t————tacd
ieukién x;y e . Xéthamso f(¢)=¢ T 0
. 2(2t-2 t' =48 + 47 + 61 —12t+9+ 41— 4
f(t):1+ 2( )2 = 5 2
(¢ —2t+3) (r —2t+3)

_14—4t3+4t2+612—8l‘+5 _(t2—2t)2+4(t—1)2+2t2+1

(P-2043 (-1 +2]

Suy ra ham s lién tuc va dong bién trén tap hop sb thuc. Thu duge f(x)=f(y) e x=y.

>0,Vte;

Thay thé vao phuong trinh ta c6 5x* —x+5=5vx* + x> +1.

Nhan xét x* +x* +1=x* +2x* +1-x* =(x2—|-1)2—x2 =(x2 —x—i—l)(x2 +x+1).

Phuong trinh trén twong duong voi 2(x2+x+1)+3(x2—x+1):5\/x2+x+1.\/x2—x+1
bat Vx’ +x+1=u;vx* —x+1=v (u>0;v>0) thu duge

2u® +3v° =5uv©2u(u—v)=3v(u—v)<:>(2u—3v)(u—v):0<:>B:v3

u=3v

e u=vex+x+l=x*-x+1<x=0.

13+@_13—@}
10 '

. 2u=3v<:>4x2+4x+4:9x2—9x+9<:>5x2—13x+520<:>xe{ 0

13—«/@_13—\/@]_(13#@,13#@]}
0 ’ '

Tur day di dén két luan tap nghiém S = {(0; O);( T T

Nhdn xét.

Théng qua 22 bdi todn mé man, chdc chdan nhiéu ban djc gia da hinh dung dwoc phan nao Y twéng sir dung
cong cu dao ham — tinh chat don diéu ham sé trong giai hé phirong trinh chiva can thire (hé phirong trinh vo ty) néi
chung. Cdc bdi todn trén van dirng chdn véi mire dé don gian, do c6 mot phwong trinh thir nhdt cé dang da thirc,
dong thoi mang tinh chat dinh hudng 19 liéu. Vé phia sau cia bai todn bude dau xoay quanh gidi phirong trinh vé
ty co ban, hodc sw dung dai lwong lién hop — truc can thirc — hé tam thoi (cac bai toan 1 dén 16), su dung an phu
dong bdc (cdc bai todn 19 dén 22), yéu cau doi héi kién thike va ky nang thiee hanh phwong trinh nhdt dinh méi c¢é
thé hodn thanh tron ven. Sau ddy la mot sé bai tdp twong tw dya theo motip trén, moi cdc ban thu sirc theo hai
phuong cach (bzen doi twong dwong hodc sur dung tinh chdt don diéu) trede khi chuyén sang 16p hé phwong trinh
quy vé dang ham sé véi cdc bién chira can.
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Bai tap twong tu.
Giai cac hé phuong trinh sau day trén tap hop so thuc

Y +4y=x"+4x,
\/x—y +\/x+3y =2.

2y +5y=2x" +5x,
3x+y+5 x+y+1.

39’ + 2+ 7y =3x"+y* +7x,

N +Y +T =x+y+1.

2y° —

X+ Y+ x+6=2x—y+2.

i
|
|
{ ¥ +3y=x"+3x" +6x+4,
1=
e
1t

=Ty =2 1’ +7x,

Ni-x* —Jy=2-y-1.
x® =y’ +x> =9y* + 28y +30,
V2x+3+x= Y.

3

X =y +3x> +6x-3y+4=0,

x’ +2 x—l 3y—-2.
x

X 4+3x* +4x =" +6)° +13y+8,

9x” +8y+17 = 9(2+y)\/2x +1.

(x—l)(x —2x+4)=y +3y,

3x+Z41=3 52 +3x+ y+1,

X

3x? +21x+y+45 7@
10. I+y

(x—y)(x2 +xy+yz+6)+3(x2 +y2)=—8,

7x° +y° +3xy x— y) 12x* +6x =1,

6x° —20+2x+y+(x 3)«/x2 —y—35.

X +y =3x"-6x-3y+4,

|

i {2x2+y-m
#
”

11.

¥ =3x"+6x—4=y"+3y,

8x* +19x+ y+2=~/64x" +1

X =y +3x7 +6x-3y+4=0,

X +3=3x+y+xt+y—x.

13.

14.
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

{
:
;
:
:
o
:

x(x2 —3xy+3y2)=2y3+3y2+7y—2x+2,

3x% = Sx+2y +24=3x" —9x+2y+64.
XY 4+x—y = 3y+1)(y+1)+1,
X +4x+y=4/x -8 +1.

x®+3x*y* =x’y’ +3x°,

6x° +17 —5Sy+7=Tx" +2x> — ) +1.

2y +3x* +8
X’ +3y° +4°

Y2 +17x+99 = /x> +3x° + 4y — 24,

X +Xx +2xy+(x+y)(3xy+2)=7y +3y> +4y,

18x° +2y° —3x+5=5\16y" —x* +1.

X’ +5y° =11y +12 =y’ +2x* — 4x,

3x* + Y  +14x+45=Tx =27 + y.
¥ +3y* +5) = y(2)" +3x7 +10),

4y* +2x+2y+5=52x" -8y +1.

7x+3 +2xy(6x+3y+2)+y 30— y,
V2x=1+22+y =3y(2x-1)(2-x).

x(x*-2x+2)-2
y(y2+4y+6)

X' —8=3yx’ +4y-8.
x+ L _ + 1
x*+1 4 y2+1’

Av+2) +3f(2x-y-2) =&Pr - -4
b
Y4 4

2\3/(y—2)2 :{/(xz+x+y+4)2 +3/y° 8.
e 1
2x° +1 2y +1°

./ x’ —y+1 —5,3/ y +x+1 +«3/x +y +1.

xX—

¥ —x+1 T y y+1

357 =9y +3+,3(y +x7 +1) =0.
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Bai to4an 23. Trich luge cau III, Dé thi chon hoc sinh gi6i 16p 12 THPT; Mo6n Toan; Dé thi chinh thirc; Tinh Vinh
Phuic; Nam hoc 2012 —2013.

29"+ y+2xJ1-x =341—-x,
V2V 41+ y=4+x+4.

Giai hé phuong trinh { (xyei).

Loi gidi 1.
bicu kién -4<x<1.
Phuong trinh thir nhat cua h¢ tuong duong voi

2y +y=(3-2x)V1-x =[2(1-x)+1]1-x
o2y +y=2(1-x)V1-x+/1-x (1)
bat JI-x =tthu duoc
(1)©2y3+y=2r3+t@2(z3—y3)+z—y=0@(z—y)[2(z2+ty+y2)+1}=o

t= >0
c(t—y)[(wy)z+tz+y2+1}=0©{ g =>t=y©y=\/1—x@{y

(t+y)2+t2+y2:—1 ¥y =1-x

Khi d6é phuong trinh thir hai cua hé tré thanh
V3-2x+l1-x =4+Jx+4 S Jx+4-1+2-1-x+3-3-2x=0
X+3 x+3 2(x+3)
= + + =
Vx+4+1 2+41-x 3++/3-2x

<:>(x+3)( ! + ! + 2 j:o (2)
Nx+4+1 2++1-x 3++3-2x
1 2

D@ thay >0,Vx e[-4;1]nén (2) & x+3=0x=-3=y=2.

Jx+4+1 ’ 2++/1-x +3+\/3—2x
Dbi chiéu diéu kién ta di ¢én nghiém duy nhat.
Loi gidi 2.

Piéu kién —4<x<1.

Phuong trinh thir nhat ctia hé twong duong véi

2y’ +y=(3-2x)V1-x =[2(1-x)+1|V1-x
<:>2y3+y=2(1—x)\/1—x+\/1—x (1)
Xéthamsé f(t)=26+t;0e; = f/(¢)=3+1>0,Vte; .
Ham s6 trén lién tuc va dong bién trén tap sb thuec.
Nhu vay (1)<:>f(y):f(\/1—x)<:>y:\/l—x <:>{
Phuong trinh thtr hai cua hé da cho tr¢ thanh
V3-2x+1-x =4+Vx+4 & V3-2x +V/l-x—Vx+4=4 (1).

Xéthamsé g(x)=+v3-2x +y/1-x —vx+4;xe[-41] taco

o) =- 111
V3-2x 241-x 2Jx+4

Dan dén ham so6 lién tyc va dong bién trén mieén dang xét.

Suy ra (1)<:>g(x):g(—3)<:>x:—3:>{ 2

y=0
¥ =1-x

< 0,‘v’xe[—4;1].

y =4

< y=2. Heé c6 nghiém duy nhét (x;»)=(-3;2).
y=>0
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Bai todn 24. Trich lugc bai toan T7/412, Dé ra ky nay; S6 412, Thang 10 ndm 2011; Tap chi Toan hoc va tudi tré,
Nha Xuat ban S}iéo gluc Yiét Nam, B6 Giao duc va Pao tao ViNét Nam. N
Tac gia: Nguyen Tién Tién — Gido vién Truong THPT Gia Vién B, Huyén Gia Vién, Tinh Ninh Binh.

(17-3x)V5—x +(3y—14)J4-y =0,

2\2x+ y+5+33x+2y+11 = x> +6x+13.

Giai hé phuong trinh { (xyei).

Loi gidi.
biéukién 2x+y+520;3x+2y+1120;x<5;y<4.
Phuong trinh tht nhat cia hé trong dwong voi

[3(5-x)+2]V5-x =[3(4-y)+2]\4-»
N 2= R (RN Nl
Xéthamsd f(t)=3+2tte; tacd f(t)=9+2>0,Vie; .
Suy ra ham £ (¢)lién tuc va dong bién trén tap hop so thuc. Khi d6
(l)ef(m)zf(\/E)@m:\/E<:>5—x=4—y<:>yzx—l.

Phuong trinh tht hai cta hé tro thanh 2/3x+4 +3v5x+9 = x> +6x+13.

Véi diéu kién —g < x < 5ta bién doi vé dang
2(V3x+4-x-2)+3(Vsx+9-x-3)=x"+x
-2(x* +x) -3(x* +x)
M+x+2+M+x+3
<:>x(x+l){ 2 5 +1}:0 (2)

+
\/3x+4+x+2 \/5x+9 +x+3

2

f— =X +X

2

3
+
V3x+4+x+2 5x+9+x+3
(2)e x(x+1)=0= xe{-1;0} = (x;») =(0;-1),(--2)
Két luan hé phuong trinh ¢6 hai nghiém ké trén.
(53—5x)\/10—x +(5y—48),/9—y =0,
J2xX =y +6+x> =2x+y+11+2x+66.

RO rang +1>0,Vxe [—g; 5} nén thu duogc

Bai to4n 25. Giai hé phuong trinh { (xyei).

Loi gidi.

Diéu kién céc can thire xac dinh. Phuong trinh thir nhat cta hé twong duong véi
[5(10-x)+3]310-x =[5(9-y)+3]9-»
PN S(Jlo—x)3 +3v10—x :5(w/9—y)3 +39—y

Xéthamsd f(t)=5+3tte; thi f/(¢)=15+3>0,Vie; ,

Suy ra ham s0 lién tuc va dong bién trén tap so thuc.

Ta thu duoc f(x/lO—x):f(\/9—y)<:>\/10—x =9y o10-x=9-y e y=x-1.

Khi d6 phuong trinh thr hai tr¢ thanh
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x+7+x*=2x—66=~10—x
SAAx+T=4+x*=2x—63+1-+10—-x=0

x-9 x-9
& ———+(x-9)(x+7)+——==0
Nx+7+4 (x )(x ) 1++10-x
1 1
S (x=9 + +x+7 (=0 (1
R e et G
Vi ! 1 ! +x+7>0,Vxe[-7;10]nén (1)=& x-9=0< x=9.

Vx+7+4 1+4/10—-x

Vay hé da cho c6 nghiém duy nhét (x;)=(9;8).

23-3x)\7- 3y-20){6-y =0,
Bai toan 26. Giai hé phuong trinh {( %) x+(3y ) Y

xX;yej ).
J2x+y+2—8=3x+2y +3x* = 14x+8. ( )

Loi gidi.
bicukién 2x+y+2>0;8-3x+2y>0;x<7;y<6.
Phuong trinh tht nhat cia hé trong dwong voi

[3(7-x)+2]V7-x=[3(6-y)+2]J6-y
S 3(T-x)NT—x+247—x =3(6- 1) /6 -y +2,/6-y
Xéthamsé f(t)=3+2tte; tacd f'(¢)=97+2>0,Vie; .
Suy ra ham £ (¢)lién tuc va dong bién trén tap hop s6 thuc. Khi d6 ta c6
f(ﬂ)zf(@)@\/7T=\/m<:>7—x:6—y<:>x—y:1.

Phuong trinh thtr hai ctia hé tro thanh v/3x+1—+/6—x +3x* —14x—-8=0. Véi —% < x < 6 ta bién d6i vé

N3x+1—-4+1-6—-x+3x*—-14x-5=0

3x—-15 x-=5
— + +(x=5)(3x+1)=0
V3x+14+4 1+46—-x (x )(x )

3 1
S (x=5 +
( )[\/3x+1+4 1+/6—x

+3x+1>0,‘v’x2—%.Dodc’> (1)<:>x—5:0<:>x=5.

+3x+1j:0 (1)

Chu ¥ rang +
V3x+1+4 1++/6-x
Tir day di dén nghiém duy nhét (x;»)=(5;4).

(7—3x)\/2—x :(4—3y),/1— ,
14+f4x* + y+7 =3x+ y+Tx+1.
Lai gidi.

Didu kién 4x* + y+72>0;,-1<x<2;y<1.
Phuong trinh thir nhat cta hé twong duong véi

[3(2-x)+1|V2-x=[3(1-y)+1]1-y
&3(2-x)V2—x+V2=x=3(1-p) -y +1-y
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Xéthamsd f(t)=3+t;te; = f'(1)=97+1>0,Vte| .

Ham so0 nay lién tuc va dong bién trén tap hop so thuc nén
f(\/ﬂ)zf(\/g)c}\/rz\/gc>2—x:1—y©x—y:1.

Phuong trinh thir hai ctia hé tré thanh

VAT +x+6 =4x-2+7Jx+1 <::>\/(2x—1)2 +5(x+1) :2(2x—1)+7\/x+1 .

bat 2x—1=u;~x+1=v;v >0 ta thu duoc

> > 2u+T7v =0 2u+T7v=0
u +5v =2u+Tves 5 5 ) , & ) 5
u - +5v° =4u” +28uv+49v 3u”+28uv+44v- =0
7 50
2u+7Tv=0 utgv= 2u+7v=0
b= = Vv
(u+2v)(3u+22v):0 22 u+2v=0
u+—v=0
3
u+zv20
e Loai truong hop viv=0.
22
u+—v=0
3
2u+T7v=0 1-2x20
e X¢t truong hop S2Wx+l=1-2x< ]
u+2v=0 4x+4=4x"-4x+1

X< 2T, i\
:(x,y)z( J

AT Sr=— =5y
4x* —8x-3=0
Két lufn hé phuong trinh da cho ¢6 duy nhét nghiém (x;y) = [1 —g;—g} :
5 Y) No-y
Bai toan 28. Giai hé phuong trinh {43y X (xyei).

3442x+1=(x—-1) +y+2x—4y +16.
Loi gidi.
biéu kién x#0;y <3.
Phuong trinh thir nhat ctia hé twong duong véi
x(x2 +2)=(5—y)\/g<:> x’ +2x=(3—y)\/3—y +23-y.
Xéthamsd f(t)=£+3tte; = f(1)=3+3>0,Vte;| .
Ham sd trén lién tuc va déng bién trén tap hop s6 thue, ta thu duge

f(x)zf( 3—y)<:>x=\/g<:>{x220

x=3-y
Lac nay phuong trinh thur hai ctia h€ trd thanh

3+\/2x+1:x2—2x+1+3—x2+\/2x—4(3—x2)+16©2x+\/2x+ =1++/4x> +2x+4
& 2x—1++2x+ =\/(4x2—4x+1)+3(2x+1)<:>2x—l+\/2x+ =\/(2x—l)2+3(2x+1)
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u+v=>0 u+v=0
Bét2x—1=u;\/2x+1:v(v20)tacc')(*)<:>u+v: uw+3v o 5 . , &
u +2uv+v- =u-+3v v(v—u):O
Xét hai truong hop xay ra
u+v=>0 2x=1+~2x+120 . n
. & (H¢ v6 nghiém).
v=_0 2x+1=0
+v>0 > 1 x>1 3
Uu+v=> xX2>— > —
° DovZOnén{ Su=v2x—-1=V2x+1 2 = 2 S x=—
u=v

Tur day suy ra phuong trinh da cho c6 nghiém (x; y) = (

17-x*

Bai toan 29. Giai hé phuong trinh y

=x(3+x)+263-14x-18y

4% —4x+1=2x+1 |x(2x-3)=0

é.éj
2°4)

(x;ye; )

x(x7 +2x+9)+12y =34+2(13-3y)/17-6y.

Loi gii.
Diéu kién OSyS%;xZ 0;63—14x—18y>0.

Phuong trinh tht hai cua hé twong duong véi

x3+2x2+9x=(17—6y)1/17—6y+2(17—6y)+9 17-6y.
Xéthamsd f(1)=£ +202+9t= f'(£) =3 +4t+9=(1+2) +22 +5>0,Vt e .

Suy ra ham s6 nay lién tuc va dong bién trén tap hop sb

thuc ; . Hon nita

f(x)=f(M)@x:m©{xz=l7—6y

Phuong trinh tht nhat cta hé lac d6 tré thanh

x>0

6—y:3x+\/;+2\/63—14x+3(x2 —17) & 6=3x++/x +24/3x% —14x+12

2-x)-x =2,[3(x* —4x+4)-

v>0) thu duge

y
3(
bat 2—x=u;\/;:v (

3u—v=23u’? -2 <:>{

2x & 3(2-x)—Vx =2{3(2-x)" —2x

3u—v=0

9’ —6uv+v: =12u’> —8v*

3u—v=>0
3u—v=>0 3u—v=0
= = S<lu=v
u’ +2uv—3v =0 (u—v)(u+3v):0 { .
u=-3v

\/;_1 (\/;+2):0<:>x:1.

X =

x=0 o i
@{ _5 (H¢ v6 nghi€ém).

CREATED BY GIANG SON; GACMA1431988@GMAIL.COM; 01633275320

TRUNG POAN TRUONG SA; QUAN POAN TANG THIET GIAP



LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 7) 24

Tir day di dén két luan hé c6 nghiém duy nhét (x;y)= (1;%} .

3—x++/x _x2+y
Bai todn 30. Giai hé phuong trinh { 1+x* —6x—y+14 6 (;yei ).

x3+x2+5x+y+6:(11—y)w/6—y.

Loi gidi.
Didukién y<6;x* —6x—y+14>0;x>0.
Phuong trinh thir hai ctia hé trong dwong voi x* +x* +5x=(6—y)/6 -y +6—y+5\6—y .
Xéthamsd f(1)=£ +£2+5t= f'(1) =32 +2+5=(t+1) +22 +4>0,Vt e .
Nhu vay ham sb nay lién tuc va ddng bién trén tip hop | . Thu duoc

x20

f(x):f(m)m=m@{x2

Thay thé vao phwong trinh thtr nhit ta co
3—x+x 6 3—x++/x

1+\/x2 —6x—(6-x)+14 6 1+\/2(x2 ~3x+4)

©3-x+x=1+,2(x ~3x+4) <:>2—x+\/;=\/2(x2—4x+4+x)

Pit 2—x=u;\x =v (u>0) ta thu duoc

=1

u+v=>0 u+v=>0
U+v= 2(u2+v2) =

u2+v2+2uv=2(u2+v2)© (u—v)2=0
<:>u:vc>2—x=\/;<:>(\/;—1)(\/;+2):0<:>\/;:1©le

Tir day suy ra hé c6 nghiém duy nhét (x;»)=(15).

Nhdn xét.

Théng qua 30 bai todn mé dau véi ¥ twong sie dung cong cu dao ham — tinh chdt don diéu ham $6, mot sé bai
todn cé hinh thirc phirc tap dong bé hai phirong trinh cua h¢ ban dau, tuy nhién mirc do van con rat don gidan khi co
mét phiong trinh dinh hudng khai thdc, hon nita cdc an tham gia thiét ldp ham sé con nguyén so, dé dang quy vé

dang thuc f(u) = f(v) Su=vtrong do u= \/g—x,v = \/—y ham don can thuec.

Sau ddy ching ta sé phirc tap héa cdc don vi tham gia ham sé thém mét bdc, thiét ldp f(u) = f(v) Su=v
trong do u = \/g x y \/h vv = ﬁ déu la cdc ham don cdn thire. Trong cdc thi du dién hinh tiép theo,
tac gia tdp trung sw dyng hai dang ham s6 dic trung (da thire hé s6 nguyén) dong bién trén tdp sé thwe | nhw sau

1. Hamsé f(t)=at’ +bt véi a>0;b>0= f'(t)=3at’ +b>0.

2. Ham s6 f(t) =at’ +bt’ +ct vo”if’(t) =3at’ +2bt+c>0,Vt < A =b" —3ac <0.

RG rang triwong hop thir hai sé xudt hién cdc an x va y bén ngodi cdn thikc, khién cho viéc phan dodn ham s6 tré
nén kho khan, tuy nhién can het siwrc binh tinh, khong co gi la khong thé, tac gia sé dong hanh ting budc cung doc
gia trong viéc chinh phuc l6p bai toan co ban nay !
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(x—y+6)\/x—y—l =(y+6) y—1,

Bai toan 31. Giai h¢ phuong trinh . 4y2+1_1+(x—1)2 . (xyei).

X 2y
Loi gidi.
biéu kién cac can thirc xac dinh.
Phuong trinh thr nhat ctia hé twong duong voi

(x=y=1)Jx—y=1+TJx—p+1=(y=1){y-1+7y-1
3 3
<:>(w/x—y—1) +7\/x—y—1=(\/y—l) +7y—1
Xéthamsé f(t)=£+Tte; = f/(t)=3+7>0,Vte; .
Nhu vay ham s6 nay lién tuc va ddng bién trén tap hop sb thyc | . Thu duoc

f(\/x——y—l)zf(\/ﬁ)c\/x—y—l=\/y—1<:>x—y—1=y—1<:>x=2y.

Khi d6 phuong trinh thir hai cua hé tré thanh

2 _12 2 2 2 2
5 x+1_1+(x ) =5<:>5/x x+1+x 2x+1:5<:>5/x x+1+x x+1:6.
X X X X X X

2 2
Vi diéu kién x¢0;x *l >l< x>0, dat 1/x—x_|_1:z‘,t>0 ta thu dugc phuong trinh
X X

t>0 t>0 2 _ 2 o
{ @{ ot=le x—mzlax—mzlc(x—l)Z:OQx:I.

St+t?=6  |(t-1)(5t+6)=0 x X

Doi chiéu diéu kién ta thu dugc nghiém duy nhat cia hé (x;y) = (1;%] J

) [ 2
4y” =3| 1+x,[x—— |,
Bai to4an 32. Giai hé phuong trinh ( xJ (xyei).
(6x—6y+29)\Jx—y+2=(6y+23)\/y+L

Loi gidi.
bicu kién cac can thirc xac dinh.
Phuong trinh thir hai ctia hé twong duong véi

6(x—y+2)Jx—y+2+17Jx-y+2=6(y+1) [y +1+17y+1

3 3
c>6(Jx—y+2) +17 x—y+2:6(1/y+l) +17{y+1
Xéthamsd f(t)=6£+17tte; = f'(¢t)=18+17>0,Vt e .
Nhu vay ham ) nay lién tuc va déng bién trén tap hop s6 thuc ;| . Thu duoc
f(‘/x—y+2):f(\/y+l)<:>\/x—y+2:\/y+1<:>x—y+2=y+l<:>x+1=2y.
Khi d6 phuong trinh thir hai cua h¢ tr¢ thanh

(x+1)° :3(1+x‘/x—zJ<:>x2—2—3x,/x—g+2x:O<:>(x—gj—3‘/x—z+2:0.
X X X X

x#0
x(xz—Z)ZO

Véi dieu kién {
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2 t>0 t>0
Pat ,[x—==1,t>0 ta thu dugc = o te{l;2}
X £-3t+2=0 |(t-1)(t-2)=0

& (x*-x-2)(x’ —4x—2)=0<:>xe{—1;2;2+x/§;2—\/§}

Twr day suy ra h¢ phuong trinh c6 cac nghiém S = {(—I;O)[2;%j;(2 + \/5; Shi \/5}[2 _ﬁ’ﬂ]} _

2 2

(2y—2x+11)«/y—x+1 =(4x+11)\/2x+1,
Bai toan 33. Giai hé phuong trinh o y 1 (x;y € )
3x+—+ ‘/x+y——=0.
X

y 2x-=2

Loi gidi. N

bicu kién cac mau tl}l'rc va can thirc xac dinh.

Phuong trinh thir nhat cua h¢ da cho tuong duong vai
2(y—x+1)y/y—x+1+9y—x+1=2(2x+1)V2x+1+9y/2x+1

o 2(fy—x+1) +9y—x+1=2(V2x+1) +9V2x+1
Xéthamsd f(t)=26'+9%te; = f'(t)=6+9>0,Vte| .
Nhu vay ham s6 nay lién tuc va déng bién trén tap hop s6 thuc ;| . Thu duoc
f(‘/y—x+1):f(\/2x+l)<:>\/y—x+1:\/2x+1<:>y—x+1:2x+1<:>y=2x.

Luc nay phuong trinh con lai ciia hé tr¢ thanh

Bxilt—2 3x— L 0o (x1)(3x + 1)+ x,3x - =032 2x 1+ x,3x—~ =0
x—1 X X x
2_ —_—
o327l b L geae-ti -l ooog (1)
X X X X
I

Véi diéu kién x(x—1)#0;3x——20.

X
bat 1/3x—l =t,t >0 ta thu duoc
X
t=0 t=0 t=0 " 5 1++/13 1=+/13
5 = = ot=leot =13 x"—x-1=0&x€ : .
£+t-2=0 |(t-1)(t+2)=0 " |re{-21} 2 7

2

Tu day suy ra hé dé bai co nghi¢m (x;y):(1+;/B;1+\/B],(1_\/E;1—\/§j.

M\/2x—y+3 =Jx+2,

Bii toin SANGIRI RS g rnh ( )
al toan . lal he rin x,yveij ).
A g 6 (y+1)(x+3) SV E|
4241427 s,
X y—1

Loi gidi.
Piéu kién cac can thirc va mau thirc xac dinh.
Phuong trinh thtr nhat cta hé da cho tuong duong véi
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(2x—y+13)«/2x—y+3:(x+12)\/x+2
& (2x=y+3)42x—p+3+102x - p+3 =(x+2)Vx+2 +103/x+2
@(,/2x—y+3)3+10\/2x—y+3=(\/x+2)3+10\/x+2
Taxéthamsd f(t)=£+106te; = f(¢1)=3+10>0,Vt e .
Nhu vay ham ) nay lién tuc va déng bién trén tap hop s6 thuc | . Thu duoc
f(w/2x—y+3)=f(\/x+2)<:>\/2x—y+3:\/x+2<:>2x—y+3:x+2<:>y=x+1.
Khi d6 phuong trinh thir hai tr¢ thanh

/ +2)(x+3 : /
x+§+2+M:15<:> x+é+2+M:15<:> x+§+2+x+§+2:12.
X X X X X X
.. ST 6 5 6
Véi dieu kién x #0;x+—+2>0, dat ,[x+—+2 =¢,t >0 ta thu duoc
X X
t>0 t>0 t>0 3
= = St=
£+t-12=0 |(1=-3)(t+4)=0  |re{-43}

= x+§+2:3@x+§:7@x2—7x+6=o@xe{1;6}
X X

Déi chiéu diéu kién va thir lai thu dugc hai nghiém (x;)=(1;2),(6;7).

x(2\/2x—1 +1)+y:(x—y+1)«/x—y +1,
2J4x% +3xp+3 +2x+y =+/9y% +42x+ y+9.
Loi gidi.

Diéu kién cac can thirc xac dinh. Phuong trinh thtr nhat ciia hé twong duong véi
2xN2x—-1+2x-1 :x—y+(x—y+1)w/x—y
<:>(2x—1)\/2x—1 +2x—14++/2x— =(x—y)w/x—y +(x—y)+w/x—y
<:>(\/2x—1)3 —i—(\/Zx—l)2 ++/2x-1 2(\/x—y)3 +(\/x—y)2 +\/x—y

Xéthamsd f(1)=£ ++s56eq tacd f'(t)=3+20+1=202 +(t+1)" >0,Vi e .

Bai toan 35. Giai hé phuong trinh (x; VEj ) .

Ham s6 trén lién tuc va dong bién trén | nén thu duoc f( 2x—1):f(\/x—y)<:>2x—1:x—y<:>x:1—y.

Khi d6 phuong trinh thir hai tr¢ thanh
2J4x +3x(1=x)+3+2x+y = 9(1-x)’ +42x+1-x+9
& 2Jx* +3x+3 +x+1=/9x7 +23x+19
<:>2\/m+x+l=\/5(x2+3x+3)+4(x2+2x+1)

& 2xr+3x+3 +x+1:\/5(x2+3x+3)+4(x+1)2

bat Vx® +3x+3 =a;x+1=> (a>0)ta thu duoc phuong trinh

2a+b>0 2a+b>0 2a+b>0
2 2 2 2<:> 2 2 A

4a* +dab+b* =5a° +4b*  |a® —4ab+3b* =0 |ae{b;3b}

2a+b=+5a"+4b* <:>{

Xét hai truong hop
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L X4

{2a+b20 {azo;bzo {xz—l
= =

x2>-1
5 , & (HE vo nghi€ém).
a=b a=>b X 4+3x+3=x"+2x+1 x=-2

. [2a+b>0 [(a>0;p>0 [x2-1 x>-1 J33-15
o =4 9, s =T Sx=—-.
a=3b a=3b X +3x+3=9(x" +2x+1) 7 [8x2 +15x+6=0 16
Tir ddy suy ra hé c6 nghiém duy nhat (x;y):(\/%;ls;m_lg/g].

(2x—y+2),/2x—y+1+x:(x+2)\/x+1+y, ( )
Xyej ).
VI—x? +1=x+y+2./14)* —12x +1.
Loi gidi. )
bicu kién céc can thic xac dinh. Phuong trinh thir nhat cua h¢ tuong duong voi
(2x—y+2),/2x—y+1+2x—y+1:(x+2)\/x+1+x+1
<:>(2x—y+l)«/2x—y+l+2x—y+1+\/2x—y+1 :(x+1)\/x+1 +x+1+vx+1

<:>(,/2x—y+1)3+(,/2x—y+1)2+\/2x—y+1=(\/x+1)3+(\/x+1)2+\/x+1
Xéthamsd f(1)=2 ++0€ taco f'(6)=32 +2+1=202+(1+1)" >0,Vie;| .
Ham sd trén lién tuc va déng bién trén ; nén thu duge
f(‘/2x—y+1):f(\/x+l)<:>\/2x—y+1:\/x+1<:>2x—y+1=x+1<:>x:y.
Khi d6 phuong trinh thtr hai cia h¢ tuong duong véi

VI=x? +1-2x=2414x* —12x +1

PR P +1—2x:2\/3(4x2 —4x+1)-2(1-2%)

Bai toan 36. Giai hé phuong trinh {

e Im +1-2x=2,3(1-20)’ ~2(1-*)

Véi diéu kién 1-x* > 0;14x° —12x+1>0. Dat VI-x* =a;1-2x=b (a>0)tacd

> > a+b=>0 a+b=>0
a+b=2\3a -2b- & A 5 . , & 5 5
a +2ab+b" =12a" —8b 1la” —2ab—-9b" =0
a+b>0
a+b>0 a+b>0 [a+b>0
& <<la=b = v
(a—b)(11a+9b)=0 a=b 11a+96=0
11a+9h=0
Xét hai truong hop xay ra
a+b=>0 a>0;b>0 —ISxSl —léxél
o) _p <y = 2 = 2 < x=0.
i 4= 1-x* =4x* —4x+1 x(5x—4):0
>
a=0 a2l a>0
2 a=0 1-x*=0 . n
o ja+b>20 < —gaZO <13a<0 = 5 0<:> 2 O(He_:vonghlcm).
= —2x=
11a+96=0 11a+9b =0 11a+96=0

Tir day di dén hé c6 nghiém duy nhét (x;)=(0;0).
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Nhan xét.
Hai bai toan 35 va 36 da bucc dau phirc tap hoa ham so dwdi dang
f(t)=at’ +bt* +ct véi f'(t)=3at’ +2bt+c>0,Vt < A'=b"-3ac <0.
Ham s6 ¢6 dang lam xudt hién cdc biéu thirc tir do phia ngodi cdn thire, lam cho qud trinh Gia Cat Dy ham s6 tré
nén kho khan va yéu cau mot chut may man. Tuy nhién cdc ban co thé thuc hién tuan tw nhw sau
1. Doi voi bai todan 5o 35.
Trwede hét bién doi tam thoi 2x32x—1+x+y—1 =(x—y+1)«/x—y .
Xdc dinh an ham 1 hai can thice. Thiét ldp ham 56

a(\/2x—1)3 +b(\/2x—1)2 +c2x—1 :a(m)3+b(m)z +c\/m
<:>a(2x—1)\/2x—1+b(2x—1)+c\/2x—1 :a(x—y)\/m+b(x—y)+c\/g
<:>(2ax—a+c)\/2x—1+bx+by—b=(ax—ay+c)\/ﬁ

Thuec hién déng nhat thirc

[(2ax—a+c)\/2x—l+bx+by—b:(ax—ay+c)\/ﬂ}E[Zx\/2x—1+x+y—1:(x—y+l)\/ﬁ].

2a=2
a=1
. |—a+c=0 s
Tirc la . Sib=1= f(1)=F +1* +1.
c=1
a=1c=1

Bién déi ngwoc dam bdo yéu to tw nhién, logic
2xN2x—-1+2x-1 =x—y+(x—y+1)«/x—y
<:(2x—1)\/2x—1+2x—1+\/2x— :(x—y)wlx—y +(x—y)+1/x—y

c(ﬁf +(\/2x—1)2 ++/2x -1 :(\/x—y)3 +(\/x—y)2 +\/x—y
Cong doan xét ham S(j va cde bude tiép theo di dwoc trinh bay tai loi gidi phia trén.
2. Doi voi bai todn so 36.
Truede hét bién doi tam thoi (2x—y+2),/2x—y+l +x—y= (x+2)\/m.
Xdc dinh an ham la hai can thire, Thiét lap ham sé

a(,/2x—y+l)3er(,/Z)c—erl)2 +c2x—y+1 =a(\/x+l 3+b(\/x+1)2+c\/x+1
c>a(2x—y+l)w/2x—y+1+b(2x—y+1)+c42x—y+1 :a(x+1)\/x+1+b(x+l)+c\/x+l

@(2ax—ay+a+c),/2x—y+l+bx—by:(ax+a+c) x+1
Thuc hién d(fng nhat thirc

[(2ax—ay+a+c),/2x—y+l+bx—byz(ax+a+c)ﬁ}
E[(Zx—y+2)\/2x—y+l+x—y=(x+2)ﬁ]

2a=2
a=
Lo ja=1 3, .2
Nghia la & b:1:>f(t)=t +t" +t.
a+c=2
CcC=
b=1

Bién doi ngueoc dam bdo tir nhién, logic trong trinh bdy
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(2x—y+2),/2x—y+1+2x—y+l:(x+2)\/x+1+x+1
<:(2x—y+1)\/2x—y+1+2x—y+1+w/2x—y+l :(x+1)\/x+l+x+l+\/x+1

<:(\/2x—7y+1)3 +(\/2x—7y+1)2+\/2x—y+1 I(\/x+1)3+(\/x+1)2 +/x+1

X 42y —x—6++2x—y =+/3)> +4x-18,
(2x—y+3)\/2x—y +4(x—y)=(y+3)\/;.

Bai toan 37. Giai hé phuong trinh

(xyei).

Loi gidi.
bicu kién cac can thirc xac dinh.
Phuong trinh thir hai ctiia hé twong duong véi

(2x—y+3)«/2x—y +4x—2y=(y+3)\/;+2y
<:>(2x—y),/2x—y+2(2x—y)+3 2x—-y=y y+2y+3\/;
<:>(1/2x—y)3+2(\/2x—y)2 +3\2x—y =(\/})3 +2(\/})2 +3y

Xéthamsd f(¢)=£ +202 4361 € tacd f'(1)=32+4+3=2(1+1) +~2+1>0,Vie| .
Ham sd trén lién tuc va déng bién trén ; nén thu duge

Ay )= A(\D) oy =5 < 2x-y ~P e amys

Luc ndy phuong trinh thir nhét cta hé tré thanh
Vxt+x-6 +\/;:\/3x2 +4x-18 = Jx*+x-6 +\/;:\/3(x2 +x—6)+x.
Pit Vx’ +x—6 =u;\x =v (u=0;v>0)ta thu duoc
uz0;v>0 {uZO;v>0 u>0;v>0 |:u:0
& &
u+v=+3u’+ u(u—v)=0
] u=0©x2+x—6=0©(x+3)(x—2):0©xe{—3;2}.

Ll u:v<:>\/x2+x—6:\/;<:>x2—6=0<:>xe{—\/g;\/g}.

Tur ddy suy ra hé 6 hai nghiém (x;y)= (2;2),(\/6;\/5) .

1/x+y—1+\/)c2+3y—1=\/szr9x—4,
(9x—3y+14)«/3x—y+3=6(x—y)+2(3y+7)«/2y+3.

Loi gidi.

bicu kién céc can thuc xac dinh. Phuong trinh thir hai cia hé twong duong véi
(9x—3y+14)43x—y+3-6x+2y—6=(6y+14) 2y +3 -4y -6
<:>3(3x—y+3),/3x—y+3—2(3x—y+3)+5 3x—y+3
=3(2y+3)y2y+3-2(2y+3)+5\2y+3
@3(,/3x—y+3)3—2(\/3x—y+3)2+5\/3x—y+3:3(,/2y+3)3—2(,/3y+3)2+5 2y +3

Xéthamsd f(1)=£ —* +550€ taco f'(1) =3 —2+5=(1-1) +2:* +4>0,Vr €] .

Ham s06 trén lién tuc va dong bién trén | nén thu dugc

u’ +2uv+v? =3u’+v°

Bai toan 38. Giai hé phuong trinh { (xyei).
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f(w/3x—y+3):f(1/2y+3)c>\/3x—y+3 = 2y+3 & 3x—y+3=2y+3x=7y.

Khi d6 phuong trinh thir nhat cta hé tro thanh

V2x 1442 +3x -1 =322 +9x—4 & V2x—1+4/x% +3x—1 = 3(2x— 1)+ x> +3x-1.
bat V2x-1=a;Vx* +3x-1=b (a > 0;b > 0) ta thu duoc

a+b=+3a*+b* @ a’* +2ab+b* =3’ +b* & a(a—b):0<:>{a

a=

X¢ét hai truong hop

° a=0<:>2x—1=0<:>x=%.

=0
o a=b2x—-1=+x"+3x-1 <:>2x—l=x2+3x—1<:>x2+x=0<:>{x

x=-1

Doi chiéu diéu kién ta thu dugc nghiém duy nhét (x;y) = (%%) :

2V2x =3 +,[4y(y+1)+3x-3 =[x’ +38y -9,
(x—y+7)w/x—y—(y+8)w/y+l =x-2y=1.
Loi gidi.

Diéu kién céc can thic xac dinh. Phuong trinh thir hai ciia hé trong dwong voi

(x—y+7)m—x+y=(y+8)m—y—l

(x—y)\/ﬁ—(x—y)+7\/ﬁ:(y+1)\/m—(y+l)+7 y+1

@(\/Ef—(\/x—y)z—lﬂ\/x—y:(\/y+1)3—(\/m)2+7 y+1
Xéthamsd f(1)=20 —2+760e = f'(t)=611 2t +7=(t—1) +52 +6>0,Vr €| .

Ham s0 trén lién tuc va dong bién trén ;| nén thu dugc

f(\/x—y)zf(\/ﬁ)ch/x—y:\/mcwc—y:y+l<:>x=2y+l.

Khi @6 phuong trinh thir nhat cta hé tré thanh
225 =3 +)(2y+1) +3x—4 = ¥’ +19(x—1)-9
& 22x =3 +4x7 +3x—4 = /x> +19x 28
& 24/2x =3 +/x* +3x—4 = ,[8(2x~3)+ x> +3x—4

Vi xZ%,dét V2x-3 =a;Nx*+3x—4 =b (a2 0;b>0)thu duoc

Bai toan 39. Giai hé phuong trinh { (xyei).

2a+b=+8a’+b* < 4a’ +dab+b* =8a’ +b° <:>a(a—b):0<:>{ -

a=
Xét hai truong hop xay ra

) azO@x:E.
2

. a:b@«/—zx__?,:maxz+x_120<:>x€{—1—\/§;_1+\/§}

2 2
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Tir day di dén hé c6 nghiém duy nhat (x;y)= (%%)
(2x+y+4)y2x+y =4x-2y+2+(2y+3)42y -1,

xXyei ).
y—1+2x’ + X +4x-2y =23 +1> —2y-5. ( )

Bai toan 40. Giai h¢ phuong trinh {

Loi gidi.
bicu kién cac can thirc xac dinh.
Phuong trinh thir nhat cua h¢ tuong duong voi

(2x+y+4)«/2x+y—4x—2y=(2y+3)«/2y—1—4y+2
<:>(2x+y),/2x+y—2(2x+y)+4 2x+y=(2y—1)1/2y— —2(2y—1)+4 2y—-1
@(1/2x+y)3—2(1/2x+y)2+4\/2x+y=(\/2y—1)2—2(\/2y—1)2+4J2y—1
Xéthamsd f(1)=£ -2 +4s0e; = f'(1) =3 -4t +4=(t-2) +2 >0,Vre| .
Ham sd trén lién tuc va déng bién trén ; nén thu dugc
f(1/2x+y):f(«/2y—1)<:>\/2x+y = 2y-1e2x+y=2y-1e2x=y-1.
Phuong trinh thir hai khi d6 tr¢ thanh
2x42% +x° +4x—2(2x+1) =23x° + (y-1)’ 6

©x+\/x3+x2—2 :\/3x3+4x2—6 <:>x+\/x3+x2—2:\/3(x3+x2—2)+x2

X+x*=2>0

Chu y diéu kién
3x° +4x*-6>0

3, 2 5 x+y=0 x+y=0
biat Vx' +x’ -2 =y (y20)tathuduge x+y=3)y"+x* <1 | , .
X +2xy+y =3y +x y(x—y)zo
{x+y20 VX +x*=24+x20 VX +x" =2+x20
= =4 < x=1.
y=0 X +x=-2=0 (x=1)(x" +2x+2)=0
{x+y20 VX +x*=2+x20 {xZO A
=S =S osx=32.
X=Yy x=Nx+x*-2 X =2
Tht lai nghiém, két luan hé c6 nghiém tap nghiém S = {(1; 3);(% 232 + 1)} :
24y +1+4/x° =5x+14y =+/3x> +17x+2y - 26,
Bai to4n 41. Giai hé phuong trinh 4 \/x = \/x ey (xyei).
(x—y+6)«/x—y+2—(y+7)«/y 3:3(x—2y—1).

Loi gidi.
bicu kién cac can thirc xac dinh.
Phuong trinh thir hai ctia hé twong duong véi

(x—y+6)«/x—y+2—3x+3y—6:(y+7)w/y+3—3y—9
<:>(x—y+2)\/x—y+2—3(x—y+2)+4 x—y+2:(y+3)w/y+3—3(y+3)+4 y+3
@(,/x—y+2)3—3(,/x—y+2)2+4\/x—y+2=(\/y+3)3—3(,/y+3)2+4 )+3
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Xéthamsd f(1)=1 -3 +dt= f'(1) =3 6t +4=3(1-1) +*>0,Vt e .

Ham s06 trén lién tuc va dong bién trén | nén thu dugc

f(w/x—y+2)=f(\/y+3)<:>\/x—y+2=\/y+3 Sx—y+2=y+3x=2y+1.

Khi d6 phuong trinh thir nhat cta hé tro thanh

2,2(x=1)+1+x* ~5x+7(x~-1) =32 +17x+x-1-27

& 22x 1+ +2x -7 =3x> +18x—27

& 22— +\x +2x=7 = 6(2x-1)+3(x" +2x-7)

3x° +18x-27>0
Vi diéu kién xZ%
X 4+2x-7>0

Dit V2x—1=a;Vx* +2x-7 =b (a > 0;5 > 0) thu dugc

2a+b=+6a*+3b> & 4a’ +4ab+b* = 64> +3b> < 2(a—b) =0

<:>a=b<:>2x—1=x3+2x—7<:>x3=6®x=3/g

Thir lai thay gia tri nay thoa mén phwong trinh an x & trén. Két ludn nghiém (x; y) = (3/8 ; 236 + 1) .

Bai toan 42. Giai hé phuong trinh

(4x-2y+11)42x—y+3 +4(y—x—%)=(2y+9)\/y+2,

V22 —x—2y—1=\/16y* +2x* —43
Loi gidi.

(xyei).

—5+x-1.

Diéu kién céc can thire xac dinh. Phuong trinh thir nhat cta hé twong duong véi

(4x—2y+11),/2x—y+3—4x+2y—6:(2y+9),/y+2—2y—4

<:>2(2x—y+3),/2x—y+3 —2(2x—y+3)+5 2x—y+3

=2(y+2)\y+2-2(y+2)+5y+2

@2(,/2x—y+3)3 —2(«/2x—y+3)2 L5 2%—y+3

=2(Jy+2) ~2(r+2) +5y+2

Xéthamsd f(1)=26 20 +560€] = /(1) =62 —4t+5=(1-2) +52 +1>0,Vre| .

Ham s0 trén lién tuc va dong bién trén ;| nén thu dugc

f(w/Zx—y+3)=f(\/y+2)<:>\/2x—y+3 = Jy+2 o 2x—y+3=y+2 2x+1=2y.

Khi d6 phuong trinh thir hai cua h¢ trd thanh

27 —x—(2x+1) =1 = [4(2x +1)’ +2x* — 43 = 5/x—1

o V2x* —3x=2 =18x* +16x -39 —5x —1
& 5 —1+42x% =3x—=2 =/18x> +16x -39

< 25(x—1)+2x" =3x =2 +10v/x —1.{(2x +1)(x—2) =18x* +16x -39
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& 10y(x—1)(2x+1)(x-2) =16x" —6x—12

& 5(x=1)(2x+1)lx -2 =8x* ~3x-6

& 5V2 —x—1x-2=4(22° —x—1)+x-2
V6i x22, dat N2 —x—1=u;\x—2 =v (u>0;v>0) ta thu dugc

5uv=4u2+v2<:>(u—v)(4u—v)=0<:>{u:v
u=4y
Xét hai truong hop xay ra
x=>2 x=>2 }
° U=V 5 < 5 (V6 nghiém).
2x —x—-1=x-2 2x"=2x+1=0
x=>2 x=>2 17+4\/§
) u=4y & 5 = ) = X= .
2x"—x—-1=16x-32 2x —=17x+31=0 4

Vay hé phuong trinh d€ bai c6 nghiém duy nhat (x;y) = (%+ ﬁ,% + x/gj .

(3x+y+5)«/3x+y+x—y=2(4x+5)\/;,

Bai toan 43. Giai hé phuong trinh {

Loi gidi.
Diéu kién céc can thire xac dinh. Phuong trinh thr nhat cta hé twong duong véi

(8x+10)«/;—4x:(3x+y+5)«/3x+y—3x—y

<:>8x\/;—4x+10\/;=(3x+y)1/3x+y —(3x+y)+5 3x+y
<:>(2\/;>3 —(2\/;)2 +5.2x =(«/3x+y)3 —(«/3x+y>2 +5{3x+y

Xéthamsd f(1)=£ —1* +56te = f/(1)=3 -2 +5=(t-1) +22 +4> 0,V e .

Ham s0 trén lién tuc va dong bién trén ;| nén thu dugc

f(2\/;):f(w/3x+y)<:>2\/;:\/3x+y<:>4x=3x+y<:>x=y.

Khi d6 phuong trinh thir hai cua h¢ trd thanh

NSXE+24x 428 =5x+2 +4x* +x =20

\/4x2+y2+24x+28 =52x—y+2 ++/y" +x-20.

& 5x7 +24x+28=25(x+2) + x> +x =20 +10y/(x +2)(x—4)(x+5)

< 2x? —x—1=5\/(x+5)(x2—2x—8)

<:>2(x2—2x—8)+3(x+5):5\/x+5.\/x2—2x—8
s 5x*+24x+282>0
Véi dicu kién S x>4.
x>-2;x"+x-20>0

bat Vx+5=a;Vx* —2x-8=b (a>0;b>0)ta thu duoc
3a’+2b” = Sab <:>(a—b)(3a—2b):0<:{a

Xét hai truong hop xay ra

3a=2b

(xyei).
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. a=b<:>\/x+5:MCMCZ—3x—13=0<:>xe{3+;/a;3_\/a}

2

" 3g=2b3x+5=24x"-2x-8 <:>4x2—17x—77=0<:>x€{—%;7}.

3+Jﬁ_3+¢5}}

So sanh diéu kién ta thu duoc nghiém ctia hé S = {(7; 7);( - -

Bai toan 44. Giai hé phuong trinh
37222 43y +1 =58 +13x% +12y— 6 ++/x’ +2x> +9y% + 6y +x—1,

x+2y+5 2x-y (XQ;VEI )
2x—y+4 | [x+2y+1
Lai gidi.

Diéu kién céc can thirc xac dinh.
Phuong trinh thir hai ctia hé twrong duong véi

(x+2y+5)\/x+2y+l =(2x—y+4)\/2x—y

<:>(x+2y+l)\/x+2y+l+4\/x+2y+l =(2x—y)\/2x—y +4\/2x—y

@(,/x+2y+1)3+4\/x+2y+10=(\/2x—y)3+4 2x—y
Xéthamsd f(t)=+4te; = f/(t)=3+4>0,Vte; .

Ham s06 trén lién tuc va dong bién trén | nén thu dugc

f(1/x+2y+l):f(\/2x—y)<:>\/x+2y+1 :\/2x—y S x+2y+1=2x—-y = x=3y+1.

Khi d6 phuong trinh thr nhat cta hé tro thanh
W2 1 x =[5 #1307 +4(x—1) =6 +/x* + 20" +(3p+1) +x-2

&322 +x =58 +13x2 +4x—10 + Vx> +35% +x—2

<:>3\/2x2 —i—x—\/x3 +3x%+x-2 :\/S(x3 +3xz+x—2)—(2x2 +x)

Khi céc can xac dinh, dat V2x* +x = a;x’ +3x° +x-2=b (a>0;6>0)ta co
3a—b=N5b"—a’ =94’ —6ab+b’ =5b" —a’ < 5a° —3ab-2b" =0

a=>b
<:>(a—b)(5a+2b):O<:>
S5a+2b=0
Xét hai truong hop xay ra
o a=b<:>2x2+x=x3+3x2+x—2<:>x3+x2—2=O<:>(x—1)(x2+2x+2)=0<:>x=1.
x=0
S5a+2b=0 a=0 2x*+x=0 1 . A o n
. & < Sl x=—= (HE vo nghi€ém).
a>0;b>0 b=0 X +3x +x-2=0 2

X +3x+x-2=0

Thir lai nghiém, két luan h¢ c6 nghiém duy nhét (x;»)=(L1).

Nhdn xét.
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Bai toan so 44 da buoc dau xuat hién hai an ham don can thiec, mirc do tang thém khi ca hai an nay deu dong thoi
cdc an x, y va hang so tw do

u=./g(x;y)

v=lh(x;y)
Tuy nhién biéu thirc dwéi ddu can van ding chdn tam thoi tai cdc da thire bdc nhdt cia hai dn x va y. Cdc bai todn

f(u)zf(v)<:>u=v trong do

tiép theo sé dwoc tang cuong bdc ciia cdc da thire hai an g (x; y) ; h(x; y).

(4x+2y+5)1/2x+y+1:(2x+4y+5)w/x+2y+l,
\/x+y+ 8 _1+(2y+1)(x+8):30' (xyei).
2x—y 3x-2y
Loi giai.

Piéu kién cac can thirc va mau thirc xac dinh.
Phuong trinh thir nhat ctia hé twong duong voi
2(2x+y+1){2x+y+1+32x+ y+1=2(x+ 2y +1)Jx+ 2y +1+3/x+ 2y +1

3 3
@2(,/2x+y+1) +3\/2x+y+1=2(\/x+2y+1) +3x 2y +1
Xéthamsd f(t)=26+3tte; = f'(t)=61"+3>0,Vie; .
Ham s6 trén lién tuc va déng bién trén ; nén thu duge

f(1/2x+y+1)=f(\/x+2y+1)<:>\/2x+y+1 :\/x+2y+1 S 2x+y+l=x+2y+lex=y.
Lac d6 phuong trinh thir hai ctia hé tré thanh

2x+1)(x+8 2
et 8 1 2x)(x+8) o [ 8 2+1Tx+8
X X X X

Pt 2x+§—l+2x+§+17=30<:> 2x+§—1+2x+§—1=12

Bai toan 45. Giai hé phuong trinh

X X M X
N 8 g 8
Vi diéu kién x #0;2x+——1>0, dat ,[2x+——1=1¢,¢> 0 ta thu duoc
X X
t>0 t>0 t>0 g )
, = o ot=3c [2x+—-1=3ox"-5x+4=0=xe{l;4}.
t"+t-12=0 (t—3)(t+4)=0 te{—4;3} X

Thir lai di dén két luan hé phuong trinh ¢6 hai nghiém (x;») =(1;1),(4;4).

(2x—y+7),/2x—y =(2y—x+7)\/2y—x,

Bai to4an 46. Giai hé phuong trinh 2 2,2, E (xyei).
y—2+ + +1=0.

x+5 y+5
Loi gidi.
biéu kién cac can thirc va mau thirc xac dinh.
Phuong trinh thr nhat ctia hé twong duong voi

(2x—)2x -y +72x—y = (2y —x)\2y —x + 72y —x
<:>(\/2x—y)3+7\/2x—y:(\/Zy—x)3+7\/2y—x
Xéthamsd f(t)=£+Txte; = f/(t)=3+7>0,Vte; .
Ham s6 trén lién tuc va d@)ng bién trén tap hop s6 thuc ; nén thu duoc
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f(1/2x—y)=f(w/2y—x)©\/2x—y:\/2y—x<:>2x—y:2y—x©x=y.

Suy ra phuong trinh thir hai ciia hé twong duong véi

2 _ +5)(x=2)+12 x*— 2 ?
2 x 13+1:0©\/(x J(x=2)+12 ¥ -13 . . [x +3x+2 P 43x42
x+5 x+5 x+5 x+5 x+5 x+5

2

2 >0, dat 1/w=t,z‘20tathudu<_)fc
x+5 x+5
tZO tZO IZO x2+3x+2

& & ot=le ,|———=1
2+t=2 (t-1)(¢+2)=0 te{-2;1} x+5

S +3x+2=x+5<x +2x—3=0©xe{—3;1}
Thir lai di dén hé c6 hai nghiém (x;y)=(-3;-3),(1;1).

(x+y+10)w/x+y +2(2y—x+1):(2x—y+9)«/2x—y—1,

Bai to4n 47. Giai hé phuong trinh g (x+1)+4 (xyei).
2y—1+ + =x-2y+2.
x+3 2(y+2)

x—2+

Vi didu kién x = -5 x—2+

Loi gidi.
biéu kién cac can thirc va mau thirc xac dinh.
Phuong trinh thr nhat ctia hé twong duong voi

(x+y+10%L»+y+2x+2y=(2x—y+9)d2x—y—l+4x—2y—2
c;(x+y)dx+gy+2(x+y)+10 x+J/=(2x—y—4)d2x—)w—l+2(2x—}h4)+10 2x-y-1
c;(dx+}»3+2(Jx+)»2+lOJx+J/=(J2x—;wﬁ)3+2(J2x—)h4)2+10 2x—y-1
Xéthamsd f(¢)=£ +22 410t = f'(¢) =32 + 4t +10=(1+2) +2£2+6>0,Vre| .
Nhu vay ham s trén lién tuc va dong bién trén tap hop sb thyc | nén ta dugc
f(«/x+y)=f(\/2x—y—l)<:>\/x+y=\/2x—y—l<:>x+y:2x—y—1<:>x=2y+1.
Khi d6é phuong trinh thir hai cia hé tré thanh

+1) +4 / 2
=LA 8 +(x ) =3, [x—-2+ : +2 +2x+5:3
x+3 x+3 x+3 x+3
+3)(x=2)+8 7 f2 :
@\/(x )(x ) +x +2x+5_1:2<:> X +x+2+x +x+2:2
x+3 x+3 x+3 x+3
2
8 ZO,détJLM:t,tZOtathuduqc
x+3 x+3
t>0 t>0 t>0 1
= = S =
f+t=2  |(t-1)(t+2)=0 " |re{-21}

2
Q\/iLx;z=1<:>ﬁ+x+2:x+3<:>x2:1<:>xe{—1;1}
X+

Thir lai, din dén hé c6 hai nghiém (x;5)=(-1-1),(10).

Vo1 x#=-3;x—-2+
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(4x—y+11)«/4x—y—(x+2y+14)\/x+2y+3 :3(x—y—1),
Bai toan 48. Giai hé phuong trinh /2x+y+2 32 +13 (x;ye i )
+ =5.
X —x+4 X —-y+3

Loi gidi.
bicu kién cac can thirc va mau thirc xac dinh.
Phuong trinh thir nhat cua h¢ tuong duong voi

(4x—y+11)1/4x—y—4x+y=(x+2y+l4)«/x+2y+3 -x-2y-3
<:>(4x—y),/4x—y—(4x—y)+ll 4x—y

=(x+2y+3)\x+2y+3—(x+2y+3)+11yx+2y+3

<:>(1/4x—y)3—(1/4x—y)2+11\/4x—y=(\/x+2y+3)3—(,/x+2y+3)2+11 X+2y+3
Xéthamsd f(1)=20 — +1150e] = f'(1) =62 =2 +11=(1-1) +52 +10>0,Vt e .
Nhu vay ham s6 trén lién tuc va déng bién trén tap hop $6 thuc | nén ta duoc
f(,/4x—y):f(,/x+2y+3)<:>\/4x—y:\/x+2y+3

S4x—y=x+2y+33x=3y+3 = x=y+1
Luc nay phuong trinh thur hai ctia hé twong duong véi

3x+1 3x +13 3x+1 3x +13 3x+1 3x+1
3=2& > +— =2.
X —x+4 Y —x+4 x° —x+4 X ox+4 xX'—x+4 x"—x+4
Vi diéu kién x>—§ dat ﬂ:t,tZOtathuduqc

x*—x+4

t>0 t>0 t>0 3x+1
= = ot=le [ =1
£+t=2  |(1-1)(t+2)=0 " |te{-21} X' —x+4

S3x+l=x’—x+4o X -4x+3=0(x-1)(x-3) =0 x e {1;3}
Thir lai di dén két luan hé c6 nghiém (x;y)=(1;0),(3;2).

(3x—6y+1),/x—2y+2(x—1):(3x—3y—2)\/x—y—1,

Bai to4n 49. Giai hé phuong trinh y—x X+l (xyei).
—:y_ B
3(x3+x+1) x3+x+y

Loi gidi.
bicu kién cac can thirc va mau thirc xac dinh.
Phuong trinh thl’I nhat cua hé da cho twong duong voi

x 2y NX=2y =2x+4y+x-2y \/x y—1-2x+2y+2+x—-y-1
<:>3(w/x—2y) —2(x—2y)+\/x—2y=3(\/x—y—1) —2(x—y—1)+1/x—y—1
Xéthamsd f(1)=36 -2 +t;0e = f'(1)=92 4t +1=(2t 1) +5> >0,Vt e .
Nhu vay ham s6 trén lién tuc va déng bién trén tap hop $6 thuc | nén ta duoc
f(w/x—2y)=f(«/x—y—l)c\/x—Zy=\/x—y—l<:>x—2y=x—y—1®y=1.

Phuong trinh thir hai 1ap trc tré thanh
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1-x 42 1-x X +2
PYRETNE SR | B <3 =33 =
3(x +x+1) x +x+1 x +x+1 x +x+1
1—x X +2 X +2 X +2
S ———+143 [ =d o — +3,|—= =4
x +x+1 x +x+1 x +x+1 x +x+1

3 3
5, rpumy X x +2 . x+2
Vi diéu kién 3—20;x3 +x+1=0, dat «/3— =t,t > 0ta thu duoc
x +x+1 X +x+1

t>0 t>0 3
{ <:>{ <:>t=1<:>x—+2=1<:>x3+2:x3+x+1<:>x:1.
4 te{—
(%

£ +3t= 41} X +x+1

y)z(l;l).
(3x—y+15),/3x—y+2—(x+y+15)\/x+y+2 =6(x—y),

Bai todn 50. Giai hé phuong trinh 1[5 75 +2(y—1) B (xyei).
2’ =y’ +3 X +3 '

Loi gidi.
bicu kién cac can thirc va mau thirc xac dinh.
Phuong trinh thir nhat cua h¢ tuong duong voi

(3x—y+15)\Bx—y+2-9x+3y—6=(x+y+15)Jx+y+2-3x-3y—6
& (3x-y+2)Bx—y+2-3(3x—y+2)+13Bx—y+2
=(x+y+2)\/x+yi+2—3(x+y+2)+l3 X+y+2
@(m)3—3(m)2+13 35—y i

3 2
=(,/x+y+2) —3(1/x+y+2) +13x+y+2
Xéthamsd f(1)=26 -3 +130e) = f'(1) =626t +13=(1=3) +5 +4>0,Vre| .
Nhu vay ham s6 trén lién tuc va déng bién trén tap hop s6 thuc | nén ta duoc
f(‘/3x—y+2):f(\/x+y+2)<:>\/3x—y+2:\/x+y+2 S3x—y+2=x+y+2x=y.
Khi d6 phuong trinh thir hai cua h¢ trd thanh

X +2x+1 2(x-1) F2x+l 2(x-1) X +2x+1 X +2x+1
! + PN . +— +1=2¢& - +— =2.
x +3 x +3 X +3 x +3 x +3 x +3

Thr 1ai ta thu dugc nghiém duy nhét

3 3
Véi didukien =25 0.0 2 3, dar [T 44> 0ta th duge
x +3 x +3
£20 £20 ; 3
5 = St=leox +2x+l=x"+3o2x=2cx=1
' +t-2=0 te{-21}

Suy ra hé phuong trinh ¢6 nghiém duy nhit x=y=1.

(x2+y+6)\/x2+y:(x+7)\/x+1,
Bai toan 51. Giai hé phuong trinh Xyl 6 (x;ye; )
+1=

\/m _x—y+4'

Loi gidi.
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Piéu kién cac can thirc va mau thirc xac dinh.
Phuong trinh thr nhat ctia hé twong duong voi

(x2 +y)\/x2 +y -1-6\/x2 +y =(x+1)Vx+1+64/x+1
<:>(\/x2 +y)3+6 X'+ y :(\/x+1)3+6\/x+1

Xéthamsd f(t)=£+6tte; = f'(t)=3"+6>0,Vie; .
Nhu vay ham s6 trén lién tuc va déng bién trén tap hop s6 thuc | nén ta duoc
f(«/xz+y):f(\/x+1)©\/x2+y=\/x+1<:>x2+y=x+1.

Luc nay phuong trinh thir hai cua hé tré thanh

X 6 X 6 X —2x* 2x* X
+1=— = —l=— -2 -l=— < — + —-1=0.
Jx?+3 X430 43 X" +3 NI X430 X +3 ¥ +3
bit =t ta thu dugc 2t2+t—1:0<:>(21—1)(t+1):0©te{—1;l}
x*+3 2
J X 1 x>0 x>0
X =—&& ' 5 Rt < x=1.
+3 2 45 = x*+3 xe{-L1}

X/
L X4

x> =x*+3

x<0
\/j—=—1<:>—x=\/x2+3c>{ Sxed.
x +3

Két luan phuong trinh d cho c¢6 nghiém duy nhat x =y =1.
(2x2 —2y+11)\/x2 -y :(Zy—2x+11),/y—x,
Bai toan 52. Giai hé phuong trinh X 1 = (xyei).

+ =
\/z_xz x+2-2y y

Loi gidi.
biéu kién cac can thirc va mau thirc xac dinh.
Phuong trinh thr nhat ctia hé twong duong voi

2(x2—y)\/x2—y +11\/x2 -y =2(y—x)\/y—x +11\/y—x

3 3
<:>2(\/x2—y) +11 xz—y:Z( y—x) +11yy—x
Xéthamsé f(t)=26+115te; = f'(t)=6+11>0,Vt e .
Nhu vay ham s6 trén lién tuc va déng bién trén tap hop s6 thuc | nén ta duoc
f(«/xz—y)zf(w/y—x)chlxz—y:«/y—x<:>x2—y:y—x<:>x2:2y—x.

Phuong trinh thir hai cia hé tré thanh

X 1 X 1 I 3
- >=2& + - ==
J2—x* 2-x J2—x2 2-x 2 2
X x° 3 2x x’
= + =— =3

= +
\/2—x2 2(2—x2) 2<:>\/2—x2 2-x’

=t ta thu duoc

Véi diéu kién x* <2, Pat
2—x?
20+1° =3 (1-1)(1+43) =0 1e{-31}.
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> x>0 x>0
o =l x=VJ2-x" & 5 , =9, =S x=1.
x =2-x x =1
> x<0 x<0 3
0 =3 x=-3V2—-x" & 5 , & 5 Sx=——r.
¥’ =92-9x 5x*=9 J5

Tir day dan dén hé c6 cac nghiém (x;y) = (1;1),( S J .

510025
(6x2 —3y+5)«/2x2 -y =(6y2 —3x+5)1/2y—x,

Bai toan 53. Giai hé phuong trinh ] 6x-6 _, (x;yei).
+ il
J3xP=3y+4 3y-3x+8
Loi gidi.

Diéu kién céc can thirc va mau thirc xac dinh.
Phuong trinh thir nhat cua h¢ tuong duong voi

3(2x2 —y)\/2x2 -y +5\/2x2 -y :3(2y2 —x)+5 2y—x

3 3
@3(«/2x2—y) +5\/2x2—y=3(\/2y—x) +5\/2y—x
Xéthamsd f(t)=3+5tte; = f'(t)=97+5>0,Vte; .
Nhu vay ham s6 trén lién tuc va déng bién trén tap hop s6 thuc | nén ta duoc
f(\/2x2—y)zf(JZy—x)cM/ZxZ—y:«/2y—x<:>2x2—y:2y—x<:>2x2:3y—x.

Khi d6 phuong trinh thir hai cia hé twuong duwong véi

x+1 N 3x-3 e x+1 N 3x-3 L1 B x+1 +x2+2x+1_2
VX' —x+4 X —x+4 VX —x+4 X —x+4 VX —x+4 X —x+4 .
t=1
Pt — L _ ¢ ta thu dugc t2+t:2<:>(t—1)(t+2)20<:>{
Nt — t=2
X —x+4
x=-1 x>-1
o =lox+l=Ax-x+4 & 5 5 = =S x=1.
x +2x+1=x"-x+4 3x=3
> x+1<0
o (=& x+]l="2Ux"—x+4 & 5 5 Sxed.
X +2x+1=4x"—-4x+16

Két luan hé phuong trinh di cho c6 nghiém duy nhét (x; y) = (l; l) .

(227 +7)V2x* —1=(2x - y+8)\2x -y,

Bai toan 54. Giai hé phuong trinh
\/x2 +13x—-y-26 =\/2x—y—x2 +3+/x—2.

(x;ye; )

Loi gidi.
Diéu kién cac cin thirc xac dinh. Phuong trinh thtr nhat ciia hé twong duong véi
(252 —1)v2x? =1 +8v2x* =1 =(2x - y)2x—y +8/2x—

3 3
@(\/2)8—1) +8V20 1= ({2x—y) +820—y
Xéthamsd f(t)=£+8tte; = f'(¢1)=3"+8>0,Vte;| .
Nhu vay ham s6 trén lién tuc va déng bién trén tap hop s6 thuc ; . Ta thu duogc
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f(M)zf(m)Q\/m:m@sz =2x—y+1.
Phuong trinh thir hai ctiia hé tré thanh
x +13x42x2 —2x —1-26 =~/2x+2x> —2x—1—x* +3Jx—2
o3 +11x-27 =V —1+3Jx-2

& 327 +11x=27=x" —1+9(x=2)+6/(x +1)(x ~1)(x-2)

& 2x7 +2x-8=6/(x+1)(x~2)(x 1)

o P +x-4=3(x+1)(x-2)x—1

& —x=2+2(x-1)=3/x’ —x-24/x-1 (1)
V6i x22,dat VP —x—2=a;Wx—1=b (a>0;b>0)thi (1) trd thanh

a* +2b’ =3ab©(a—b)(a—2b)=0<:>{a:b
a=2b

" g=boxP-x-2=+x-1 <:>x2—2x—1=0<:>xe{1+\/§;1—\/§}.

2

= g=2boNxX —x-2=2Jx-1 <:>x2—x—2:4(x—1)<:>x2—5x+2:O<:>xe{5+;/ﬁ;5_\/ﬁ}.

Két hop diéu kién ta thu duoc hai nghiém.

(51y° =17x+6)3y” —x =(5lx—17y+6)Bx— y,

Bai toan 55. Giai hé phuong trinh 3+
JIP +3)2 +y—x—19 =3,[x y AN

(x;ye; )

Loi gidi.
Diéu kién cac can thirc xac dinh. Phuong trinh thtr nhat ciia hé twong duong véi
17(39% =x)y3y* =x + 643y —x =17(3x— y)Bx—y +63x—y

<:>17(\/3y2—x) +63y7 —x =17({3a— ) - 6yx—
Xéthamsd f(¢)=178 +6ttei = f'(1) =517 +6>0,Vte; .
Ham s6 trén lién tuc va déng bién trén tap hop s6 thuc | . Ta thu dugc

f(m)zf(m)©m=m©3yz—x=3x—yc>3y2+y=4x.

Khi d6 phuong trinh thir hai tr¢ thanh

Ve +4x—x—-19 =3y’ —1+x—2

o1 +3x-19 =3 1 +Jx—2

& 1x" +3x-19=9(x" = 1)+x-2+6,/(x—1)(x+1)(x-2)

22 +2x-8=6,f(x—1)(x+1)(x—2) & »* +x—4=3x—1x’ —x—2

o —x-2+2(x—1)=3x—1J¥ —x-2 (1)
Pt V¥’ —x—2=a;\x—1=b (a>0;b>0)thi (1) tré thanh
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a=>b
a=2b

" g=2box —x-2=2Jx-1 <:>x2—x—2:4(x—1)<:>x2—5x+2:O<:>xe{5+;/ﬁ;5_\/ﬁ}_

2

a’ +2b’ =3ab©(a—b)(a—2b)=0©{

Két hop diéu kién ta thu dugc cac nghiém ctia hé.

3Vx+1+42yy7 =1 = 22> +2y+19x +1,

(227 -2y +9)yx* -y +1=(2y+9)\/y+1.

Bai toAn 56. Giai hé phuong trinh (xyei).

Loi gidi.
biéu kién cac can thirc xac dinh.
Phuong trinh tht hai cua hé twong duong véi

2(2 =y +1)yx? =y + 147t =y +1=2(y+1)y +1+7 [y +1

<:>2(\/x2—y+1)3+7\/x2—y+1 :2(,/y+1)3+7 S+

Xéthamsd f(t)=2+Tt;te; = f'(1)=6£+7>0,Vte; .
Ham s6 trén lién tuc va déng bién trén tap hop s6 thuc | . Ta thu duge

f(«/xz—y+1)=f(,/y+1)<:>\/x2—y+1 =y+1 <:>x2—y+l=y+l<::>x2 =2y.

Phuong trinh thtr nhat khi d6 cta hé tré thanh
3Vx+14+4/4y> —4 =27 + 2% +19x +1

& 3rr L+ —4 =33 +19x+1
Ox +9+x" =4+6/(x+1)(x+2)(x~2) =3x> +19x +1
&3 +3x+2/x—2 =x* +5x-2
o3 3xr20x—2=% +3x+2+2(x-2)
bit M:a;m:b (a>0;b>0)ta thu duoc

3ab =a* +2b’ @(a—b)(a—Zb)zOC:{

0 a=bo X +3x+2=Vx-2 < x> +2x+4=0 (VO nghiém).

0 a=2bo VX' +3x+2=2\x-2 < x> +3x+2=4x-8 <= x> —x+10=0 (V6 nghiém).
Phuong trinh 4n x v6 nghiém dan dén hé phwong trinh ban dau v6 nghiém.

a=>b
a=2b

(3x2 +3xy+5)\/x2 + xy :(3xy+3y+8) xy+y+1,

\/4)52 +8x+y-14 =\/x+y—5 ++/x-1.

Bai toan 57. Giai hé phuong trinh (xyei).

Loi gidi.
biéu kién cac can thirc xac dinh.
Phuong trinh thr nhat ctia hé twong duong voi
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3(x2 +xy)\/x2 -1-xy+5\/x2 +xy :3(xy+y+1)\/xy+y+1+5\/xy+y+1

3 3
<:>3(\/x2+xy) +5\/x2+xy:3(\/xy+y+l) +5\/xy+y+1
Xéthamsd f(t)=3+5tte; = f'(t)=97+5>0,Vte; .
Ham s6 trén lién tuc va déng bién trén tap hop s6 thuc | . Ta thu dugc

f(«/xz+xy)=f(,/xy+y+1)<:>\/x2+xy =J+y+tlox+xy=xy+y+lex’ =y+1.

Ltc d6 phuong trinh thir hai cua hé tré thanh

Vax* +8x+x° —1-14 =Jx+ x> —1-5 +/x -1

S5 +8x—15 =V +x—6 +x—1

& 5x7 +8x—15=x" +x-6+x-1+2J(x=2)(x+3)(x-1)

& 4x +6x-8=2Jx—2/x +2x-3

& 22 +3x—4=2Jx—2/x* +2x -3

2(x+2x-3)~(x-2)=vx—24x* +2x-3 (¥)
Pat V¥ +2x—3 =u;\[x—2 =v (> 0;v > 0) thi (*) tr& thanh

u=v

2u2—v2:uv<:>(u—v)(2u+v)=0©{ =Su=v
2u+v=0

NE | :_\/§+l

®x2+2x—3:x—2<:>x2+x—1=0©x=Tvx 5
Két hop diéu kién, két luan phuong trinh x v6 nghiém. Hé phuong trinh dé bai vo nghiém.

(7)c2—7y+2)«/x2 -y :(7y2—7x+9)\/y2—x+1,

Bai to4an 58. Giai hé phuong trinh (xyei).
\/x3 +x°+26x+ 7y +y+13—\/(x+1)2 —y?—y =~1+x.

Loi gidi.
bicu kién cac can thirc xac dinh.
Phuong trinh thir nhat cua h¢ tuong duong voi

7(x2—y)\/x2 -y +2\/x2 -y :7(y2 —x+1)\/y2 —x+1+2\/y2—x+l

3 3
<:>7(\/x2—y) +2\/x2—y=7(«/y2—x+1) +2y? —x+1
Xéthamsé f(t)=7 +2tte; = f'(t)=217 +2>0,Vte| .
Ham sd trén lién tuc va déng bién trén tap hop s6 thuc ; . Ta thu duogc
f(\/xz—y)zf(«/yz—x+1)<:>\/xz—y:\/yz—erl
Sx-y=y —x+ley +y=x'+x-1
Khi d6 phuong trinh thir hai cua hé tré thanh
\/x3+x2+26x+x2+x—1+13—\/xz+2x+1—(x2+x—1):\/1+x3

AR +202 +27x+12 =2+ x =1+ 2°
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oV +2x° +27x+12 =1+ x> +4/2 1 x
& 4207 + 2T +12 =0 +a+ 342 (x4 1) (2 —x+1) (1 +2)

& 2202 +26x+9=2,J(x+1) (x+2) /2 —x +1

& 7(x? +3x+2)=5(x" —x+1) = 22" +3x+ 243" — x +1

Pit Va2 +3x+2 =Kt —x+1=v (u>0;v>0)ta thu duge
Tu® — 5v? :2uv<:>(u—v)(7u+5v)=0<:>u=v<:>x2+3x+2=x2—x+l<:>x:—%.

Thir lai, két luan hé c6 nghiém duy nhat.

(2 =y + 6yt =y = (3~ y+ 63—y =3(x* %),

Bai toan 59. Giai hé phuong trinh
\/x3 +y° +(x—1)(x—6) Jx = xp” +1.

(xyei).

Loi gidi.
biéu kién cac can thirc xac dinh.
Phuong trinh thr nhat ctia hé twong duong voi

(xz—y+6)m—3x2+3y:(y2—y+6)\/ﬁ—3yz+3y
@(xz—y)\/ﬂ—3(x2—y)+6 X’ -y :(yz—y)\/m—3(y2—y)+6\/ﬁ
Q(\/mf —3(\/ﬂ)2 +6yx7 -y =(\/y2 —y)3 —3(\/y2 —y)z +64y —y

Xéthamsd f(1)=1 -3 +66e) = f'(1)=3>-61+6=3(1-1)" +3>0,Vte] .

Ham sd trén lién tuc va déng bién trén tap hop s6 thuc ; . Ta thu dugc
f(\/xz—y)=f(\/y2—y)<f>\/x2 —y=y-yer-y=y-yer=y.

Luc d6 phuong trinh thir hai cia hé tré thanh

\/)c3+x2 +x*—7x+6 —\/;=\/x3 +1 @\/x3 +2x° —7x+6—\/_:\/x3+1

S +2x° -Tx+6=x +x+1+2\/(x+1)(x2 —x+1)x

< 2x° —8)c+5:2\/x2 —x+l.\/x2 +x

<::>5()c2—x+1)—3(x2Jr)c)=2\/x2—x+1.\/x2 +x

2 2
©5_3,fi:2 /f& [+]
x —x+1 x —x+1
X +x S L
bat \| ———=t¢ (tZO)thi [*]<:>5—312=2t®te —list=leox’—x+l=x*+xox=—.
x —x+1 3 2

Déi chiéu diéu kién va thir lai ta thu duge céc nghiém (x;y) = ( Ll Nl —lj

2°2)\27 2)
Nhdn xét.
Bai todn 59 ham sé dé phirc tap héa duwdi dang f(t) =at’ +bt* + ct;f’(t) =3at’ +2bt+c¢>0,Vt €| , an ham duoc
ting cwong duéi dang da thirc bdc hai cia hai an x va y, buée dau gdy khé khan cho nhiéu ban hoc sinh trong céng
doan dinh huong.
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Ha Noi khong voi dwoc dau. Nhan dinh hai an ham tam thoi la hai can thirc nhd, chung ta tuan tw sir dung déng
nhat thiec thiét lap ham so nhw sau

a(\/mf-i-b(\/m)z-i-c\/xz -y =a(\/y2 —y)3 +b( y’ —y)2 +c\/ﬁ
<:>a(x2 —y)\/m-i-b(xz —y)+c\/mza(y2 —y)m+b(y2 —y)—i-c\/ﬁ
ela(x-y)+e]f -y +bx? by =[a(y’ -y)+e]Vp* -y

Pong nhat thire
{[a(xz—y)—kc}lxz—y+bx2—by2=[a(y2—y)+c] yz—y}
E[(xz—y+6)\/x2—y—3x2+3y2=(y2—y+6)\/y2—y}
a=1
Nghiala c=6 = f(t)=¢ -3t"+6t.
b=-3

Bién doi ddo chiéu trong trinh bay

(xz—y+6)m—3x2+3y:(y2—y+6)\/ﬁ—3y2+3y
(=) =y -3(F =) +6yx* —y =(y? =¥y =y -3(* - y)+ 6y’ -y
C(\/E)3—3(\/xz —y)z +6yx* =y =(\/y2 —y)3 —3(\/y2 —y)2+6\/y2 ~y

(x2 +8) % +1 :4(x2—x—y+l)+(x+y+7)«/x+y,

\/x3 +4x* —6x+y-3 :\/x3+x2 —y—1++2x-1.

Bai toan 60. Giai h¢ phuong trinh (x; VE| ) .

Loi gidi.
Diéu kién cac cin thirc xac dinh. Phuong trinh thtr nhat ciia hé da cho twong dwong vai

(x2+8) X +1-8x" —4=(x+y+7)x+y—4x—4y
<:>(x2+1) x2+1—4(x2+1)+7 x2+1=(x+y),/x+y—4(x+y)+7 xX+y
3 2
@(\/x2+1) —4(\/x2+l) +7 x2+1:(1/x+y)3—4(,/x+y)2+7 x+y
Xéthamsd f(t)=£ -4 +Txte; = f/(t)=3-8t+7>0,Vte| .
Ham s6 trén lién tuc va déng bién trén tap hop s6 thuc | . Ta thu dugc
f(\/xz+1):f(‘/x+y)c>\/x2+1=,/x+y©x2+1=x+y<:>x2—x+1:y.
Khi dé phuong trinh thir hai phia trén tré thanh
\/x3+4x2—6x+x2—x+1—3:\/x3+x2—(x2—x+1)—1+\/2x—1
e +582 —Tx-2 =X +x—2+2x -1

& ¥ 4500 = Tx=2 = +3x =342, (x—1)(x* +x+2)(2x-1)

& 53 ~10x+1=2,J(x~1)(2x—1)A/x* +x+2

3207 -3x+1) = (x? +x+2) =202 Bx+ 1P +x+2 1]
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bat \/2x2 —-3x+1 =u;\/x2 +x+2=v (u 20;v>0) thi

[1]<::>3u2 —? =2uv<:>(u—v)(3u+v):0©u =y

x=2—x/§
x=2++/5

Péi chiéu diéu kién ta thu dugc nghiém duy nhat cia hé 1a (x;y) = (2 +/5;8+3/5 ) .

V2 3x+l =l 4 x4+2 o P —4x—1=0 <

Y +27 =32x+17 —\x’ =2y -4 =[x -3,

(xy+x+13)dxy+x+3(x—y)(x—1):(x2 +y—i-13)\/x2 +y.

Bai to4an 61. Giai hé phuong trinh (x;yei).

Loi gidi.
biéu kién cac can thirc xac dinh.
Phuong trinh tht hai cua hé twong duong véi

(xy+x+l3)1/xy+x+3(x2+y—xy—x)=(x2+y+13)«/x2+y

@(xy+x) xy+x—3(xy+x)+13 xXy+2

=(x2+y)«/x2+y—3(x2+y)+13 x*+y

@(«/xy+x>3—3(«/xy+x)2+l3 xy+x=(«/x2+y)3—3(\/x2+y)2+13 X'+ y

Xéthamsd f(1)=1 =32 +1366€ ] = f'(1)=3 6t +13=3(r-1)" +10>0,Vr €| .

Ham sd trén lién tuc va déng bién trén tap hop s6 thuc ; . Ta thu dugc
f(w/xy+x) = f(«/)c2 +y) S Jxy+x=4x"+y

X=y
=

X =
x=1 ‘4

<:>xy+x=x2+y<:>(x—y)(x—l):O<:>{

Phuong trinh thtr nhat ctia hé khi d6 tré thanh
\/x3+2x2—32x+17—\/x3—2x—4:m
\/)c3 +2x%—-32x+17 :\/x3—2x—4+m
<:>x3+2x2—32x+17:x3—2x—4+x—3+2\/(x—2)(x2+2x+2)(x—3)

& 22> ~31x+24=2,[(x~2)(x—3)x* +2x+2

& 5(x* =5x+6)=3(x? +2x+2) = 24/x* = 5x+6.4/x> +2x+2

bat \/)c2 —5x+6 =a;\/x2 +2x+2=5b (aZO;b >O)ta c6 phuong trinh

5a> —-3b* :2ab<:>(a—b)(5a+3b):0<:>a=b<:>\/x2—5x+6:\/x2+2x+2 @x:%.

boi chiéu diéu kién, két luan phuong trinh an x v6 nghiém, dan dén hé da cho vo nghiém.

2x—y+1 y2+1+\/2
Bai toan 62. Giai hé phuong trinh 2 V6 6 (vei).

(4x2 +13)\/)c2 +3= 3x(x—y)+(4xy+l3)«/xy 3.

Loi gidi.
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Piéu kién cac can thirc xac dinh.
Phuong trinh thtr hai cua hé twong duong véi

(4x +13)Vx" +3 =32 =9 =4(xy+3)\Jxy+3 =35y =9+ /xy+3
<:>4(x2+3) x2+3—3(x2+3)+ x2+3=4(xy+3),/xy 3—3(xy+3)+\/xy+3
<:>4(\/x2+3)3—3(\/x2+3)2+\/x2+3=4(\/xy—+3)3—3(\/xy+3)2+\/xy+3

Xéthamsd f(1)=4r -3 +t;0e) = f'(¢) =122 —61+1=(3t 1)’ +3> >0,V e .
Ham sd trén lién tuc va déng bién trén tap hop s6 thuc ; . Ta thu duogc

f(\/x2+3):f(«/xy+3)<:>\/x2+3 =Jw+3oxX+3=xy+3ox(x-y)=0.

_ 2 y<l1 <1
Xétsz:>1—: 4 +1<:> 5 , & y2
2 6 3(y —2y+1)=2(y"+1) |y —6y+1=0

Xét x = y, phuong trinh tht nhit cta hé tré thanh

21 /x2+1 \/; (x+1]2 x+x+1 x(x2+l)
B = +. = < = +
2 6 6 2 6 3
x+1Y P 4x+l x(XZH) > [ (.2
@( > j — 5 = 3 Sx +4x+1=4 x(x +1)

<:>x2+1—44/x(x2+1)+4x=0<:>(\/x2+1—2\/;)2 —0

x=2++3
x:2—\/§
Ddi chiéu diéu kién ta thu dugc ba nghiém (x;y):(2+\/§;2+x/§),(2—\/§;2—\/5),(0;3—2\/5).

& y=3-22.

= x2+1=2\/;<:>x2+l=4x<:>|:

Bai toan 63. Giai hé phuong trinh
(3x2 +6y+5)«/x2 +2y = S(x—2y)(x—1)+(3x+6xy+5)«/)c2 +2xy,

3\/x(x2—6x+12):2(x2—14y+12). (x;ye; )

Loi gidi.
biéu kién cac can thirc xac dinh.
Phuong trinh thr nhat ctia hé twong duong voi

(3x2 +6y+5)yx% +2y 527 ~10y = (3x+ 6xy +5) /x> + 22y — 5x 102

<:>3(x2 +2y)\/m—5(x2 +2y)+5\/m

=3(x+2xp)yfx+2xy —5(x+2xp) + 5¢x + 2xy

@3(\/m)3 —5(\/m)2 5\ +2y =3(Jx+2xy) ~5(\x+ 207 ) +5)x+ 27

2
Xéthamsd f(t)=3 -5 +5tt € :>f'(t)=6t2—10t+5:6(t—%j +%>O,Vtei .

Ham sd trén lién tuc va déng bién trén tap hop s6 thuc ; . Ta thu duogc

CREATED BY GIANG SON; GACMA1431988@GMAIL.COM; 01633275320 TRUNG POAN TRUONG SA; QUAN POAN TANG THIET GIAP



LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 7) 49

f(\/x2+2y)=f(\/x+2xy)<:> X +2y =+Jx+2xy

o X’ +2y=x+2xy<:>(x—2y)(x—l):0<:>xe{l;Zy}
_26-3V7
8

Xét x=1=37 = 2(13 - l4y) =% . Xét x =2y thi phuong trinh thtr hai ctia hé twong duong voi

3 Jx(x? —6x+12) =2(x* = Tx+12) & 3xalx® —6x+12 =2[ (+* —6x+12) -x].

Voi diéukign x| (x—3) +3 |20 x> 0. Bat V¥’ —6x+12 =usv/x =, (> 037> 0) thu duoe

{3uv:2(u2 —vz)c> {(u—Zv)(2u+v)=O

Su=2
u>0v=>0 u>0v=>0

o2 —6x+12=4x x> —10x+12=0< x=5+/13:x=5-+/13

Tur day ta c6 cic nghiém (x;y)=(5+\/§;5+\/BJ,£5+\/B;5+;/BJ,[1; 26_3\/7}

2 28

(2y+3)y —(4x+3)+2x =0,

X V€ ).
9x* —5x—3=4/y+3. ( ‘)

Bai toan 64. Giai hé phuong trinh {
Loi gid,
Diéu kién x> 0; y > 0. Phuong trinh tht nhat ctia hé dua vé dang 2 y\/; + 3\/; = 4x\2x +34/2x .
Xéthamsd f(t)=26 +3t¢20= f'(t)=6¢’+3>0,V¢>0. Ham s lién tyc va dong bién véi 2 0.
Thu duge f(\/;) = f(@) & [y =\2x < y=2x. Phuong trinh thit hai tré thanh

9x> —5x—3=~/2x+3 < 36x’ —20x—12=4/2x+3

36" —12x+1=4(2x+3)+ 4/2x +3+1 (6x-1) = (242x+3 +1)2

- 6x—1:2\/2x+3»+1<:> 3x—-1=+2x+3 (1)
1-6x=2+2x+3+1 —3x=~2x+3 (2)

Phuong trinh (2) v6 nghiém vi —3x<0,Vx>0.

1
3x-120 x2— 4+34  8+234
Thu duge (1) < 0 —6xile? 3<:> 3 & x= 5 ;y:T.
FTOXTITAXTS 9 _gx—2=0
Két luan hé phuong trinh c6 nghiém duy nhat ké trén.

Nhdn xét.
Bai toan hé phirong trinh $6 64 va cdc bai todn trude do, co dang tirong dong ham so. Sir dung cong cu dao ham —
khao sat ham so thuég lien chwang trinh Dai so - Gidj tich lop 11 = 12 ’THPT c}{i la mot kién thuc co ban, nhanh
chong va gon gang dé thu dwoc moi lién hé gitra cdac an. Khong nhat thiet nhw thé, cac ban doc nho tuoi (lop 9, lop
10) co thé sir dung phan tich nhan tw ciing thu dwoc két qua twong tu. Dat \/; =a;\N2x = b,(a >0:62> 0) thu dwoc
24’ +3a=2b"+3b = 2(a’-b’)+3(a-b) =0 2(a—b)(a* +ab+b*)+3(a-b)=0
a=>b

<:>(a—b)[2(a2+ab+b2)+3]=0<:> (a+b) +a +b :_3:>a=b
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(12x=7)~3x—2+y(4y* +1)=0,
Bai toan 65. Giai hé phuong trinh (x;y € )

m+m=(x—l)(y2—2)

Loi gidi.
bicu kién 1<x<3.
Pit V3x—2=u,u>20=3x=u"+2=12x=4u" +8=12x -7 =4u* +1.
Phuong trinh tht nhat cia hé trong dwong voi
(4u2 +l)u +(4y2 +1)y:0<:> 4(u3 +y3)+u+y=0

<:>4(u+y)(u2—uy+y2)+u+y:0<:>(u+y)[4(u2—uy+y2)+1}:0
U= >0
& 4 5 Su=yoJ3x-2=y& 4
(u—2y) +3u’ =-1 y=3x-2
Phuong trinh thir hai ctia hé tré thanh
Vx—l++3-x=(x-1)(3x—-4)=3x"-7x+4
o Vx-1-1+3-x-1=3x* -Tx+2
x—2 2—x

SN % =(x-2)(3x-1
Ax—=14+1 ~3—-x+1 (x )(x )
1 1
o (x-2 — —3x+1{=0 (1
(> )L/x—lﬂ B+l } (1)
Béy;<1<2<3x—1<;+3x—1w21nén 1 T

—1+1 V3-x+1 ’ Jx—1+1 3-x+1

Vay (1)< x—2=0< x=2. Ta thu duoc nghiém ciia h¢ [a x=2;y=2.
Nhan xét.
Bai todn s6 65, doi voi phuong trinh thir nhat cia hé 1oi gidi su dung an phu va phép phan tich nhan tir thong
thwong dwa trén hang ddng thire, ¢é thé day la mét cdach lam t6i wu va yéu cau kién thirc nhe nhang, chi can co
trinh do Toadn hoc cua mot h.oc’sznh lop 9 THCS cac ban co thé xir ly dep bai toan nay. Kién thirc cg’ao ’ham9 ham s6
cua bdc THPT to ra kha cao cap va tham chi kho nhin nhan trong nhitng bai toan twong tu. Cu thé bién doi

(4u2 +l)u +(4y2 +l)y =0 4(u3 +y3)+u+y: 0

S +u=-4y -y 4’ +u= 4(—y)3 +(—y)
Liic nay xét ham sé f(t) =4 +tte] > f'(t) =12 +1>0,Vte; .
Ham s6 lién tuc va dong bién trén tdp sé thwc dan dén f(u) 3 f(—y) Su=-y<u+y=0.

Bai toan 66.
Trich luge cau VI, Dé thi tuyén sinh Pai hoc; Mon Toan; Khéi A; Dé thi chinh thirc; B Gido duc va Dao tao Viét
Nam; Ky thi tuyén sinh nam 2010.

(45" +1)x+(y=3)y5-2y =0,

4x* +y* +2/3-4x =17.

Giai hé phuong trinh { (xyei).
Loi gidi.
A e 3 5
bicukién x<—;y<—.
47 2
Phuong trinh thtr nhat ctia hé da cho tuong duong véi
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2(4x" +1)x+(2y-6)5-2y =0 8x" +2x =(5-2y +1){/5-2y
& (2x) +2x=(5-2y)5-2y +5-2y (1)
Xét ham sd f(t)=r+nte; = f'(t)=3+1>0,Vi e , ham s6 lién tuc va dong bién trén | .

>
x>0 x20

Ta co (1)@f(2x):f(\/5—2y)c>2x:«/5—2y <:>{ B =S 5_ 452
y:

4x"=5-2y >

2\2
Phuong trinh thir hai lac d6 tro thanh 4x° + [5 24" J +243-4x =7 & 16x* -24x" +8/3-4x =3 (2).
Véi diéu kién x e [o;ﬂ ta xét ham s6 g(x)=16x"—24x" +8+3-4x .

Dao ham g'(x)=64x’ —48x -

=16x(4x* -3)-

2
\V3—-4x

Nhan xét x e 0;3 S 0<xi <D <3’ 3<0>x 4x* =3)<0=>16x(4x" -3)- 2_ o,
4 16 4 3—4x
Vay ham s6 g(x)lién tuc va nghich bién trén mién xe[O;%} va (2) < g(x)zg(%]@ x:%:y=2.

Thir lai, két luan hé c6 nghiém duy nhét ké trén.
Nhan xét.

e Bai todn sé 66 nam & vi tri cGu VI, Dé thi chinh thirc nam 2010, theo truyén théng hien hanh vi tri cau VI
khi d6 la cdu héi cé mire @ tw duy tong hop, tong hoa kién thire, phén loai thi sinh. Hon nita ddy ciing la hé
phirong trinh dau tién mé man cho phwong phdp sir dung cong cu dao ham — ham s0, gida tri lon nhdt, nhé
nhat tiép tuc ké thira véi mire ¢ cao hon tai cdc Dé thi tuyén sinh Pai hoc — Cao dang mén Todn khoi A
cdc ndm tiép theo, 2012, 2013 va 2014.

* Phuong trinh (1) h¢ qua trong loi giai trén co su dung phép nhan hai Vé Vi hang $6 2, myc tiéu lam xudt
hién dang thite twong dong ham so. Ngodi phirong cdch trén cdc ban cé thé dat an phy d@é cé cam gidc an

toan hon nhw sau
2

Dt 5—2y=t,t20:>5—2y=t2:>y=5_ dan dén

5_
(4x2 +l)x+(
DPén day c6 thé sir dung phdn tich nhan tir, khong nhdt thiét sir dung don diéu ham so
2x=u:>u3+u:t3+t<:>u3—t3+u—t:0<:>(u—t)(u2+ut+t2+1)=0.

t —3]t:O<:>2x(4x2+1)=t(t2+1)<:>8x3+2x=t3+t.

o Diém ddc biét thir hai ciia bai todn la sir dung dong bo phwong phdp ham sé doi véi ca hai phwong trinh,

>
x>0 220

mdu chot bién doi hé qua 2x = |5-2y < 5 = 5_4x>
4x"=5-2y y= 5

Tw day moi xudt hién chan mién gid tri x [O;%} phuc vu ddc luc cho tinh chat don diéu (nghich bién) cua

. , , 1 :
ham so g(x) tiep theo. Di nhién do bai toan co nghiém hitu ty x = Enén co thé sw dung dai luong lién hop

— truc can thirc — hé tam thoi voi chu y diéu kién cua x o trén.
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2(x=2)Vx+6+y=6,
(x=2)y/y+2 =y +14/x* —dx+5.

Bai to4an 67. Giai hé phuong trinh (xyeq).

Loi gidi.
biéu kién y >—-1;x > —6. Tt phuong trinh thir hai cua hé ta c6

Jy 1N’ —4x+5 = [y +14/(x-2)" +120,Vx e} ,Vy2 -1
:>(x—2)w/y+2 >20=>x2>2

2
Phuong trinh thi hai bién d6i thanh (x—2)2(y+2):(y+1)[(x—2)2 +1} & [( (x_;) } = iil
x=2)+1| VY

pit (x=2) = y+l=v=>——=Y_ (1).
i G T - 1)

Xét ham s6 f(z):ﬁ;zzo:f'(z)zﬁm,we; , ham lién tyc va ddng bién.

Ta duoc (1)<:>f(u)=f(v)<:>u:v<:>(x—2)2 = y+1 < y=x* —4x+3. Phuong trinh th& nhit tr& thanh

2(x=2)Vx+6=—x" +4x+3 2(x-2)(Vr+6-3) = —x" +4x+3-6(x-2)

& 2(x-2)(Vxt6-3)+x* +2x-15=0 20:22)(=3) | (;_3)(x+5)=0

Vx+6+3

<:>(x—3){M+x+5}=O<:>x—3:0<:>x:3 i 2022 L ssoven2),

Vx+6+3

Tir ddy din dén hé c6 nghiém duy nhit x=3;y=0.
Nhan xét.

NJx+6+3

o Loi gidi bai todn 67 & trén muc dich minh hoa cho sitc manh cong phd nhat thoi ciia phirong phép ham so,

vi né chi don thuan dang thirc quen thudc f(u):f(v)(:)u =vnén ching ta c6 thé hoan toan xir Iy

phirong trinh thir hai da vao bién doi thong thuwong, phéan tich nhéan tir, thdm chi con don gian hon nita.

=Y Swtu=uviveu=v.
u+l v+l
Tuy nhién van bt budc sir dung nhan dinh (x—2)«/y +220=>x2>2.
Tao diéu kién binh phirong hai vé dé dang va phuc vu cho ldp luan khi thuc hién lién hop phuwong trinh vo ty
an x tai hé qua phwong trinh thir nhat.

Sau khi nhdn dang dat an phu uva v thu dwoc

Lueu Y thém khi sir dung ham s6 ()c—2)2 =u;y+l=v=> Ll = Ll (1) C6 1€ sé ¢6 nhiéu ban djc gid c6
u+l v+

; ; +1 v+1
suy nghi “don gian” nhung “nguy hiem” hon khi xét ham so duoi dang thirc sau uT = VT Day la manh

£ . \ A p L \ cu+l v+l 1 1 I 1 :
nha rat tw nhién va khong can thiét xet dao ham vi —=—— l+—=l+—< —=—Su=v, diém
u v u vV oou v

u’+1 v +1

dang chu y la gia du ham = khong nén lam dung vi sé bi gian doan va phai xét thém truong hop
u %
cong kénh u=0vv=0, mach nhé mét liu phdp an toan hon la xét ham sé sao cho mau sé luén luén
T S \ \ , . , u v t
dwong voi mién gia tri bien, tirc la nén dung ham hinh thirc nghich dao ——=—; ;f(t) = .
u +1 vi+1 " +1
Hoac dé chdc chan hon cac truong hop ban nén sw dung phan tich da thiec thanh nhan tu!

2
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y* (\/4x2 —2x+\/2x—1)=y2 +J1+ 4,

¥’y +y +1=3x".

Bai toan 68. Giai h¢ phuong trinh (x; VEi ) .

Loi gidi.

biéu kién x> % .

Nhan xét cac truong hgp y=0vx= % déu khong thoa man hé da cho.

Ngoai cac kha ning d6, phuong trinh thit nhit ctia hé bién doi vé

1/2x 2x— 1 +2x— ——+i2 /
2x—1(@+1) ( 1+—+1J

Xét ham s6 f(t)zt(\/tz+1+1);t>0:>f'(t)=1+ ->0,V¢>0.

(2

Ham s6 lién tuc, ddng bién v6i ¢ > Onén (*) < f(x/2x —1) = f(iz] o2x—1=—
y

¥y

+1)

Khi d6 phuong trinh thir hai cua h¢ tr¢ thanh
2
yz(x2—3x+1)+1=o@ﬂ e 2x—1+x*~3x+1=0

V2x—1

SA42x—144x* —12x+4=04x* —4x+1=4 (2x 1) 42x—1+1

o (2x-1)’ :(2m_1)2 le_m (1)

l-x=+2x-1 (2)
Xét hai truong hop sau

x>0 x20
> (e, =S N~ =1,
x —2x+1=0 (x—l) =0

l<x<1

> ()2 <:>x=2—\/§:>y2=\/5+l:>ye{\/\/§+l;—\/\/§+l}.

X2 =2x+1=2x-1

Doi chiéu diéu kién ban dau ta c¢6 bon cdp nghiém (x;y)=(1;1),(L- (2 V2:0V2 +1 ) (2 V2; -2 +1 )

Nhdn xét.

Bai todn 68 ndy yéu t6 ham sé da gdn nhw 19 liéu, cdc ban hoc sinh co gdng 6 ldp hai an vé “Hai bén vi
tuyén”, tuy nhién heu y dao ham ciia ham sé phan thire, lién tuc trén khodng, do do6 can xét cdc truong hop ddc biét
trude khi chia, truée khi sir dung cong cu dao ham. Bé giai phuong trinh mgt an x, ¢6 rat nhiéu phwong an, ngoai
loi giai phan tich binh phwong nhu trén, ching ta co. thé sir dung dai lwong lién hop (kém theo nham nghiém), ning
lity thira — bién doi trong dwong hay tham chi dwa vé hé doi xirng logi 2, nhung e chirng tinh hinh sé phirc tap hon!

xzy(1+\/y2+1)=2x+2 x*+4,

2% +3+34+3x% =4x.

Bai toan 69. Giai hé phuong trinh (xyei).

Loi gidi.
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biéukién x;ye; .

Tir phuong trinh thir hai ta 6 4x =2yy* +3+44+3x> >0,Vx;ye] =x>0.

x2(1+\/y2+1)>0,Vx>0,Vyei
2x+2Vx* +4>0,Vx >0

Phuong trinh thir nhat bién d6i

y(l—h/y +1) M 2 2 f—+lc>y+y\/y +1——+—‘/
X
2

7 t
Xéthamsd f(1)=t+NP+1,6>0= f'(¢) =1+ +1+
" " N

Thu duge f(y)=f (EJ Sy= 2. Phuong trinh tht hai tré thanh
x x

Két hop =y>0.

2 iz+3 NA13% = dx > 2 a1 30 +4/a+30 = 4x
X X

& (x+2)V4+3x" =4x" o (&7 +4x+4)(4+3x7 ) = 16x"
& 13x* —12x° - 16x" —16x-16 =0 < (x—2)(13x" +14x° +12x +8x+8) =0 (2)

Vi 13x° +14x° +12x+8x+8 > 0,Vx > 2 nén (2) < x =2. Két luan bai toan c6 nghiém duy nhat.
Nhan xét.

>0,Vte; .Ham s0 lién tuc, dong bién.

Thi du 69 twong tw thi du 68, véi tr twéng cé Idp bién vé hai bén, sir dung ldp ludn cdc bién duong dé tranh khoi
tinh huéng chia triong hop va thudn loi cho thao tac xét dao ham, suy ra tinh chat don diéu ham sé phza sau. Mot
diéu may man la ham s6 cia ching ta luén luén dong bién trén tap hop s6 thire nén khong nhat thlet can co dzeu
kién y>0. Hon nita khi dén chdng dwong phuong trinh he qud dn x, ngodi cach binh phwong tryec tiép haz vé quy

vé phurong trinh (2), cdc ban cé thé sir dung cong cu ham sé thém mét lan nita, ciing do mot chit duyén sé da bo tri

2 2
(x+2)a1 327 =do? o XF2 VAHI =4@(1+3j 3+[gj —do(y+1) 34y =4,
X X X X

Ham s g(y)z(y+1) 3+y2;y=%>0:g'(y)>0, ham don diéu dong bién, lién tuc.
X

Thu dwoc g(y)zg(l)@yzl:x=2;y:1.

x* (16" +1)+Jx(x* +4) =20,

Bai toan 70. Giai hé phuong trinh (xyei).
)c2y(2+2«/4y2 +1) =x+/x"+1.
Loi gidi.
bicu kién x>0.
Xét x = 0khong théa man phuong trinh da cho.
, x2(2+2«/4y2+1)>0,Vx>0,Vye1
Xét truong hop x > 0, két hop =y>0.

X+Vx*+1>0,Vx>0

Bién d6i phuong trinh thir hai ctia hé
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y(2+247 +1)= SR LIk DI e l/
X X
1 1 /1Y
2y+2v(2y)Y +1=—+—| = | +1 (1
sapsflri=tel [

212 +1

Nt +1
Thu dugc f(2y):f(lj©2y:l<:>2xy:1.Phuongtrinhthfrnhét: x(4+x2)+1/x(4+x2):20 (2).
X X

bat x(4+x2) =u,u > 0thi

u>0 u>0 u>0 |
= = csu=4<u =16
{u2+u=20 {(u—4)(u+5)=0 {ue{—5;4}

Xéthamsd f(¢)=t+tNE' +1;6>0= f'(¢) =1+ >0,V¢ e ,ham lién tuc va dong bién trén ; .

x=2
© X +4x-16=0 (x-2)(x* +2x+8) =0 , o
(x+1) =-7

. ; 1
Tur day suy ra h¢ c6 nghiém duy nhat x=2;y = i

Nhdn xét.

Van xoay quanh thi phap ci, co ldp cac an vé hai bén chién tuyen néu tim moi cdach thiét lap dwoc dang tuong
dong ham sé thi ching ta thuc hién ngay, lu y néu thiét lap bdt khd thi thi bai todn khéng thé gidi bang phirong
phdp nay nhé, kiéu nhu ding thuyén boi dwedi nieée ma mudn bay 1én troi nhw phi co vy, hoang dwong.

Mot lwu ¥ nhé khi gdp biéu thirc f(x)=x+\/x +1, trong bdi todn trén ching ta c6 can nguyén diéu kién

x>0nén déddng thu duwoc f(x) =x+Nx>+12>1>0, thuc ra né luén luén dwong véi moi gid tri ciia x vi

f(x):x+m>x+\/x_2=x+|x|:{x+x:2x>0;x20

x—x=0;x<0
Mdc du ham so phia sau cua chung ta don diéu déng bién trén toan truc so nhu"ng buoc can co diéu kien x> 0dé

N S 8 . X+AX + 1 x* +1 1
dwa thira so vao sdu trong can thitc ————— = — =— +1
x x

24244y +1 1

Bai toan 71. Giai hé phuong trinh x—1+\/x2—2x+2_y(x—1)2’ (xyei).
24y\x—1=x" —x* +2x +4.

Loi giai.
bicukién x>1Ly#0.

2
Nhan xét 2+ 2.4y +1>0,Vye| vi y(2+2\/4y2+1)=x ”(“x )22x+2>0,Vx>1:>y>0.
x-—1

Phuong trinh thtr nhat twong duong

1 1 [(x=1)"+1 1 1
29+ 2944y  +1 = + S 2y+2y4(2 + +1.
YAy A= = y+23(2y) T /(x_l)z
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2
Xéthamsd f(t)=t+NE +1;t>0= f'(¢)=1+ 2t2+1
" +1
Thu duoc f(2y)=f(Lj©2y=L<:>y= ! .
' x—1 x—1 2(x-1)

24+ x-1.

1
2(x—1)

Xét cac ham so

>0,Vte; ,ham lién tuc va déng bién trén | .
Phuong trinh thr hai tré thanh

=x' -’ +2x+4 o (X -x" +2x+4)Vx-1=12 (2).

g(x) X —x'+2x+4; x>1:>g(y):3x2—2x+2=2x2+(x—1)2+1>0,Vxe;

h(x) 1x>1:>h( ) o

>0,

Vx >1

Hai ham s6 g(x),A(x) nay déu lién tuc, dong bién v6i x > 1nén ham tich g(x).k(x) dong bién.

Mit khéc g(2).2(2)=12= x=2. Dan dén hé c6 nghiém duy nhat x=2;y=

Nhan xét.

Bai toan so 71 van su dung motip ham so don diéu dong bien

ft)=t+NE+156>0= f'(1)=1

Trong d6 mét trong hai an ham dé dwoc phire tap véi 2y;——

217 +1
+
Nt +1

, lam cho bai todn c6 hinh thitc khd cong kénh, chwa

1
>

>0,Vte; .

ké kém theo 1§ liéu. Théng qua phuwong trinh thit hai ciia hé cdc ban chii y cdc tinh chat co ban

1. Tong cac ham so don diéu la mot ham don diéu.
Tich cac ham so don dieu la mot ham don diéu.

2
3. Thuong cua hai ham khac tinh don diéu xdc dinh theo ham tu thiec : 1 =1
4

\

i, ,$:>\L

Thwong ciia hai ham cing tinh don diéu chwa khang dinh diéu gi.

%% —y? +1=2(\/;—m—x),

Bai toan 72. Giai hé phuong trinh

\/— N _“XL

16

N2x*+18

Diédu kién —1< x < 4;y>0. Phuong trinh thi nhét ciia hé trong duong

2+ 2x+1+24x+1 = * + 2.y < (x 1) + 2+l =y +2.[y

Xéthamsd f(t)=t'+2620= f'(¢)=4¢ +2>0,V¢ >0, ham lién tyc va dong bién véi 2 0.
Thu duoc (*)<:>f(\/x+1):f(\/;)<:>\/x+ = [y © x+1=y . Phuong trinh tht hai tr& thanh

Loi gidi.

Vx+1-2v4—-x = 4

5x—15

x+x+1-16

V2x* +18

_ 5(>-3)

< =
Jx+1+24/4—x

x=3

J2x? +18

(xyei).

=S
Vx+1+24/4-x =v2x"+18 (1)
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Ta co

(1) & —-3x+17+44—x" +3x+4 =2x" +18

S X" +3x+4+4y-x" +3x+4+4=x"+6x+9

V-x?+3x+4=x+1 (2
<:>(\/—x2+3x+4+2)2=(x+3)2<:> Fadxrd=ael (2)
V=x’+3x+4=-x-5 (3)

R& rang (3) vo nghiém véi diéu kién xac dinh phia trén.

x=>-1 x=>-1 3
2)es , 9 Syes==—U
—x"+3x+4=x"+2x+1 2x°=x-3=0 2

So sanh diéu kién ta dugc nghiém cua hé (-1 0),(%;%),(3;4) .

(x+y)\/x2 —4x+5 +(x—2)\/x2 +2xy+ 1> +1=0,
Jx+3 =y el )

2

Bai toan 73. Giai hé phuong trinh

5_14_2:
2 x

Lo gidi, ,
biéu kién -3 < x # 0. Phuong trinh thir nhat cia hé twong duong véi
(x+) (x—2)2 +1+(x-2) (x-i—y)2 +1=0.
Xeéttruong hop x=2= y=-2hoac x+y=0=>x=2;y=-2.
Xét truomg hop (x+ y)(x—2) > 0thi phuong trinh trén tr¢ thanh

\/(x—2)2+1 +\/(x+y)2+l 0w \/(x+y)2+1 :\/(2—x)2+1

x—2 x+y xX+y 2—x

(x+y)2+1 (2—x)2+1 1 1 xX+y=2-x
2 7 < 2 7 5 v

(x+y) (2-x) (x+y) (2-x) x+y=x-2

Néu x+y:x—2:>2(x—2) (x—2)2+1 =0 x=2y=-2.Voi x+y=2-x2x+y=2< y=2-2x.
Ta c6 phuong trinh thir hai khi d6

10—(2-2 N v
( x)+§: x+3<:>x+§+4: x2+3<:>x\/x+3:2x2+8x+6

2 X 2 X

x=-2
=(x+2)(2x+3) < x

Vx+3+1

x(x+2)

Vx+3+1

1) =942
@x(\/x 3 1) 2x" +7x+6 & P (1)

Dit Vx+3=tt>0=>x=¢"-3.Taco

)e'=

t+1
<:>2t3+t2—3t:0©(t—1)(2t+3)=0<:>te{—%;1}:t=1<:>x=—2

=2(F-3)+3 2 -3=(2r -3)(¢+1)

Dbi chiéu diéu kién thu duoc nghiém x=-2;y=6vx=3;y=—4.
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Nhdn xét.
Bai todn s6 73 néu sir dung cong cu dao ham — ham sé tdt nhién kha thi, tat nhién khéng phdi phwong dn t6i wu, vo
2

\ , \ , , £ N S " +1 i A g a P
tinh chung ta lam phirc tap ban chat ban dau vi néu xét thi f(t) =——-—, voi diéu kién t #0. Mot so bai todan co
t

sw may man s€ cho ham nghich bién, tuy nhién mot so truong hop lai gian doan va dan déen lam mat nghiém nén
uw'-2 v'-2 2 2

tang cua no. Pién hinh cac ban co thé quan sat phwong trinh sau voi = Su-—=v——.
u v u v

> Xét ham s6 f(t):t—%;t;t0:>f'(t)=l+%>0,Vt¢Odd~n dén ham sé dong bién va u=v.

> Phan tich nhan tir
u’ -2 B V=2
u %

Sutv-2v=vu-2u <:>uv(u—v)+2(u—v)=0

& (u-v)(w+2)=0e Bv::—z

Trong thao tdc xét ham sé & trén thuc té ham sé da bi gidn doan tai diém t =0, tuy cho triong hop dep dé u=v
nhuwng nhiéu khi diéu ndy lai bi logi khi thay thé vao phuong trinh con lai. Néu sir dung phdn tich nhén tir sé la bién
phdp an toan va tranh dwoc nhitng rui ro khong dang co, mong ban doc hét sire chii ¥, khéng nén lam dung ham s6
khi khéng can thiét. Sau day la mét thi du twong tir.

2x+1 x2+x+1
1. A ) 2y Y +3 ) h
Bai toan 74. Giai hé phuong trinh (xyei).

2\/2x—1+7:5x+y+l.
X

Loi gidi.
¥ +x+1>0,Vxe;

A

Diéu kién: Vi { nén xZ%;y:&O.

Y +3>0,Vyej

2
Két hop 2x+1: al +x+1vé 2x+1>0,szl:y>O.Phuongtrinhthfrnhéttuongduong
Y +3 2

2y
2x+1_ [dx*+dx+d (2x+1)°  (2x+1) +3
y y'+3 y? y'+3

& (2x+1)° y? +3(2x+1)" =(2x+1) y* +3y°

& 3(2x+1) =3y o |2x+1|=]y| @ 2x+1=y
Thay thé vao phuong trinh thir hai ta c6

2\/2x—1+6:7x+l<:>2x\/2x— =7x*—6x+1
X

< 2x(WV2x-1-1 =7x2—8x+l©M: x=1)(7x-1)<= dx
(¥

_ = —7x-1 (1
J2x—1+1 1 (1)

4x 4x 1
Tac) ————<—=4x<7x-1,Vx>—=(1) vO nghiém.
N2x-1+1 1 2 () 8

Vay hé phuong trinh dé bai c¢6 nghiém duy nhat x=1;y=3.

CREATED BY GIANG SON; GACMA1431988@GMAIL.COM; 01633275320 TRUNG POAN TRUONG SA; QUAN POAN TANG THIET GIAP



LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 7)

59

2
AN T S S N R U
2 y X 4

Bai toan 75. Giai hé phuong trinh (xyei).

Loi gidi.
X 1 ; .
bicukién x>1;y > o Phuong trinh thir nhat tuong duong voi

2

%—i—?)x-i-\/x— —8y? L 12y + Ay
y

X

2

4v):

L e e :ﬂ—4.i—3.4y+,/4y—1
2 x 2 4y

Xét ham s f(t)z%tz—§—3t+\/t—1;tzltacé

33 t+1)(1-2)
f’(t):t+i2+3+ . 32 il | )(2 )+ 1 >0,Vi>1.
t 2\t -1 t 2\t -1 t 2\t -1
Ham s6 lién tuc va dong bién véi f(x) = f(4y) Sx=4y.
Phuong trinh thir hai tré thanh

Jx+4 =x+l—£<:>(x+l)\/x+4 =(x+1) -18 = (x+1)Vx+4 =x> +2x—17

x+1

S (x4 )Vr+d=x"—x=20+3x+3c (x+1)(Vr+4-3)=2" —x-20

x=5
QWZ(X—S)(X+4)<:> x+1

Vx+4+3

x+1 y x+1

Jx+4+3 7 3+4/5

\/§(2y+3x):x\/;(x+3),
X
(x+1)\/x—1 =2xy+6y—4x-09.

Phuong trinh (1) v6 nghiém vi x >1=

<x+l<x+4.HEconghiém x=5;y =

Bai to4an 76. Giai hé phuong trinh (xyei).
Loi gidi.

bicukién x>1;>0.

Phuong trinh thtr nhat cia hé trong dwong voi

P (2a)- J;(x+3)@(@3+3\/?=x FE (o)

Xét ham s6 f( )—t +3t;t € :>f =3"+3>0,Vte| .Ham s lién tuc, ddng bién trén toan truc sb.

Ta thu dugc f[,/zyj ‘/ \/_<:> —x<:>2y x’
X

Phuong trinh thir hai ciia hé tré thanh
(x+1)\/x—l =x’ +3x° —4x—9<:>(x+1)\/x—l =X +3x*=5x—-10+x+1
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& (x+1)(Vr=T-1)=x"+3x* =5x-10

x=2
@(x+1)(x_2)=(x—2)(x2+5x+5)© x+1

Ji1+1 S
e Jr—1+1

=x+1<x+1+(x+2) =% +5x+5,Vx > 1= (1) vd nghiém.

=x’+5x+5 (1)

x+1 <x+1
Jx-1+1 1
Viy bai toan c6 nghiém duy nhit x=2;y=2.

x* =8y =3x* +12)* +6x—12y =2y -1 —+/x -1,

3(x+5)Vx+4+2y=x"—5x" +18x+17.

Chu y

Bai toan 77. Giai hé phuong trinh { (xyei).

Loi gidi.
Didu kién x>1;y > % Phuong trinh thtr nhit ctia hé twong duong
X =37 +3x—143x-3+/x—1=8)" —12)> +6y -1+ 6y —3+,2y -1
& (x-1) +3(x-1)+vx-1=(2y-1) +3(2y ~1)+2y -1 (*)
Xéthamsd f(t)=1"+3°+6t20= f'(¢)=6¢"+6¢+1>0,Vt 2 0.

Ham s0 lién tuc va dong bién tap so thuc nén
>1

()£ (x=1)=f(J2y-1) = x-1= 2y—1<:>{x_ {

=
x*-2x+1=2y-1

x21
2y =x"—2x+2
Phuong trinh thir hai ctia hé tré thanh

3(x4+5)Vr+d+x? —2x+2=x*—5x* +18x+17 < 3(x+5)Vx +4 = x* —6x* +20x +15

& 3(x+5)Vx+rd=x —6x +11x—30+9(x+5)
& 3(x+5)(Vx+4-3)=x" =6x" +11x-30

x=5
=(x—5)(x2 —x+6)<:> 3(x+5)

Nx+4+3

=x+5,Vx2>1 3(x+5)

= —_—
Nx+4+3

3(x+5)(x—5)
Jx+4+3

< =x"—x+6 (1)
3(x+5) <3(x+5)

Nhan xét 4 Vx+4 +3 3
xz—x+6=x+5+(x—1)2Zx+5,Vxe;

; . . £ 1
Keét luan bai toan c6 nghiém duy nhat x=5;y = ?7

<x?—x+6=>(1)v0 nghiém.

Bai toan 78. Trich lugc cau I1.2; Pé thi chon hoc sinh gi6i 16p 12 THPT; Mon Toan; Dé thi chinh thuc; S& Gido
duc va Pao tao Tinh Hai Duong; Nam hoc 2013 — 2014.

1
3x (1+\/9 2+1)=—,
N ) e s

X (9" +1)+4(x* +1)Vx =10

Giai hé phuong trinh (x;yei).

Loi gidi.
bicu kién x>0.
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Xét x = 0khong thdoa man h¢ da cho.
Khi x>0, phuong trinh thir nhat cua h¢ tuong duong véi

3xy(1+\/9y2+1)=x/x+1+x/;<:>3y(1+\/9y2+1):—“x+1+\/;
X
@3y(1+m):\ﬁ,_mc3y+3ym:L+L [

212 +1
+
Nt +1

Thu dugc (*) = f(3y) = f(\/l_} <3y = \/_ Phuong trinh thir hai ctia hé tr¢ thanh

Xéthamsd f(t)=t+tNE +1;t>0= (1) =1 >0,V¢ e ,ham lién tuc va dong bién trén ; .

X +x2+4(x2+1)\/;:10.

Xét ham sd g(x)zx3 +x? +4()c2 +1)\/;;x20ta co g'()c):3)c2 +2x+8x\/;+2(x2 +1).L>O,Vx> 0.

Jx
or > ¥ . 1
Ham s0 lién tuc va dong bién véi x dwongnéntacd f(x)=f(2)e x=2y= 3

Két luan hé phuong trinh ¢6 nghiém duy nhat.

Nhdn xét.

Bai todn ndy so voi cac bai todn trudc dé da co sw an giau doi chit khi dang thirc ham SO ngoai phép chia cé ldp
an con ¢é phép su dung dai heong lien hop — truc can thicc — hé tam thoi. Trén thic té dé xir Iy hé phwong trinh
trong de thi tuyen sinh dai hoc mon Toan, cac ban can cé tam 1y an ‘toan, can cé ky nang bién doi thanh thao theo
cdac hudng bién doi twong duong dé xudt hién nhdn tur, triét pha mau thire — can thire, dai lwong lién hop, dat an
phu lam quang déang sw chang chit, danh gid — ham so dé phd bé cdc chot chiedng ngai vit, két hop véi kién thire co
ban nhw xét treong hop, chia khodng, diéu kién xdc dinh,...dé di dén dap sé cudi cing.

(x+\/x2 +4)(y+\/y2 +1):2,
12> =10y +2 =23/x’ +1.
Loi giai.

Didu kién x;y € .Phuong trinh thir nhét ctia hé twong dwong vai

2(«/y2+1—y)
x+Nx"+4 :#©x+\/x2+4:ﬁ
Y+’ +1 y +l-y

S x+Vr +4 =2y +1-2y & x+P +4 =2y+.(-2y) +4

(+NE+4 z+\/_ £+
V4 \/t +4 \/t +4

Suy ra ham s lién tuc va dong bién trén tap s6 thuc. Ta thu duge f(x)=f(-2y) < x=-2y.

Bai toan 79. Giai hé phuong trinh (xyei).

Xéthamsd f(t)=t+Nt*+45te; thi f/(¢)=

>0,Vie; = f'(1)>0,Vie; .

Phuong trinh thir hai ciia hé tré thanh

3x +5x+2=2x" +1 © X’ +3x7 +3x+1+2x+2=x" +1+23x’ +1

& (x+1) +2(x+1) =" +1+23x +1
Xét ham s g(t):t3 +2t;t e tacod g'(t):3t2+2>0,Vte; , suy ra ham s6 lién tuc va dong bién.
Khi d6 phuong trinh an x tré thanh
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g()chl):g(\3/)c3Jrl)(:})c+1:\3’/x3 +1
<X 437 +3x+1=x° +1<:>x(x+1)=0<:>xe{—1;0}
Tur déy suy ra hé phuong trinh c6 hai nghiém (x;y)=(-12),(0;0).

Nhdn xét.
Loi gidi bai todn 79 sir dung tinh chdt don diéu ham sé doi véi phwong trinh thir nhdt dwa trén phép lién hop

(x+\/x2+4)(y+\/y2+1):2<:>x+\/x2+4 =#
y+0y? +1
2(\/y2+1—y)

Sx+lt+4=2y"+1-2
v Jy*+1-2y

S x+\x'+4 =

Sau dé tiép tuc bién doi twong dong ham sé x+\/x2 +4 = \/4y2 +4 -2y x+Vx’+4=2y+ (—Zy)2 +4.

Tuy nhién ngodi cach lam nay cdc ban cé thé ldp ludn x =2y chi bang phép lién hop nhw sau

Nén tang x+ \/x2 +4 = 2\/y2 +1-2y. Thuc hién twong tw véi biéu thirc chira x ta ¢é

2(\/x2+4—x)
y+,/y2+1:\/_2 = - <:>2y+2\/y2+1=\/x2+4—x.

2
x4+ x X" +4-x

x+Vx2+442y-2y*+1=0
2+ 2 +1+x—Vx*+4=0

Luu Y thém céng doan ldp ludn dau dao ham, chii y rang N A* + A = |A| +A4= {

Két hop lai thu dwege = x+2y+2y+x=0=2x+4y=0=x=-2y.

A+A=2420;4=20

—A+A4=0;4<0
Vi vdy ham sé dang tiwong tw luén luén don diéu (dong bién).
(x+\/x2 +1)(y+\/y2 +l) =1,
Bai to4an 80. Giai hé phuong trinh (xyei).

X +3—x=2y"—42—y +5,
Loi gidi. :
biéu kién x <3;y <2. Phuong trinh thtr nhat cua hé tuong duong

x+\/x2+1:—yz%1+y©x+\/x2+1:\/y2+l—y<:>x+\/x2+ :—y+,/(—y)2+1.

[42
Xéthamsd f(t)=t+Nt’+1lite; tacod f'(¢)= {1t i
JE+L AP+

Suy ra ham s lién tuc va dong bién trén tap s6 thuc. Thu duoe hé thie f(x)= f(-y) < x+y=0.

>0;Vie; = f'(1)>0,Vie; .

Phuong trinh thir hai ciia hé tré thanh

W ABox =2 —4Jx+2+53-x+d/x+2=x"+5

2—x 4(x—2)
SV3-x-1+4/x+2-8=x"-4& + =(x-2)(x+2
AV e I s PRl L G

]=O<:>x:2:>y:—2

1 B 4
V3-x+1 Jx+2+2
Tir day dan dén hé c6 nghiém duy nhét (x;y)=(2;-2).

<:>(x—2)(x+2+
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(x+1+\/x2+2x+2)(y+\/y2+1):1,

¥’ =3x> =8y’ —12y°.

Bai toan 81. Giai hé phuong trinh (xyei)

Loi gidi.

Diéu kién céac cin thuc xac dinh. Phuong trinh thtr nhat ctia hé bién d6i x+1+ (x+1)2+1:—y+ (—y)2+1.

Xéthamsd f(t)=t+V +1;te; tacd

, N N

f (t): 2 > 2 - 2
\/t +1 \/t +1 \/t +1

Suy ra ham s6 lién tuc va déng bién trén tap s6 thuc. Ta thu duge
f(x+)=f(-y)ox+l=—y.

>0;Vt e :>f'(x)>0,Vtei .

Phuong trinh thir hai cia hé€ tré thanh
—(p+1)’ =3(y+1)" =8y" —12y* & —p* —3y* =3y -1-3y* —6y -3 =8y’ 12"
2

<:>9y3—6y2+9y+4=0<:>(3y+1)(3y2—3y+4):0<:>y=—%;x=—§

Két luan hé c6 nghiém duy nhét ké trén.

(VP =)({779+3) =3

(xyei).
3x=+/9-p 15—y +/15—y 21—y + 21—y 9 y.

Bai toan 82. Giai hé phuong trinh

Loi gidi.
Diéu kién can thirc xac dinh. Phuong trinh thir nhat cua hé twong duong véi

P9+ y=3Vxt +1+3x=1(3x)" +9 +3x.
.2
Xéthamsd f(t)=t+N+95te; thi f'(¢)= Lo, o+
JP+9 P49
Do d6 ham s lién tuc va dong bién trén tap hop sb thuc.
Thu dugc f ( y) =i (3x) < y =3x. Khi d6 phuong trinh thir hai cua hé tré thanh
Y=9—yaf15—y + /15—y 21-y +21-p[9-y .
Dit \/9—y =a;\[15—y =b;{21-y =c,(a;b;c20) tathu duge y=9-a’=15-b*=21-¢".
Phuong trinh khi d6 twong duong y = ab+ bc +ca . Do d6 ta co

>20;Vtej .

9-a’=ab+bc+ca ab+bc+ca+a’ =9
15-b> =ab+bc+ca <> {ab+ac+bc+b* =15
21-c* =ab+bc+ca ab+ac+bc+c’ =21
b(a+c)+a(a+c):9 (a+c)(a+b)=9 (1)
= a(b+c)+b(c+b):15<:> (b+c)(b+a):15 (2)
a(b+c)+c(b+c)=21 (c+a)(c+b)=21 (3)
Nhan timg vé ba phuong trinh (1), (2), (3) thu duoc
[(a+b)(b+c)(c+a)] =9.1521= (a+b)(b+c)(c+a)=9v35 (Do a20;b20;c20).
Két hop lan luot voi (1), (2) va (3) ¢ trén ta co
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3435
b= 7 a+b—@ a+b—3\/§
T 7 41435 1259
b+c=+35 = = =c= =x=—,
W |2(asbre) s TS|y T3S 70 140
c+a=—— 35 20

K&t luan hé da cho co nghiém duy nhét.

Bai toan 83. Triph luoc Pé thi chon hoc sinh gi6i 16p 12 THPT; Mon Toan, Dé thi chinh thirc; S& Gido duc va Pao
tao Tinh Lam Pong; Nam hoc 2013 —2014.

8x* +2y =1y +5x+2,
Giai hé phuong trinh XYeEj ).
(3x+\/1+9x2)(y+\/1+y2)=1. (vei)
Loi gidi. o
bicu kién y+5x+2>0. Phuong trinh thir hai ctia hé bién d6i

3x+4149x" = \/71 1+y —y & 3x+,/(3x) +1——y+1/ +1
1+y° +y

Xéthamsd f(t)=t+Nt' +1ite| tacd
£(0)= NE+1+1 \/_+t |t|+t
N \/t 11 P+l

Suy ra ham s lién tuc va dong bién trén tap s6 thuc. Ta thu duge f(3x)=f(-y) < y=-3x.

>0;Vie; = f'(x)>0,Vie| .

Phuong trinh thir nhat ciia hé tro thanh 8x° —6x =~/2x+2 . Pt x = cos tte {0;%} . Ta duoc
2(4cos3t—3cost) =~2cost+2 <> 2c0s3t =/2(1+cost)

& coszi=cos3t<:>cos£=cos3t<:>te k4—7[,k4—7[ ked
2 2 5 7

Do te [0;%} =t=0= x=1;y=-3. Bai todn c6 nghi¢m duy nhét ké trén.

2x° —4x” +3x—1=2x" (2= »)\3-2y, ( )
XVeE|j ).
Nx+2=314—x3-2y +1.

Bai toan 84. Giai hé phuong trinh

Loi gidi.
Diéu kién x>-2;y < % Xét x = 0khong théa man phuong trinh da cho.

Khi d6 phuong trinh thir nhat cta hé tré thanh

3 2
2x —4x3+3x—1:(4_2y)\/m©2_i+%_%:(4—2y) 3_2y

X X X X
<:>1—§+%—L3+1—l=(3—2y)\/3—2y+\/3—2y
X X X X
13
1-— 1——_ 3-2 3-2 1
o1 - (F) 5 )
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Xét ham sd f(t) =L+tite] = f'(t) =3 +1>0,V¢te; .Ham s6 lién tuc, dé)ng bién trén tap s6 thuc.

Ta ¢6 (l)af(l—lj:f(1/3—2y)<:> 1-L = 372, Thay thé vao phuong trinh thit hai ta c6
X X

Jx+2= 3/14—x(1—ij+1QM+M=1 (2).

Dit an phu Vx+2 =a;3x-15=b,(a 20)=> a’ —b’ =17. Pua (2) vé hé phuong trinh

a+b=1 a=1-b a=1-b ;
a=
a’—b =176 -2b+1-b’ =17 b3—b2+2b+16=0<:>{b_ 2:>x:7;y:%.
a>0;b<1 hb<1 b<1 -
Két luan bai toan c6 nghiém duy nhat ké trén.
X+—— +2)4(x+1 +1),
Bai to4n 85. Giai hé phuong trinh x+1 =+ 2)y(x+1)(r+1) (xyei).

X\ y+1-2x++/x+1=0.
Loi gidi.
Diéu kién x > —1;y > —1. Phuong trinh thir nhét ctia hé twong dwong vai
3

3

X X X X

o =(y+2)Jy+le + =(y+1)Jy+1+y+1.
Jx+1 (x+1)\/x+1 (y ) 4 (\/x+1j Jx+1 (y ) 4 4

Xét ham sd f(t)=t3+t;tei :>f'(t):3t2+1>0,Vtei . Ham sb lién tuc, déngbiéntréntép s6 thuc.

X
Ta thu duoc f [— =f (,/ ) =,/y+1. Phuong trinh thi hai tr¢ thanh
\/x+1j \/
—2x+vx+1=0 X2 —2xJx+1+x+1=0

2
X
Vx+1
>0
<:>(x—\/x+1)2=0©x=\/x+l<:>{x <:>x=1+\/§:>y=0

X—-x-1=0 2
1+\/§.
2

Két luan hé c6 nghiém duy nhét x = ;v=0.

41422y —1=3x+2/1-2x%y +/1- 1%, : )
XyeEj ).
2x°y —x* =~Ix* +x* —2x°p /4y +1.

Bai toan 86. Giai hé phuong trinh

Loi gidi.
biéu kién —1< x<1.

Xét x=0=> (x; y) = (0; y) thda man h¢ phuong trinh. Xét x # 0 thi phuong trinh thtr hai ctia h¢ tré thanh

XA 1] & 242y ay +1_—+—,/—+
X

267 +1

VEE+1

2y—l=
x

1
X

Xéthamsd f(¢t)=t+tNEE+1;t>0= f'(¢)=1+ >0,Vt e ,ham lién tuc va dong bién trén | .
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Taco (*) < f(2y)= f(lj <2y LN 2xy =1. Phuong trinh thir hai ctia hé tro thanh
x x

Ix+1=3x+1+2J1—x +4/1-x>.
Dit a=vVI+x;b=v1-x;(a20;620) = ab=+1-x" va 3x+1=x-1+2(1+x)=2a" - b".
Ta thu duoc
4a=2a*-b*+2b+ab<=2a*-b*+ab+2b—4a=0
b=2a
< (2a-b)(a+b-2)=0<=
(a-)asb-2) =0} 27

Néu b=2a<:>b2=4a2<:>4x+4=1—x<:>x=—§:>y=—%.

Néub=2-aVl+x+l-x=22+2J1-¥* =4 =1-x’ =1 x=0.
Vay bai toan c6 ba cap nghi¢m.

Ax\/8x—4-12y° —5=4)" +13y ++/18x -9,

Bai toan 87. Giai hé phuong trinh
{4x2 —8x+42x-14+2y° +2y* +2y=0.

Léi gidi.
Diéu kién x > % . Phuong trinh thtr nhat ciia hé twong duong véi
(8x—3)\/2x— =4y’ +12)* +13y+5
o [4(2x-1)+1]V2x-1=4(y" +3) +3y+1)+ y+1

& 4(2x-1)V2x—1+2x—1=4(y+1) +y+1 (1)
Xéthamsd f(t)=4t +t;tei tacod f'(¢)=12+1>0,Vt e . Vay f(¢)lién tuc va dong bién.

Ta 6 (1)<:>f(ﬁ):f(y+1)<:>\/2x——=y+1:>{;’x22—)1;2+2y+2
Phuong trinh thir hai cia hé tré thanh

(17 +2y+2) —4()* +2y+2)+4(y+1)+2y° +2)* +2y =0
y=0
V' +6y°+6y+6=0 (2)
D@ thiy y3+6y2+6y+6:y2(y+6)+6(y+1)>0,Vy2—l nén (2) vo nghiém.

Véi y=0=>+/2x~1=1< x =1. Két luan h¢ ban dau c6 nghiém duy nhat (x;»)=(1;0).

(\/x2 +2x+2 +x+1)(\/y4+1+y2):1,

Bai toan 88. Giai hé phuong trinh 213715 (xyei).
5 - +x+1=0
x =2y =2

Loi giii,
Diéu kién x* —2y* —2 # 0. Phuong trinh thr nhét ctia hé twong dwong voi

<:>(y2+2y)2+2y3+2y2+6y=0<:{

(xyei).
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VX +2x+2 pxalo— L
4 2
NAAER Y

Qmﬂcﬂzdy“ﬂ_yz
QJ(XH)ZHHCHZW_YZ (1)

; t NE+1+1 _ff|+1+1
Xéthamso f(t)=t'+1+t;6e thi f/(t)=1+ = >
(1) ‘ (1) NN V2 +1

Nhu vay ham sb dang xét déng bién, va (1)<:>f(x+1):f(—y2)<:> x+1+y°=0.

>0,Vte; .

2
Phirong trinh hir hai cita hé tré thanh ,|>—>"2 = _x_1 (2).

x2 +2x

Diéukién x>2v0<x<lvx<-2.Tathu dugc
(2)<:>{x2—3x+2:(x2+2x)(x2+2x+1)<:>{ x2+x+2)(x2+3x—1)=0c>xe{—3—2\/5}.
x<-1 -1

Két luan hé phuong trinh di cho c6 hai nghiém.

IN

X

Bai toan 89. Trich lugc cau 3, Dé thi luyén thi truc tuyén s6 3 nam 2014, Dién dan Nguoithay.vn.
Tac gia: Pham Tuan Khai.

x+3y+1=)"° —l+ Sx+4
Giai hé phuong trinh y x+l’ (xyei).

9y —2+3Tx+2y+2=2y+3.
Loi gidi.

Diéu kién y > %; x > —1. Phuong trinh thir nhat cta hé di cho tuong duong véi

3x+4 1 3(x+1)+1 1 1 5 1
1 — =y’ 3Jy——ox+l- L =)’ 3y x+1-3x+1- =y*-3y—— (%).
Vx+1 yo y Vx+1 i y Jx+1 y y ( )

3 2 _1)?
Vi yZ%;x>—lnéntaxét f(t):ﬁ—3t—%;t>0:f’(z)=2z—3+tl2:2t _;t +1:(2t+1t)2(t )

>0,Vt>0.
Ham sb lién tuc va dong bién trén mién t dwong nén thu dugc
(*)<:>f(\/x+1):f(y)©\/x+ =yox=y"-1.
Phuong trinh thir hai tré thanh
1/9y—2+«3/7y2+2y—5:2y+3<:>[«/9y—2—(y+2)}+[«3/7y2+2y—5—(y+1)}:0 (1).
bit J/7y° +2y-5=a;y+1=b=a’ +ab+b*>0via=b=0< ye . Cho nén
9y-2—(y* +4y+4) 7y +2y-5-(y"+3y’ +3y+1)
(1) + ; ;
J9y—2+y+2 a’+ab+b
Y =sy+6  (r+)(y-5y+6)

= + 5 5 =0
J9y—2+y+2 a +ab+b

1 N y+1 0 (2)

J9y-2+y+2 a’+ab+b’ B
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. 1 y+1
i +— 5
JOy—2+y+2 a’+ab+b

2
\Y4 >0,y Zgnén (2)e (y-2)(y-3)=0=ye{2:3} =(xy)=(83).(3;2).
Thir lai, két luan hé co6 hai nghiém ké trén.
Nhdn xét.
Bai todn sé 89 cé mét nét cz’éc séc nam & biéu thirc dao ham, d6 la mot biéu thirc phan thﬁc, ﬁan nita no luon duong
voi moi gid tri t dwong, dan dén ham so khao sat xay ra dong bién, don diéu, tir do dan den loi giai. Ching ta co
thé thiét lgp muon van ham so dang twong tw bang cach ldy nguyén ham mot biéu thirc dao ham khong am.
Co thé thuc hién theo cdac buoc nhw sau
(1- m)2 (t+n)

»  Chon biéu thiec dao ham xac dinh dwong, nén chon dang P voi mejnej’
t

.z R, < P (t_m)z(t"‘n) 3 i %
»  Khai trién tung toe va lay nguyén ham Iﬁ—" =f (t) thu dwoc ham so goc.

= Lwa chon hai an ham t,t, >0, co thé la da thire, phan thiee, can thue dam bao xac dinh dwong theo diéu
kién xdc dinh ban dau ciia bai todn. Dé tranh xay ra tinh trang ham $6 siéu viét nén luya chon sao cho khai

2
trién % khéng xudt hién dai lwong ? vi ly do nguyén ham J‘? = mln|t| +C.

* Luuy o day tac gia dung chdn ham s6 don thudn, khéng chan mién gid tri bién. Vé van dé nay, kinh mong
doc gia tim doc Ly thuyét Hé phwong trinh chita can thucc phan thir 6.
X —6x" -8 6y+20
+ =y+2,
Bai todn 90. Giai hé phuong trinh { X Jy+2 (xiyei).

13Vx—1+9J1+y+2 =164/y +2.
Loi giai.

Diéu kién x >1,y > —2. Phuong trinh thir nhat cta hé twong duong véi

x*—6x> -8 6(y+2)+8 8 8
T Pyt T o —bx——=y+2-6y+2— %),
g s O

X Ny +2
3 2 _ )2
Xét ham s6 f(t):tz—6t—§;t>0:>%f’(t)=t—3+ti2:t ‘3; +4_(1 2)tz(f+1)

RO rang ham s6 trén lién tuc va dong bién trén toan tia Ox thuc nén thu duogc

(9) & £(x)=f(Vr+2) e x=yr+2.

Phuong trinh thir hai cia hé tré thanh

13Vvx—14+9Vx+1=16x < 16x—13Vx—1-9Vx+1=0
<:>13(x—1—\/x—1+%)+3(x+1—3\/x+1+%)=O

>0,Vt>0.

Két luan hé da cho c6 nghiém duy nhét (x;y)= G; —%j :
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12x +76

VI+x°
VI-x* +\/;=1—%x4.

X2 +104y +12 4+ ——

64
\/;+1

Bai toan 91. Giai hé phuong trinh (x;y € )

Loi gidi. )
bicu kién —1< x <1;y > 0. Phuong trinh thir nhat cua h¢ tchmg duong voi
1242 — 12x +76 _ 10\/—
V1+x° \/_
12(1+x7 )+ 64
<:>1+x2—¥—y 10y —11-

VI+x?

\/;+1
12(1+x2)+64

64
olir-— 1 ﬁ:y”\/;ﬂ_lz(\/;ﬂ)_ﬁﬂ

64 2 64
el+x2-12 1+x2—m:(\/;+1) —12(\/}+1)—\5+1 (¥)

Vi V1+x% >0,y +1>0,Vx;y €| nén taxét ham sb f(t):t2—12t—ﬁ;t>0:>f’() 2t—12+ﬁ
t

32 -6 +32 _(t-4) (1+2) & oo

£ t i N '

Ham s6 lién tyc va dong bién trén mién ¢ duong nén cé (*) < f(\/l+x2 ) = f(\/;+1) SAl+x = \/;+l :
Phuong trinh thir hai ctia hé tré thanh

RO rang %f’( )=t—6+

-1<x<1

N[N S T S DI Y I, SR DN - 1,
4 4 24241-x :4+Ex =7

—1<x<1 -1<x<1 —1<x<1
& Rt 2 Ssx=0 = x=0=(x;y)=(0;0
%x8+1—x4—2 1-x*+1=0 %xu(\/l_ 4_1) ~0 &) =)

Két luan hé di cho c6 nghiém duy nhat ké trén.

gy=i2Vt13_ 1 L ov ayss
Bai to4an 92. Giai hé phuong trinh Jy+l 3x-1 (xyei).

xV2x—142x° +8x* = y+6x+2.

Loi gidi.

Didu kién y > -I;x > % Phuong trinh thtr nhat cua hé twong duong véi

SR Sl LA PO

g Jy+1 3x-1

S 8y+8-12yy+1- 1 =9x* —6x+1-12(3x-1)- 1 (*)
Jy+1 3x-1
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Vi y+1 >0,3x—1>0,Vx2%nén ta xét ham sb

3 2 1\
f(f)=8t2—121_%:>fr(t):16t_12+tl2:16t —tlzzt +1:(2f 1)t2(4t+1)

>0,Vt>0.
Ham s6 lién tuc va dong bién trén mién ¢ dwong nén thu duoc

(*)<:>f(«/y+1)=f(3x—1)<:>\/y+l =3x—1¢ p+1=9x> —6x+1 y=9x> —6x.
Phuong trinh tht hai cta hé tro thanh x+/2x —1+2x° +8x% =9x —6x+6x+2 < xv2x—1+2x° —x* =2 =0.

N 1 : :
Diéu kién x> EE bat xv2x—1=t,t>0= > =x*(2x—1). Phuong trinh an x twong duong v&i

0 t>0
x\/2x—1+x2(2x—1)=2<:> - o “
f+t=2  |(t-1)(t+2)=0
1 1
>0 x>— X2z
<:>{ | oSt=1e 2 o 2 S x=1
te{_ } xz(zx_1)_1:o (x—l)(2x2+x+1)=0

Két luan hé ban dau c6 nghiém x=1;y =3.

X+ Y1 42xp+ 9" 42y =/2x+2 +3x" +6x+3,
Bai toan 93. Giai hé phuong trinh (xyei).
6(x+y—2),fx—§+3(y—l)2 +x=15.

Lai gidi.
Diéu kién xZ%;er y+120. Phuong trinh thir nhat cua hé twong duong véi
\/r)/—l—l+(x+y)2+2y:\/m+3(x+l)2+x2
=S x+y+1+(x+y)2+2(x+y)=m+4x2+4x+l+2(2x+1)
SN x+y+1+(x+y)2+2(x+y)=\/m+(2x+l)2+2(2x+1) (*)
RO rang truong hop x+ y =2x+1=0khong xay ra.
Xéthamsd f (1) =8+ 2+t +16> 1= f'(1)=2t+2+

>0,Ve>-—1.

1
2Vt +1
Ham sb lién tuc, don diéu tang trén mién dang xét nén (*) = f(x+y) :f(2x+1) Sx+y=2x+leox+l=y.

Phuong trinh thir hai ctia hé tré thanh

6(x+x+l—2),fx—%+3x2 +x=15 <:>6(2x—1)‘/x—g+3x2+x:15

<:>9x—12+6(2x—1),/x—§+4x2 —4x+1=x>+4x+4

2 3‘fx—i+2x—1=x+2 3,/x—i:3—x (1)
4 2 3 3
<:>[3Jx—§+2x—l] =(x+2) o o
3,/x—§+2x—1:—x—2 3‘/x—§=—3x—1 (2)
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{9x—12=x2—6x+9 {x2—15x+2120 15-+/141
(1)< o Ak Ll

S x=
3—x20 x<3 2

—3x-1<0,Vx > % = (2) vo nghiém.

15 \/14 17 -+141

Két luan hé phuong trinh c6 nghiém duy nhat x = =

x—2y=9 x+2 y+1

Bai toan 94. Giai hé phuong trinh \/ 2y- (x;yei).

xt—4y" +3x+5=2/2y+2.

Loi gidi.
Diéukién x> 1y > % . Phuong trinh thtr nhét cua hé twong duong voi
x—1+3 2 y—1+3

MW

S x-2y=9x-1+—= — —

27
Sx—1-9Vx-1-—=2y-1-92y-1-

Vx—1 5 4 ,/2y—1

27 27 -97+27 (t-3)'(2t+3)
£ t ) r

X—2y=09.

— 92y —

Xéthamsé f(¢)=7’ —9t—?;t >0taco f'(r)=2t-9+ >0,V1>0.

Ham s0 lién tuc va dong bién voi ¢ duong nén

(*)Qf(m):f(why—l)@m=«/2y—1 Sx—1=2y-1<x=2y.

Phuong trinh thir hai cia hé tré thanh
X 43x45=200x+2 & x* 2+ 14 X0 + 2x 14 x+2-24x+2+1=0
x=1
<:>(x2—1)2+(x+1)2+(x/E—1)2=O<:> x+1=0 ox=-1
Jx+2 =1

Déi chiéu diéu kién ta thay hé phuong trinh da cho vo nghiém.

43 +12+.Jy =4(y +1)/5x -1 +4/9-5x,
Bai toan 95. Giai hé phuong trinh X;yeEj ).
¢ phuong e y1=5 33431 10 3y4lT (yei)
\/x+y+2 \/2y+3

Loi gidi.

Piéu kién 1< x < %; y 2 0. Phuong trinh thir hai cia h¢ tuvong duong voi

3(x+y+2)+25 ' 3(2y+3)+25

NXFY+2 ' N2y +3

x—y—1=15Jx+y+2 + ———=+152y+3 + ——— 125
x+y+2 \2y+3
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125

S x+y+2-15x+y+2 ——meven —2y+3 152y +3 - .
A X+ N2y +3 )

Xéthamsé f(t)=7’ —15t—12—5;t>0 ta c6 dao ham
t

125 _ 20158 +125 t—5) (2t +5
f'(t)=2t-15+ ﬁ _( )tg )

Nhu vay ham s lién tuc va ddng bién véi t duong, din dén hé qua
(*)<:>f(,/x+y+2):f(\/2y+3)<:>\/x+y+2 =\/2y+3 Sx+y+2=2y+3x=y+1.
Phuong trinh thtr nhat trd thanh
4x% +12+x -1 = 4x/5x—1+4/9—5x

S 4x® —4x5x—1+5x—1+9-5x—4J/9-5x +4+~/x—1=0
& (20 —Ex—1) +(Vo5x-2) +4x-1=0
2x=+/5x~1 4x* —5x+1=0

S<V9-5x=2 <{9-5x=4 =S x=1
x—1=0 x=1

>0,Vt>0.

Déi chiéu diéu kién ta thu dugc nghiém duy nhit ciahé x=1;y=0.

2_ 2 B
Bai toan 96. Giai hé phuong trinh T \/m 0 Vi +1 (xyei).
4(y* +x-1)4/2)" - 2x* +3x +443x -2 =x* + Tx+10.
Loi gidi.
Diéu kién x> %; 3% +x > 0. Phuong trinh thir nhét cua hé twong duong voi

1

1 1
B T o B Iy e s (. — ) ]
Nx?+1 NV +x Vx*+2-1 P +x+1-1 ( )
2 1 1
Nhan xét > +x+1>Lx* +2>LVx>= Vye . Xét f(t)=t——;t>1= f'(t)=1+— >0,V > 1.
. ¥2gyel Xe ()=t e ) 2(t-1)e-1

Ham s lién tuc va dong bién v6i t16n hon 1 nén c6 hé qua (*) < f(x* +2)= £ (1’ +x+1) & ¥ =) +x—1.
Phuong trinh thir hai ctia hé tré thanh
4(y2+x—1)«/2y2—2x2+3x+4\/3x—2=x4+7x+10
<:>4x2\/2(y2—x2+x)+x+4\/3x—2:x4+7x+10
& 402+ x +43x -2 = x* +7x+10
x4—4x2\/2+x+4(x+2)+3x—2—4\/3x—2+4=0
2 2
<:>(x2—2\/2+x) +(J3x—2—2) =0
X' =242+x )c2=2\/x+2<:>
N3x—=2=2 3x=6

x=2
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Tu day din dén hé co nghiém (x;y) = (2;\/5),(2; —\/5)

2ol h Lo,
+ X

s 1
Bai toan 97. Giai hé phuong trinh Y (x;y €j ) .

x’ +2(l+2yj\/3x+ =9+3 1
x

—2y'

Loi gidi.

Diéu kién 2—l > 0;x # 0;% <y 7&%. Phuong trinh thtr nhit ciia hé tuong duong véi
X
(5x—1)‘/2—l :Zx(y+1)\/2y—1 @(5—1),/2—1 :2(y+1)«/2y—1
X X X
1 1 1
@(2——]\/2——”\/2—— =(2y-1)42y-1+32y-1
X

X X

(i o

Xéthamsd f(t)=£+3tte; = f'(1)=3+3>0,Vte;] .
Ham s6 trén lién tuc va dong bién trén tap hop sé thuc nén dan dén

()= f(\/;]:f(\/m)Q 2—%=\/m<:>%+2y=3.

Phuong trinh thir hai ciia hé tré thanh
W +63x+1=9+x<=3x+1-63x+1+9=x>+2x+1

& (Vax+1-3) =(x+1y <:>‘\/3x+1—3‘:|x+1|<:>{ Prrl=2ox

V3x+1l=x+4

X¢ét hai truong hop
x<2 x<2 _

. J3x+l=2-x = <:>x=7 \/ﬁ
3x+1=x>—4x+4 x*=7x+3=0 2
x>—4 x>-4

= x+l=x+4< 5 5 Sxed.
3x+1=x"+8x+16 X +5x+15=0

Tir day dan dén hé c6 nghiém duy nhat.

X =2x(5y=1)(3x +1) +8x +5 = 232x" +5x +2,

Bai toan 98. Giai hé phuong trinh
2 +4x% +3x+1=5xy /5y - 1.
Loi gidi.

biéu kién Y= l;x > —l .
5 3

Nhéan xét x = 0 khong la nghi€ém cta hé phuong trinh da cho.

Xét truong hop x # 0 thi phuong trinh thur hai ctia hé tré thanh

(xyei).
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3 2
SN AL Y7y L S A A N3 - e
X X X X
1 3 3 1
S S+ 1+l+—=(5y—-1){/5Sy—1+4/5y -1
X X X X
1Y 1 3
<:>(1+—] +le==(sy-1) +5y-1 (%)
X X

Xéthamsd f(t)=£+tte; = f'(t)=3+1>0,Vte; .
Ham s6 lién tuc va dong bién trén tap hop so thyc nén ta cd h¢ qua
(*)<:>f(l+%j=f(\/5y_—1)c>l+§:\/5y——lc>x+1:x\/5y_—l.
Phuong trinh thtr nhat cta hé tré thanh
X =2(x+1)V3x+1+8x+5=2v2x" +5x+2
& +2x+1-2(x+1)VBr+ 1+ 3x+ 1+ x+2-2,(x+2)(2x +1) +2x+1=0

<:>(x+l—\/3x+1)2+(\/x+2—\/2x+1)2 =0

x+1=3x+1 {x2+2x+1=3x+1
= =
Jx+2=+2x+1 x+2=2x+1
Tir day dan dén hé c6 nghiém duy nhat x =y =1.

S x=1

(x2 +x+2)\/x+2 :x3(y+1)\/;,
x(x2 +xy—2)=3\/x+2+2.

Bai toan 99. Giai hé phuong trinh (x;y € )
Loi gidi.

bicukién x>-2;y>0.

Nhan xét x = 0 khong la nghiém cua h¢ phuong trinh da cho.

Xét truong hop x # 0 thi phuong trinh thtr nhat cua h¢ trd thanh

(x2+x+§)\/xj ()5 xz@JHz)@

(B2

Xéthamsd f(t)=£+tte; = f'(¢t)=3"+1>0,V¢e; . Ham s6 lién tuc va dong bién trén tap so thyc.

\/EJ

Dan dén (*)@f( -f(Wr)e X*2 _ [ & x+2=xy. Phuong trinh thir nhét ctia hé khi d6
X

XAy =2x=3x+24+2 X +x+2-2x=3x+2+2
S X —x=3x+2 <:>3(\/x+2—2):x3—x—6

x=3
—z(x—2)(x2+2x+3)<:> 3
\/x+2+2 \/m+2

D@ thay )c2—2:>#<%<2ﬁ2+(x+1)2 =x"+2x+3, vay (1) vo nghiém.

Jx+2+2

- 3(x—2)
=x’+2x+3 (1)
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Két luan hé di cho c6 nghiém duy nhat x=1;y =3.

0.2 118y 412,32 (2p-1)+2 =31,
Bai todn 100. Giai h¢ phuong trinh 1 2y ~1 (x;yei).

(207 +2x—1)v2x—1=x" (2y +1){2y-1.
Loi gidi.
Piéu kién x > %; y=> % . Nhan xét x = 0 khong 1a nghiém cua hé phuong trinh da cho.

Xét truong hop x # 0 thi phuong trinh thir nhit cta hé trd thanh

232 +2x—1)2x -1
( * xx3) * =(2y+1)w/2y—1

_ _ 2 _
P N ST W

X

=(J2y- 1) 21 (%)

Xéthamsé f(t)=£'+2tte; = f'(t)=3"+2>0,V¢ e . Ham s lién tuc va dong bién véi t thue nén

= B () B e vty 2

2y—1

o (\/2x—1 I 22x-1

X

Phuong trinh thir hai ctia hé tré thanh

9x? —18x+12,/3(2x~1)+2 =31 & 6x—1-1246x~1+36 =9x> —12x +4

—— Vo ov . |Vex—1-6=3x-2 |Jex-1=8-3x (1)
Q( o _6) =(3x-2) C{\/m———6—2—3x®[\/6x———3x+4 (2)

Xét hai kha nang
8—3x>0 xS§ 5
° WS groioow —agersa T N
XTAEoa Atk 9x? —54x+65=0

o (2)o6x—1=9x"+24x+16 = 9x* +18x+17=0=xed.

Tir day dan dén hé c6 nghiém x = %; y= i—:

(3x2 +2x+2y)1/x+y —x3(2x+3)\/_
x\/x3—y+\/12—x— x +1

Bai toan 101. Giai hé phuong trinh x VEi

Loi gidi.

biéu kién 0<x<12;x+y>0;x —y>0.

Nhéan xét x = 0 khong la nghiém ctia hé phuong trinh da cho.
Xét truong hop x # 0 thi phuong trinh thtr nhat cua h¢ trd thanh
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332 +2x+2y)4/
(x + x+3y) x+y:(2x+3)\/;

X
2
<:>2(x+y)3 x+y+3x w/f+y:2x\/;+3\/;
X X
3
@2{“x+y] +3 “x+y:2x\/;+3\/; (*)
X X

Xéthamsd f(t)=26+3tte; = f'(t)=2+3>0,V¢e; . Ham s6 lién tuc va dong bién véi t thuc.
RO rang (*)@f{—m]:f(\/;)@_m:\/;Qx+y:x3_
x x

Phuong trinh thir hai ctia hé tré thanh wx+12-x = 2, /3(x2 + 1) . Ap dung bt dang thirc Bunyakovsky ta co
2
(e +V12=x) <(x+1)(x+12-x) =12(x* +1) = 2/ +412-x <2,[3(x* +1) .
Do d6 phuong trinh 4n x c6 nghiém khi dau dang thirc xay ra, tirc 1a

%: .121—x odr=VI2-x o x=12-x o x=6.
X

Tir ddy din dén hé c6 nghiém duy nhit x =6;y =210.

(6y-x) f2—£=y(2x—y+4)1/2x— ,
Y
X +2x + ’1+y—£=\/3x2+4x+1.
y

Bai toan 102. Giai hé phuong trinh (x;y € ) .
Loi gid.
Pidukién 2— 2> 01+ y—2>02x—y>0;p# 0 x>0vx<-2.

y
Phuong trinh thtr nhat cia hé trong dwong voi

[2—%+4]\/€=(2x—y+4)m
S (= R e e

Xéthamsd f(t)=£ +4t6e; = f'(t)=3+4>0,V¢ e . Ham sd lién tuc va dong bién véi t thuc.
. . X X X X
Khi d6 (*)@f( /2——]:f(«/2x—y)© -t x—ye2-T=x-yo y-T=2x-2.
¥ ¥ ¥ ¥
Phuong trinh tht hai cta hé tro thanh vx® + 2x ++/2x—1=+/3x> +4x +1.

Ap dung bét dang thirc Bunyakovsky ta c6

2
(\/x2+2x+\/2x—1) =(\/§.\/x+2+1.\/2x—1)2s(x+1)(3x+1):3x2+4x+1,
Dan dén v/x* +2x ++/2x —1 <+/3x? + 4x+1 . Phuong trinh an x c6 nghiém khi va chi khi
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Jx |

Jx+2  2x-1

c>2x2—x:x+2<:>2x2—3x—2=0<:>xe{2;—%}.

Déi chidu diéu kién ta dwoc hai nghiém ctiahé x=2;y=1£~/2.

Bai toan 103. Trich lugc cau 8, D& thi thir ky thi THPT Qudc gia, Mon Toén; Ky thi thir an thir 2; Truong THPT
Dan 1ap Luong Thé Vinh, Thanh pho Ha N§i; Nam hoc 2014 — 2015.

x+1/x(x2—3x+3) =3y+2+y+3+1, (
3Wx—1-+/x"—6x+6=3y+2+1.

Giai hé phuong trinh xyei).

Loi gidi.
x2lLy=2-2

X —6x+6>0

Phuong trinh thif nhét cta hé twong duong véi x~1+y(x—1)' +1=3y+2+,(Jfy+ 2)3 +1 (1).
3¢
24 +1
Ham s6 lién tuc va ddng bién nén ta c6 (1)@f(x—l):f(;/y+2)@x—1=g/y+z S y+2+1=x.

Phuong trinh thtt hai trg thanh 3v/x—1-+/x" —6x+6 = x < 3Jx—1-x = /x° —6(x—1).

bat vx—1=u;u >0 ta duoc

Biéukién{ Sx23+3;y2-2.

Xéthamsd f(t)=t+NE +1= f'(1)=1+ >0,V¢>-1.

3u>x 3u>x
Su—x=+x*—6u’> <u>0 =<u>0 = S5u=2x

9u’ — 6ux+ x> = x* — 6u* 3u(5u—2x)=0

25u® = 4x* 4x* —25x-25=0 25+ 541 17+54a1 )
=N =N ox=2NT | TN )
x23+\/§ x23+\/§ 8 8

Két luan hé co nghiém duy nhat ké trén.

Bai todn 104. Trich lugc cau 8, Thir st trude ky thi Dai hoc 2015, Dé s6 2, Tap chi Toan hoc va tudi tré, Nha xuét
ban Giao dgc Vié; Nam; S0 448, Thang 10 nam 2014.
Tac gia: Tran Quoéc Luat — Gido vién Truong THPT Chuyén Ha Tinh, Tinh Ha Tinh.

)cz—yZ+23/x_4+%/)c—2+y3 :2y«/y—l(x+%/;),
x4 =P 1 :x(y—l)3 +1.

Giai hé phuong trinh (xyei).

Loi gidi
Diéu kién y>1;x° —x* +1> 0. Phuong trinh tht nhét ciia hé trong dwong voi

x2+2x3/;+€/x_2+y3—y2 =2y\/ﬁ(x+i/;)
<:>(x+3/;)2+(y\/ﬁ)2 =2y\/ﬁ(x+i/;)

Bétx+i/;:a;yq/y—1:bthudu’oc a2+b2=2ab©(a—b)z:0®a:b<:>x+3/;=(y—1)«/y—l+ y—1.
Xéthamsd f(t)=£+tte; = f'(t)=3+1>0,Vte;| .
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. ‘ , , x20
Ham s6 lién tuc va ddng bién trén tap s6 thuc nén f(i/;):f(«/y—l)ei/—:«/y—IQ{ (1)
X =(y-
Phuong trinh thir hai ctia hé tré thanh
¥l - Hl=rHleoxt -+ -1+ =X +1-x" =0
4 3, 2
oxt ot ol- fx ol =0
=21
{(x—l)(x3+x+l):0
>0 =1l
<:>(x4—x3+x2—1)( x3—x2+1+x2—1)=0<:> * @[x
x> <1x>0 x=0
| x'=x-x*=0
Tur ddy suy ra hé co hai nghiém (x;y)=(0;1),(1;2).
- 3x*y? +2x7 +4y% =1,
Bai toan 105. Giai hé phuong trinh 3 3 (x; Ve )
(x—y) +6y=(x+y) .

Loi giai.
biéu kién x;y e; . HE phuong trinh da cho twong duong véi
3x4y2+(x2—2xy+yz)+(x2+2xy+)/2)+2y2 =1 {(xy)z+(x+y)2+3x4y2+2y2 =1
=
(x—y)3—3(x—y):(x+y)3—3(x+y) (x—y)3—3(x—y):(x+y)3—3(x+y)
(x—y)ZSI lx—y|<1 {—léx—yél
= =
(x+y)2S1 |x+y|£1 -1<x+y<l1
Xéthamsé f(t)=£ -3t;te[-11]= f'(¢)=3t> -3<0,Vt e[-1;1], ham s0 lién tuc, nghich bién.
Phuong trinh thir hai khi d6 c6 dang f(x—y):f(x+y)<:>x—y:x+yc>y:0.

Ttr phuong trinh thir nhat suy ra {

Tur day suyra 2x’ =1< x e {L—L} = (x;y) = (Q;OJ{—g;OJ . Hé ban dau c6 hai cap nghiém.

27 2 2

Bai toan 106. Trich luoc cau VII, Dé thi thlil‘ suc trude ky thi THPT Quéc gia; Mon Toan; Léan tha nhat; Mua thi
2015; Truong THPT Lé Quy Bon; Thanh pho Thai Binh; Tinh Thai Binh.
¥ -y +6y° +2(x—7y) =-12,

X V€] ).
V3—x+4y-3=x>+)"—10x-5y+22. ( l)

Giai h¢ phuong trinh {
Loi gidi. |
biéu kién x <3;y>3. Phuong trinh thir nhat cia hé da cho tuong duong véi
¥ +2x=y"-6y> +14y-12
SX+2x=y"-6y" +12y-8+2y—4
exv2x=(y-2)+2(»y-2) (1)
Xéthamsd f(t)=£'+2tte; = f/(t)=3+2>0,Vte; .
Ham sb lién tuc va dong bién trén tap hop s thuc nén (1) < f(x)=f(y-2) o x=y-2c y=x+2.
Phuong trinh thtr hai tré thanh
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V3—x+Vx—1=x"+x>+4x+4-10x—5x—-10+22 = V3—x +/x -1 =2x" —11x +16.
V6i diu kién x [1;3]ta c6 bién doi

N3—x—1++/x-1-1=2x*-11x+14

2—x x—2
N + =(x=2)(2x-7
B-x+1 Jx-1+1 (¥=2)(2x=7)
x=2
< ! +7 ! +2x (2)

Jr—1+1  B-x+1

D@ thay +7>7; +2x< %+ 2.3=7,Vx e[1;3]nén (2) vo nghiém.

1 1
Vx—1+1 V3—-x+1

Tir day dan dén bai toan c6 nghiém duy nhat (x;y)=(2;4).

2x—1+2x (45 3w +3) =3y + 1+ 4y +2,
Bai toan 107. Giai hé phuong trinh (x € ) .

Jax* —x+ —,3/y+1=\/2(8x2—5x+2).

Loi gidi.

Diéu kién x> 0. Phuong trinh th& nhit cta hé twong duong

2x—1+8x° —12x> +6x =3y +1++[y+2

& 2 14y(2x-1) +1=3fy+ 1+ |(+1) +1 (1)

3¢
2E +1
Ham s6 lién tuc va dong bién nén ta c6 (1)< / (2x-1)= f(fy+1) & 2x-1=3y+T < y+1=2x-1.

Xéthamsd f(t)=t+NE +1= f'(t)=1+ >0,V¢>-1,

Phuong trinh thi hai tré thanh v4x> —x+1+1-2x = \/2[(4x2 —x+1)+(4x? - 4x +1)] :

bat V4x® —x+1=u;1-2x=v,(u >0;ve | )ta duoc

u+v>0 u+v=>0
u+v= 2(u2+v2)<:> R | 5 5 5
w +2uv+v: =2u’ +2v (u—-v) =0
u=v 2x<1
= = A A Sx=0=>y=-2
u,v>0 4x" —x+1=4x" —4x+1

Déi chiéu diéu kién ta thu duge nghiém duy nhat (x;y)=(0;-2).

Bai toan 108. Trich lugc cau 8; Dé thi thir sirc trude ky thi THPT Quéc gia; Mén Toan; Lan thtr 3; Mua thi 2015;
Truong THPT Lé Quy Don; Thanh pho Thai Binh; Tinh Thai Binh.

V3x=2+)y" =2x"+y-2,
y(y2+1)+(x-|-1):y2 +(x+2)Vx+1.

Giai hé phuong trinh { (xyei).
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Loi gidi.
Diéu kién x > % . Phuong trinh thir hai ctia hé twong duong voi

y3+y—y2=(x+2)\/x+l—(x+1)<:>y3—y2+y=(x+1)\/x+l—(x+l)+ x+1 (1)
Xéthamsd f(1)=£ - +t;tei = f'(t)=3 -2t +1=(t-1) +2:* >0, Ve .
: : = . >0
Ham s6 lién tuc va dong bién trén tap hop so thyc nén (1)<:>f(y)=f(\/x+l>c>y:\/x+l @{yz !
Yy =x+
Phuong trinh thtr nhat tré thanh

V3x=2+x+1=2x" +Jx+1-23x=2 —Jx+1=2x*—x-3

Sain 2x-3=0
x_
= :(x+1)(2x—3)® 1
- =S 1 (1
\/3x 2+Jx+1 \/3x_2+\/x+1 X+ ()

Ta thay (1) vO nghiém vi

1 1 3 2

< =, /=<l<x+1Vx>—.

V3x -2 ++/x+1 \F \fs 3
3

3_5\/5] (3_ sx/EJ

Nhu vay ta thu dugc nghi¢m ( xX; y) — (E’ >

27 2

Bai todn 109. Trich lugc cau 4; D& thi thir sire trude ky thi THPT Qudc gia; Mon Toén; DE thi chinh thire; Mia thi
2015; S¢ Gido duc va PBao tao Tinh Lam Dong.

X +6y—4=,2(1-y)(x +1),

(3-x)v2-x—=2y42y-1=0.

Giai hé phuong trinh

Loi gidi:
Diéu kién x < 2;l < y <1. Phuong trinh thi hai cua hé twong duong véi

3
(2-x)V2—x +v2-x =(2y-1)2y—1+2y 1.
Xéthamsd f(t)=t+t;tej = f'(t)=3+1>0,Vie| .
Ham s6 lién tuc va déng bién trén tap $6 thuc nén
f(V2=x)=f(J2y-1) o 2-x=\2y-1©2-x=2y-1o x=3-2y.

Phuong trinh thtr nhat cta hé tré thanh
x’ +3(3—x)—4=\/2(1—

<:>3(x2—x+1)—2(x2—1):\/x2—1.\/x2 —x+1

3;xj(x3 +1) o xP-3x+5= (x—l)(x3 H)

Pit Vx? =1 =uNx —x+1=v;u,v>0 taco
u=v

3v2—2u2=uv<:>(v—u)(3v+2u):0©{ =Su=v
3v+2u=0

su=VvV=x-l=x*-x+lex=2

Tir 6 di dén hé c6 nghiém duy nhat x=2;y = % .
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Bai toan 110. Trich lugc cau 9; Pé thi thur st trude ky thi THPT Qudc gia; Mon Toan; Lan thi nhit; Mua thi
2016; Truong THPT Phan Thtc Truc; Huyén Yén Thanh; Tinh Nghé An.

(xy—3)1/y+2+\/;=\/x>5+(y—3x),/y 2,
VIx* +16 =22y +8 =42 —x.

Giai hé phuong trinh (xyeq).

R o
Diéu kién y > -2;x €[0;2]. Phuong trinh thtr nhét cta hé trong duong

(xy—3+3x—y)\/yj=x2\/;—\/;
c>(y+3)(x—1)\/m=(x—1)(x+l)\/;

x=1
Q{(y+2)«/y+2+w/y+2:x x ++/x (1)
Xét truong hop x =1thi phuong trinh thir hai tr¢ thanh @—2«/2y+8:4<:>y:—%<—2 (loai).
Xéthamsd f(t)=t +t;tej = f'(1)=37+1>0,Vie| .
Ham s6 lién tuc va dong bién trén tap s6 thuc nén (1)<:>f( y+2)=f(x/;)<:>,/y+2 =Jx o y+2=x.
Phuong trinh thir hai khi d6 tr¢ thanh
4(2x+4)+16(2-x)+16,/2(4-x*) =9x* +16

©8(4-x7)+16,2(4—x") +16=x" +8x+16

<:>[2 2(4—x2)+4T —(x+4)’ @‘2W+4‘:|x+4|
2 2(4-2)+4=xr4e22(4-) =x

x>0

x>0 42
= & S x=—
{32—8x2 =x’ x€{4f; 4\/5} g 3

3

Két luan hé c6 nghiém duy nhét.

4/x2(4y2 +3) =V3x" +1+2xp =1,

Bai toan 111. Giai hé phuong trinh X; V€ ).
50— S ( )
2(x—1) +6xy

Loi gidi.

Diéu kién x> %; 2(x— 1)2 +6xy # 0 . Phuong trinh th& nhat cta hé twong duong

V(497 +3) + 2y =35 + 141 J4y” +3 42y = L2+3+l_
X X
t P3|l

+1= >
N +3 NE+3 AP +3
Ham sé lién tyc va dong bién trén tap sb thucnén f(2y) = f(lj &2y = 1 & 2xy=1.

X x

Xéthamsd f(¢)=Nr +3+61e; = f(t)= > 0.
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Phuong trinh thir hai tré thanh
(242 —4x+5)(\/5x+1 —\/3x—2) X435 2%  —4x+5=3x—2+/5x+1

<:>x—x/3x—2+x+1—x/5x—l+2(x2—3x+2)=0
x> =3x+2 x> =3x+2
x+3x—2 x+1++/5x—1

<:>(x2—3x+2)( 1 1 2):0

+2(x2—3x+2):O

+ +
x+3x-2 x+1++/5x—1
S xP-3x+2=0< xe{l;2} :(x;y):(l;%j,(%%)
Két luan hé c6 hai nghiém.

37 (352 +1) =357 +1+3xp =1,

(2x-3xy)(3vx =Bx+1) =1.

Bai toan 112. Giai hé phuong trinh (x;y €j ) .

Loi gidi.

bicu kién x>0.

Nhan xét hé¢ khong nhén nghiém véi x =0 = x > 0. Khi d6 phuong trinh thir nhat twong duong

1/x2(9y2+3)+3xy=\/3x2+1+1<:> 9y2+3 43y = iz+3+l.
X X
t P3|

+1

= > >
N2 +3 NEE+3 NP +3

2 e ; A . 1 1
Ham s0 lién tuc va dong bién trén tap so thuc nén f(3y)= f(—j &3y=—3xp=1.
X x

Xéthamsd f(¢)=Nr +3+60€; = f(t)= 0.

Phuong trinh thir hai khi d6 tr¢ thanh

(2x=1)(3vx —VBrx+1) =1 (6x-1)(2x—1) = 3Jx +Bx+1
& 12x% —8x+1=3Jx +3x +1 <:>3(x—x/;)+x+1—\/3x+1+12(x2 ~x)=0

2 2
3T +—2 T 112(x*-x)=0
x+x x+1+\/3x+1

@(xz—x)(?’. : 1 +12j=0

_+_
x+\/; x+1++/3x+1
o x(x-1)=0= xe{0;1} :le:(x;y):(l;%j
Két luan hé d3 cho co nghi¢m duy nhat.

Bai toan 113. Trich luoc cau 9; Pé thi thir strc trude ky thi THPT Qudc gia; Mén Toan; Mua thi 2016; Dé thi chinh
thire; S& Giao duc va Pao tao Thu d6 Ha Noi.

1/)c2(1+yz)—\/1—i-x2 =1-xy,

(20 72)(V3x =2~ +3xy ) =5. (eyei).

Giai hé phuong trinh

Loi gidi.
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Diéu kién x > % . Phuong trinh thtr nhét twong duong

|x|«/y2+1+xy=\/x2+1+1<:>x\/y2+1+xy:\/x2+1+1<:>\/y2+1+y=,/i2+3 +l.
X X

t 1_t+\/12+1

t+i] o

Xéthamsd f(t)=N'+1+tte; = f'(t)=

1

+1= >
Vit +1 JiE+3

JE+3

7. A e 4 1
Ham s0 lién tyc va dong bien trén tap so thuc nén f(y)= f(—J Sy=—xp=1.
x X

Phuong trinh thir hai ctia hé tré thanh

(2x-7)(V3x-2-x+3) =5 & (2x-7)(2x-5) = 5(Bx-2 ++x+3)

& 4x% —24x+35=5/3x -2 +5Jx+3

S3x+2-53x-2+x+9-5Jx+3 +4(x2 —7x+6)=o

9(x2—7x+6) X2—T7x+6
+
3x+2+5V3x—2 x+9+5Vx+3

+4(x*=7x+6)=0

it (x2 —7x+6)( 2 !
o x’-Tx+6=0< xe{l;6} :(x;y):(l;l),(6
Két luan h¢ da cho co6 hai nghi¢m.

6x* —3x+2+x"(6y-3)=4x"(y
Bai toan 114. Giai hé phuong trinh

Loi gidi.

(y+)2y=1-5

3 =>yed.
2y = 3/12)}—5

Khi x # 0, phuong trinh thtr nhat ciia hé twong duong véi

2 3 6
—3—?4‘;:(4_)/-{—4)«[2)/— —6y+3

X
2 3 6

Diéu kién yZE.Xét x=0=

3 12)/—%—\/2x3 —6x° +6x— X =x12y.

+ +4 =0
3x+2+5V3x-2 x+9+5Vx+3 j

.1}
"6

+1)42y -1,

(xyei).

oS-+ 2=2(2y-1)\2y-1-3(2y-1)+6,2y-1 (1)

X X X

Xéthamsd f(1)=20-3F +6t;te = f'(t) =61 =6t +6=6(£~1+1)>0,vt €] .

Ham s0 lién tuc va dong bien trén tap so thuc nén ta dugc

W 1(2)=r(VErT) o2 =BT x-

'—Zy—l @{x>0

x’=2y-1

Khi d6 phuong trinh thir hai tuong duong 3/6x +% —V2x -6 +6x—1=x+1 (2).
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Diéu kién 2x° —6x* +6x—-1>0 < x* —3x% +3x —% >0 . T phuong trinh (2) ta c6

x+1<3 6x2+%<:>x3+3x2+3x+1£6x2+%<:>x3—3x2 +3x—%£0.
Két hop diéu kién

X =3x? +3x—%20:x3—3x2 +3)c—%:O<::>x3 —3x° +3x—1=—l

2
3 1 1 1 1 1
@(X—l) :_EQX_IZ_%DXZI_%;y:E{(l_%] +1}

Déi chiéu diéu kién x > 0 ta thu duogc nghiém duy nhat.

Bai toan 115. Tim nghiém hiru ty cia hé phuong trinh

x3+x(2xy—l):(2xy2—y)(y2+1)w/2xy—l, ( )
Ve ).
2xp° +1= y? +.,J6(x+1) ++4x+3. |

Loi gidi.
.2 3 1
biéu kién x> ——;xy>—.
4 2

Xét 2xy =1thi phuong trinh th{r hai tré thanh /6(x+1) ++v4x+3=1 (1).

3 3 ~ I4
ROorang x>——= ,/6(x+1) ++/4x+3 Z\/:+0>1,déndén 1) vd nghiém.
g 2 (6(x+1) ++ > (1) v nghié

Xét 2xy > 1thi phuong trinh thr nhit twong duong

3
X

3
X 3 X X 3
s =)y +ye s =y + 2).
(2xy—1)y2xy—1 4[2xp-1 I [\/ny—lj \2xy -1 vy (2)
Xéthamsé f(t)=t'+t;te; = f(¢t)=3t+1>0,Vte; . Ham lién tuc va dong bién din dén

xy =0

X = il LN . —
(2)<:>f( '—2xy—lJ_f(y)<:> o1 Y& X =Ya[2xp 1©{x2:y2(2xy_1)

Khi d6 phuong trinh thtr nhat tré thanh

y 2xy +1—1/ x+1 +Vdx+3 o x° +1—,/ x+1 +/4x+3
S xt—2x-2+x+2-V6x+6+x+1-+/4x+3=0

2_ _ 2_ _
PR x —=2x-2 L) x —2x-2 0

X+2+V6x+6 x+1++4x+3

<:>(x2—2x—2)(1+ ! + ! j:o
x+2+J6x+6 x+1+\/4x+3
1 1

+
X+2++/6x+6 x+1++/4x+3

Két luan hé da cho khong c6 nghiém hitu ty.

xy(1+ 1+x? )(,/4+ f)
“3x*y +2x°y +26x =23/x" —14.
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Loi gidi.
bicukién y>0.
Xét truong hop y = 0khdng thoéa man hé, khi y > 0thi phuong trinh thir nhat twong duong

xy(l+m)=\/rj_\/_<:>xy(l+ 1+x) (\/m+\/_)

@x(1+\/1+x2)=i. iz+l+i
Jr\y y

Xétham s f (1) =1+t +1,6>0= f(¢) =14~/ +1+—

2

>0,Vte; .
12 +1

X 1. 2 4 2 2 x>0
Ham s6 lién tuc, dong bién nén ta dugc f(x)=f| = | x=—"F=1
\/; \/; x'y=4
Phuong trinh thir hai tré thanh
3x24+8+26x=23x"-14 & —6x* +13x+4=x"-14
& —6x* +12x—6+x-2-x* -14=0
6(x* —2x-1)

(x=2) —(x—2)Jx’ - 14 +(i/x3 —14)2

<:>—6(x2—2x—1)— =0

X’ =2x-1=0

Tl (x=2) ~(x-2)¥r -14 +(%/x3—14)2+1=0 (1)

2
Ta thiy (x-2)' ~(x=2)dx' =14 +(Jx"=14] +1>0,vx; nén (1) vo nghiém

Véi x> —2x-1=0;x>0= x=1+~/2;=12-82, hé ¢6 duy nhét nghiém.
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Bai tap twong tu. )
Gidi cac hé phuong trinh sau trén tap hop so thuc

(x+1)\/ﬁ _

1. 2y +1 ¥
2x> =3xy+x+8=0.

8x’ —4x —3x:3y—%,

x’ +5x+()c3—2y+6)\/x3 -2y+1=0.

2x+1 Pi2x+1= (2y—3)1/y—2,

\/4x+2+\/2y+4 6.

(2x—1)x+y = (6—x—y)2—x,

4.

2i/l2x +3xp—18x +6x+y=x +5.

X +5x+ x —2y+6)«/x3—2y+1=0.

x+1+x y+1+y)—1

4\/x+2+\/22 3x = y* +8.

X +2x2=5-2y,
- y

{Sx +6 2x+y xy=6x"+13,

(15-2x)V6—x —(4y+9)y2y+3 =0.

(4x+2)(1+\/x2+x+1)+3y(2+«/9y2+3)=0,

4x’ =3y +5+3,/1-3y =0.

X (4y” +1)+2(x* +1)Vx =6,
)c2y(2+2«/4y2 Jrl)=)c+\/x2 +1

i {2y3 —2x1+x =3J1+x -y,

\/2x2+y2+8 +\/2x2—y2+2 =x+4.

(x+\/x2+1)(y+«/y2+l)=l,
\/;.\/6x2 +2xy+1=—-4xy+6y+1.
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12.

3

Y 3x—y
L _9xp= ,
x VT
Vv +9\/;:6y.

13.

(x+m)(y+m)=l,

2
i X A3t
X+y++2

14.

(x+m)(y+m):l,
m+1:y(x—3).

15.

(x=3)(x+4)=y(y-7).

2

yo o x-1

Jx—1 _\/2—y.

16.

X +xy _y +y,

Px+1+ y +3 4.

17.

X +Xy _y +y,

7y +13x+8=2"3fx (327 +3)7 -1).

18.

(8x 3 V2x-1=4y"+y,

2

x> —8x+2y° +y* =2y -3.

19.

¥x+2+2Jy+2 5.

20.

2y’ +y+2xJ1-x =3+1-x,
N2V +1-y=2-x

21.

16 3y+4+2x 85,
16 =24x” —18x+63/1+y +21.

22.

x* =y’ +x*-9y* -30=28y,

=
b
o
|
e
s

2x+3+x= V.
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{2x2y+y3 =x° +2x",

(x+2)1+y =(1+x)".

(e 7
xX\J6x—2xy+1 = dxy +6x+1.

20" +3=(4x —2x2y)m+4x+%,
m: M+x+2'

2x+1

24.

25.

x(x2+y2)=y4(y2+1)

26. 4
4,02 4= 1+— — +\/_
3 2\ y

2 242 (1) +2x-3,
y
(6x—6y+29),/x—y+2 =(6y+23),/y+1.

27.

(2012 -3x)v4—x +(6y—2009)/3-2y =0,
2\/7x 8y +3/14x—18y = x> +6x+13.

28.

2y° +12y° +25y+18 = (2x+9)\/ +4,
3x* —14x—8=4/6— 4y ¥ —3x+1.

{x —8y° —3x2 +12)% —12y+ 6x =2y —1 —x -1,

29.

30.

XyeEj ).
\/2_ 2xy+1 6y+/x* +4y+1. ( l )

9y——+2 0,

31. (xyei).

dx+1+xp:/y> +4 =0.

2y° +y+2x1 x =3v1-x,
X +9x+20=2,/13- 3y

32. (x;ye; )

33.

(17—3x)\/5—x+(3y—14)«/4—y=0, ( )
xyej).
X+ 7x—y=(2x+1)y/x* +2y+5. l
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5

N3-x+42+y +4(y+£]:y3 +x° +|2x—y|+|x—1
y

34. (x;ye; )
(9x—3y+14)w/3x—y+3:6(x—y)+2(3y+7)\/2y+3.
(54—5x)\/10—x+(5y—49),/9—y:0,

35. (xyei).
Iy’ +x+y+2x+1=x".

3(,.2 —1=5-—

i Jxt+x+y++x Y, (x;ye; )
x3+x2+5x+y+6=(11—y) 6—y.
(24—3x)\/7—x+(3y—21) 6—-y=0,

37. 2 oo X;yeEj ).
6x jx 12y+3:\/m. ( l)

x—
(10—3x)\/2—x:(7—3y),/1— ,
38. 2 xyei).
oy S Gt MY et
3y +1
X +2 _5-y

39. {3 x (x;ye; )
\/2x+7—y+\/2—x:\/8—x3+1.
2x—y+13
—J2x-y+3= 2

40. {  x+2 VZE-y+3 =it (yei).
X+8=x>+y+3.
144/x+35 +6Jx+1 =84 +/36x -6y +52,

41. (x;ye; )
x(x" +2x+9)+12y =34+2(13-3y)17-6y.

(x=y+6)Jx—y—1=(y+6)\y-1,

42, ]
m+2x2—4y2:7— /x_z_. ( ' )

X

(2y—2x+11)fy—x+1=(4x+11)v2x +1,

43, yiyer).
23x—4+x+2 57)}_4:8_3" ( i)

X
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lO(y—l)
2y +2 =24 —x ==X,
44. 1/2(x2+9) (xyei).
(x—y+7)q/x—y—(y+8)w/y+l =x—-2y-1.
x(2\/2x—1+1)+y:(x—y+l)\/x—y +1,
(x+3)\/x2—y+3 =9 —2y+3x+5.

1 1= 2y +x°
46. \/2x—y I (xyei).

(2x=y+3)y2x—y +4(x-y)=(y+3).
(2x—y+2)2x—y+l+x=(x+2)Jx+1+y,

47. ) 2x  x +2y°-3x+1 (nyei).
X —y+—= > :
y yo+2

(2x+y+4)2x+y =4x -2y +2+(2y+3)2y -1,
4(x—4)(\/E+1)2:(y—1)2.

45, (xyei).

48. (x;yei )

JE+2y+5-242—x e

49. 4y’ +4y+5 (xyei).
(x—y+6)\/x—y+2—(y+7)\/y+7 =3(x—2y—1).

(4x—2y+11)«/2x—y+3 +4y—4x—2:(2y+9)4/y+2,

50. 2y-1 _3W2x-1+1 (yei).
\/8x+1—2(y—x) 4 .

(3x+y+5)w/3x+y +x—y:2(4x+5)x/;,
51. (xyei).
(\/1+y+l)(\/1+x +x+y—5)=y2.

(9% +6y+25—x* +15 =3x-2,

S2. x+2y+5  2x-y (xyei).

2x—y+4_\/x+2y+l'

(4x+2y+5)1/2x+y+1 :(2x+4y+5)1/x+2y+1,
53. xXyei ).
\/y2+91=\/x2+7+%y—4. ( rel )
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54. {(2xy+7)m—(2yx+7)m,

2y2—5x=\/y—2 +\/2y—5 +~/4—x.

(x;ye; )

(x+y+10)w/x+y+2(2y—x+l):(2x—y+9)«/2x—y—1,

2 =1 +5—x +Tx+2=2(2y+1)".

4 R (syei).
—+, (y+l——=x+ [2x——.
y+1 X y+1

(Bx—6y+1)x—2y +2(x-1)=(3x-3y-2)/x—y-1,

\/Sx y+\/x+y+1+x —(y+4)x +10xy =13y.

(3x—y+15),/3x y+2—(x+y+15)\/x+y+2 =6(x—y),

257 +16y+18 +4/32 1 =x+y+4.

(xyei).

(xyei).

58.

(xyei).

(x2 +y+6)\/x2+y =(x+7)Vx+1,
maper

dx—1

(207 =2y +11)y/x* = y =(2y-2x+11)/y - x,
2J2(2+x) +442-x =/9(2y—x)+16.

6x° —3y+5 /—_ _ ,—Zy 3

61. ~3x+5 (xyei).

(12y—8x —V1+x =x(3y—x)+2x+1

588 (x;yei).

60. (x;yei )

(207 +7)V2x* —1=(2x -y +8)/2x -y,

62. 3 (xyei).
(2x2+y+6)\/2x+7=2x 2y+1+9x+7.
12y+13 1 )
8y = — +9x° —42x+35,
63. oyl el (xyei).

\/x+2+3x2—10=§+\/2x—3.
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92

8y +5x+1-22y—x+1=9x-3,

64. Xyei ).

(227 =2y +9)yx* —y+1=(2y+9)/y+1. ( )
(51y2—17x+6)«/3y2—x=(51x—17y+6)w/3x—y,

65. 3y +y (xyei).

Vx+2+ =/2x—
(29 +3)\y —(4x+3)V2x =0,

66. (x;ye; )

2 yy—d=(x*-2y-2),/2-1.
X—x-y (x v ) 5

o (3x2+3xy+5)«/x2+xy=(3xy+3y+8) xy+y+1, ( )

. X;y€] ).
VX+2+y—-1=+3x-2+x.

| (¥ =y+6)x* =y =(y" —y+6)yy’ -y =3(x*-)"), (crei)

. SYET ).
(x+1)\/2y2—x2—2x+3=x2+1.
(x2+8) x2+1:4(x2—x—y+1)+(x+y+7)«/x+y,

69. (x;yei )
(3x+1)42x+y+1=3x" +3x+2.

X+ Jy+7=1, ( )

70. X;VEj ).
(4x2+13) x2+3=3x(x—y)+(4xy+13)w/xy+3. ‘

A NV —x=2-2y-2+2=+/x+1, ( )
. e ).
(xy+x+l3)«/xy+x+3(x—y)(x—l)=(x2+y+13)«/x2+y. l

(12x=7)~/3x =2 +y(4y* +1)=0, ( )

72. XVej ).
x2+y2—2x+1=(x+2)\1x2—y2+x
(3x2+6y+5)\/x2+2y:5(x—2y)(x—1)+(3x+6xy+5)\/x2+2xy, ( )

TE8 X;yeEi ).
(4y° +3)Vx" —x+1=x" +12y” —4x+1.
y4(\/4x2—2x+x/2x—1):y2+\/1+y4,

74. (x;yei )

y? (x2 - 2x) =2.
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xzy(lJm/y2 +1) =2x+2Vx" +4,
x\4-y" +x|y| =2, /5(4—y2).

x+2xy-|-\/x2 —x+1 :i’
76. V2y (xyei).

)c2y(2+2\/4y2 +1):x+\/)c2 +1.

y(x—1)2 2+244y" +1 -
T8 .x—1+\/x2—2x+2 ’ (x;yei )
(x=1)\y =3x-2.

75. (x;ye; )

1
3x (1+\/9 2+1):—,
g Y Jx+1-+/x
8=9y° (ISy\/;+6\/x3+3x—x2).

2
LA e e e s o
79. 1 2 y X 4’ (xyei).
x* +16y% +36 =7+/4x*y +27.

y2+6=2(x+y),

78. (x;ye;).

80.
2(x\/x—2+2)—7y:2y3+3\/x—2—6y2+1.
21 x3+3x2+4x=(y+2) y+1-2,
|+ xp—16x-2)2 +22y-36=0.
18
9\/8 B2y )-7=17+4(y+3-2y),
82441 (y+ y) i (y+ y) (xyei).
2x" —4x’ +3x=2x"(2-y){3-2y +1.
J2x—y—1-32y =y—-2x+1,
83. X;y €
{x2—3x=y+l+\/6x—l. ( l )
(\/x2+1+y)(\/y2+1+x)=1,
84. (xyei).
V3 42)7 4244307 457 +2x-1=2(p  +x+1).
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Giai cac hé phuong trinh sau trén tap hop sb thuc
{xy+x\/y2 +1 +y\/x2 +1 +\/y2 +1.\/x2 +1=1,

X;VeE] ).
(l—y)\/x2+2x+3=1+x2. ( )

(x+y)Vx® —4x+5 +(x—2)\/x2+2xy+y2+l =)
\/5x2+y+10x—1 :w/l—y+\/x2—y+2.

2x+1 X +x+1
3.4 2y y 43 (myei).
J +y—x—T7+3Jx—1=4+/3x> =3y +22.

2y _
Al \/j(2y+3x)—x\/;(x+3), (
20y +3x+1 :(6x+1)\/3+2y.

(x;ye; )

xyei).

1
5} y Ax+l’ (xyei).
(Vx+1-1)(2Jy=T+33/y+6)=x+1+6.

(x+\/x2+4)(y+«/y2+l)=2,
54x*y+23x—1=352y +1.

(x+\/x2 +1)(y+\/y2 +1):1,
X =3y=(3+y)y-y +x+4,

(x+l+\/x2+2x+2)(y+«/y2 +1)=1,
y4+34+32x—y+3 =x +3x%

(\/x2 +1—x)(\/y2 +9 +y)=3,
26+ x° :5x+y+(x+1)\/x2—2y—6.

(\/x2 +2x+2+x+1)(«/y4+1+y2)=1,
(y2+1)2 +43/x2(x2 —1)+7y2 =3x-6.

xye).

(xyei).

(xyei).

(xyei).

10. (x;ye;).
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2% —4x’ +3x—1=2x"(2-y)/3-2y,

11. - ; i).
9x2+M=2+\/3x+§+8 3-2y. (eyei)
32y X
-
B (il
12. i +1 (y+ ) (x+ )(y+ )’ (x;ye; )

8(x+1)(y+1)+11x:3(1+2x)\/3x—2.

X i 3x2x—2y =4x +1,
13. 3 (xyei).

20’y —x" =x* + X7 —2x°yJ4)y* +1.

¥ +3x> =335y +y+1,

14. xX;yei ).
(3x+\/1+9x2)(y+\/1+y2):1. (eyei)
x*—8y° —3x? +12y* +6x—12y =2y -1 —/x -1,

15.

Vx+1+J6x+2y+1=4/(x+2). Lsyei)

3 2
x —6x 8+6y+20: 2,

Y
16. x Jy+2 (xyei).

VAx—1+/4y+7 =1.

2
ST 20 y+12+i,
17. 1+ x? Jy+1 (xyei).

4.y =3x* +12x.

{1/x+y+l+2xy+y2+2y—\/2x+2+3x2 +6x+3,

94y -3 -9V3x -2 =2x—y+4.

18 (x;yei).

x—2y=9. x+2 +18 yt

19. Vx-1\2y-1 (xyei).
3x=2(x+y+5)(JAx -2y +1-1).

2x+y—l+x+2=~x+1+x>+y" +2y,

20. X;y€E] ).
o y_1s X3 0 By 417 (xyei)

T \/x+y+2 \/2y+3.
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1 1
X =yl ———= Xt ——,

21. NV X Val +1 (xyei).
3(2+\/x—2):2«/y2+x—1+\/6+x.

L [
29 y+1 X
\/x+1+2xerl =4x” +4/1+2xy.

3x

(xyei).

23. (xyei).

{2;8+x,/5y—1+9_7x+5(x—2)\/x+1,

2% +4x> +3x+1=5x"y,/5y 1.

(x2 +x+2)m:x3(y+l)\/;

24. x +5(xy 2)+2 (xyei).

2|x|\/y+ = By

X -y —3(x +y) 2(3x 2)

288 X;VeEi ).
2x2[y+.3/5x y+1 }szz 17y-9. ( ‘)

2(2x3—y3)+5(2x—y)=6xy(x—y),
26. (x;ye; )
Tx\3x—y+2=6y+~/22-3x.
x'+4x—-5=y"+3y*+7y,
27. 5, s, (xyei).
(¥ +2y) +2x* (y+1)=3(1-y).
x3+5x+(x3—2y+6)\/x3—2y+1=0,
28. (xyei).

2(7y+1)+3(5x% +3x+1)=(x* + 2y +11x+11)/x(3x +4).

(8x+1)v2x—1+(11-12y)3y -4 =0,

29. e ).
37 +3y—6-25x 4=~ (wyei)

3y—x—5

x* -y +2(x—2y)=3+2(w/y+3 —\/x+2),
Vx+1+64/y—1=17-Tx+6y.

30. xyei).
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X =y’ +17x-32y =6x> -9y* —24,

31. (xyei).
(y+2)Vx+4+(x+9){2y—x+9 =x"+9y +1.

1 x+y=2+3x'—x-4, ( )

: xyei).
3y7(y=3)+11(y-4)=2313-x" - 3%’ '
(x+\/x2+3)(y+«/y2+3)=3,

33. (xyei).
X/3x=2xy+1=4xy+3x+1.
(5-2x)\x+2y =(6-x—-2y)vx—1,

34. (x;yei )
(3 =29=3) x4 Bx(3-x)+4r7 +5 | =21,

- {\/x+l+\/x+3+\/x+5=\/y—1+\/y—3+\/y—5, (srei).

x>+’ +x+y=80.

36, {\/2x+1—\/2y+1:x—y, (x;ye; )

x*—=12xy+9y* +4=0.

4(2x\/2x—1 —y? —3y2):15y+7+x/2x—1,

3 (wyei).
WNEZM +2)7 —15x+4y+12.

32x° —5y-2 =y(y—4)\/y—2—2x
38. (xyeq).
(Vy—2-1)v2x+1=8x"~13(y—2)+82x-29.

12x3—3(3 y+1—1)=y+4x(x2—3x—3),

V' —8Y2x+1=2x—(3y+8)(y+1).
(x+\/x2 +2x+2 +1)(y+\/y2 +1):1,

\/x—y+2{/4—y =x'-y-17.

7x—13—y=2x13/x(4+2y—x2) +;,
2y—x+2

41. X

2 x—y+l—6(x—y)2 +3=22(x—y)=3(x—y).

39. (x;yei )

40. (xyei).

(x;ye; )
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98

— N — 3:
4 (8x 3)\/2x y—4y =0, (x;ye; )
4x> —8x+2y’ +y* =2y +3=0.
2x+1 1—(2y+3)1/2y—1,
43. (xyei).
+2y 3.
+y+4=3x+(x+2)Vx-2,
w177 v (x+2) (e ).

x+y 5 y+2y 4=0.

8x’ +\/y 2= y\/y 2 —2x,

45.
Jy-2-1 \/2x+1—8x ~13(y-2)+82x-29.

(xyei).

( P3—x x+ 3 +3=0,
2x% + 1% =3x—12+/5x+6 +J7x+11=0.

46.

(x;ye; )

3pN2+x +8V2+x =10y —3xy+12,

47.
59°V2—x—-8=6y"+xp°V2—x.

(tyei).

1
2" (wyei).
(457 +1)+2(x* +1)Vx =6.

49.

i S (<)

2y° +12y* +25y+18 = (2x+9)\/x+4,

X y€E] ).
Bx+1+3x> —14x - 8=46-4y—>. ( l)

50.

(x+2)\/x +4x+7+y\/y +7+x+y+2=0,

51. (x;yei )
\/x +y+l=x—y+1.
50 2x+4x\/1+4x —\/— 2y +y°, (x;yei )

s
:
{
B
B
) {xy (1+fay 1) (Vo 1) =
E
&
|
B

(xyei).

53 {2)}3 +2xVl-x=3J1-x -y,

y4+1=2x+2xpy/1+ x.
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. {(x+m)(y+m)_1,

(x;yei )
27x% =x’ -8y +2.

2x°y —x =X +1-2x"yJ4y” +1,

414227y +3x+2=2/1-2x2p +4/1- ¥’

{x +2x+y—-8= 6\/)/‘+T

(xyei).

3x+ 1+9x y+\/1+y) 1. (x;yei )
x+y—4=2x*~2x—

4y’ —24y* +49y-90 = 314—x3—4x3.

57. (xyei).

xy —6xy +15xy 14y’ +3y* +1=0,
58. (xyei).
+ 1- 3y =1.

12x° —3(13/y+1 —1)=y+4x(x* -3x+3),
—8/2x+1=2x—(3y+8)(y+1).

59. (xyei).

X x+6\/;:(y—\/;)3+3y,

y*+3* +4x-2014=0.

60. (x;ye; )

o 2y’ + y+2xJ1—x =3+1-x, ( )
. x;yej ).
J9-4y7 =2x7 + 67 —7.

(y=1) +2y-3 =8x" +/4x—1,

62. - (xyei).
Jy—2x +w/(y—l) —x+1=2y—x-2.
(x+y)Vx’ —4x+5 +(x—2)\/x2 +2xy+y° +1=0,

x—y(x2 —y2)=2(1—x2 +y2).

63. (x;yei )

2x° —4x* +3x-1=2x" (2~ y)3-2y,
64. 1 13

X;yeEj ).
. 1+9\/8y—17+8«/3—2y:17+4y+4,/3—2y. ( )
+
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42 (2 1) (< +2)5 -9
2227 1) =L (xyei).

65.

Vx+10+\[y—1=x-1+/y+10, ( |
66. avei)
(2x2+1)2+4x2+2:(y+2x)2+2y+4x. :

V2x+3 -2y = y(y+1)-342x+43,

67. (erei).

y*—2014x* -2013 =0,
-—— x11+xy10:y22+y12

68. e,
7y4+13x+8:2y4i/x(3x2+3y2_1)' (x YEi )
(4x+2)(1+x/ﬁ)+3y(2+\/9yz7+3):0’

i (nyei).
4x* 3y +5+3,/1-3y =0.
414227y —1=3x+2J1- 2%y +1- ¥

[ (nyer).
26y -5 =Axt+ 57 — 204y + 1.

9 __:_ s

s y (yei).
dx+1+xp:/y° +4=0.

+yvx =6,

7y JENYTY o B
A1+ x —xp\l ¥’ +4 =0.

4=l(%+L+25y],

73. 9 \x y -2y+2 (X;ye;).
7x° +y +3xy xX— y) 12x* +6x=1.
2x—1+By-2=2,

[ { o (xyei).

(x* +3x+2)=3y\By+1.
T+~N-2- 1-10y =8,

. 7 4= X4/ V= e

x\/y 4y+5+\/x -I—l—y\/x +1- \/y 4y_+_5.
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Giai cac hé phuong trinh sau trén tap hop sb thuc
{(x+l)(y+l)+1 :(x2 +x+1)(y2 +y+1),

Xyej ).
x3+3x+(x3—y+4)\/x3—y+1:O. ( | )
{ZX3 —2xV1+x =3/1+x -y,

V52 4237 +12x+7 =[x — 3> 19 = 5.

(x;ye; )

(x+m)(y+\/m>:1,

3x’ + y+3=3x+1+./4-5y.

1/)c2(1+y2)—\/1+x2 =1-xy,
4.

(2x—7xy)(\/3x—2 —\/x+3xy) =35.

(x;ye; )

(x;ye; )

{x3 +x-2=y+3y" +4y,

Xy€] ).
x*=3x+y+3=+3x-2. ( g l)

(x+2)\/x2+4x+7 + Y +3+x+y+2=0,

X +y+l=x—y+1.

Vx —“1_y+x+y=1,
7. l+l—x 144y (xyei).

\/ﬁ+\/m=2\/§.

(xyei).

3 x’y—2x"-2y*+5y-2=0, ( )
X V€| ).
y +1+\/x =2xy—Xx +\/x —2xy+y° +1+\/_ '
x+ X +2x+2+1)(y+1/y2+1):1, ( )
X; V€| ).
xy+9+2014—\/y2+2y+4+2015x.
—6x>+13 +y+10,
o, {* S (sver).
\/2x+y+5 \/3 x—y=x-3x"-10y+6.
2y° + Ty +2x1-x =31-x +3(2)" +1), ( )
X;yei ).
2y —4y+3=5-y+Jx+4.

CREATED BY GIANG SON; GACMA1431988@GMAIL.COM; 01633275320 TRUNG POAN TRUONG SA; QUAN POAN TANG THIET GIAP



LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 7) 102

2. {\/x3+1—\/y3+1 =y-x,

4x’y —24x"y +47xy -39y +18.

(x;ye; )

(x+\/x2+4)(y+\/y2+4)=4,
XAJ6x—2xy+1=4xy+6x+1.

(x+y)3 +8xy:2(x+y)(8+xy),
14, 11 (xyei).
\/x+y x*—y

V3452 +24x =344y,
N3+32 42y =3++/x.

N34+ X7 +20x+3 =5+,/y+3,
N3+ +2y+3=5+/x-3.

X+NX+2=y+.y+2,

13. (x;ye;).

15. (x;ye; )

16. (x;ye; )

17. (x;yei )

x’y—4y+2x+1=0.

¥ +12y+x+2=8)" +8y,

|
|
|
e
|
|
|

XyeEj ).
Nx—1+43y—-2=3. ( I)

Yx—4fy =(y—x)(x+2),

(x;yei )

x’ +x=2(y+1),/2y+1,

(xyei).
x—=22y+1+1=0.

(xyei).

. {ﬁ +2x=3(y+1)By+1,

V2x-3+.3y-2=2.
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(xyei).

A 3)° +2y+3x/2—x =8/2—x,
|N5—4x+ By+1=3.

25 (xyei).

39" + y+2xy1—x =3/1-x,
ye2y? =443+ 4

=y =By+1)(y+1)+1-x,
' JXFy+1433x+y+17 =11-y° —xp.

26 (x;ye;).

J3x (357 +1) —/3x" +1+3xy =1,

27. (xyei).
(2x—3xy)(£—\/3x+lj=3xy.
Xy
4/x2(4y2+3)—\/3x2+1+2xy=1,
28. 2x+3 (nyEi )

2xy\/5x+l—\/3x—2= > .
2(x—1) + 6xy

8 1,x2(1+y2)_\/1+x2 =1-xy,

Va2 24 —x* +11 = x2)* (2x-9).

(xyei).

2x° —4x” +3x+1=x"(30-56y +36)" - 8)"),

30. X;VeEj ).
(3x—1)\/2x2y+2xy—2x2—3:4x3—9x2y+%x. ( )

(x+x/ﬁ)(y+\/ﬁ)=l,

38 (x;yej )
18x> +16)% + 40xy +34x> = 9v/2x +13/1-3x.
(x+\/x2+1)(y+«/y2+l):1,

32. (xyei).
3y° +44/1+3x +1=12x—12/1+x.
Jrry+l+(x+y) +2y =v2x+2 +3(x+1)" + 27,

33. (x;ye; )
J2xy+2x =3 +~/5x> +6x-3 =x+2y.
1:(2x+\/1+4x2)(y+«/1+y2),

34 (xyei)

X\JXx—y—xy+1=2xy+x—y+1.

CREATED BY GIANG SON; GACMA1431988@GMAIL.COM; 01633275320 TRUNG POAN TRUONG SA; QUAN POAN TANG THIET GIAP




LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 7) 104

xy2(1+\/x2+1)=y+«/y2+1,
35. B (xyei).
dy-1 +4/L+3:L+8.
\/1+3y +\/2—y Xy Xy

3x-2x" —1=2x"(3* —1)1/1+2y2,

36. (x;ye;).

\3/x—4+3=\/—4—x«/l+2y2.

7%’ +y° +3xy x— y)—12x —6x+1,
37. (xyei).
WX +3 49—y =1-.
-6 13 10,
8 X —6x"+13x=y" +y+ (x;ye;).
¥ =3x"-10y+6= \/2x+y+5 \/3 xX—y.

(\/2016+x2 +x)(\/504+y2 +y) ~1008,
XAJ6x—4xy+1=8xy+6x+1.

(Cau 9; D& thi thir sirc truée ky thi THPT Qudc gia; Mon Toan; Lén thir 2; Mua thi 2016; Truong THPT
Hong Quang; Thanh pho Hai Duong; Tinh Hai Duong).

X;Y € )

X =y -6y +3x—15y =14,
o [y

. (myei).
J4x+2y+9 =xy” +4x" —10x+y-3.

2 X
——=(y+2 1)(y+1
41. > +x+1 (y+ ) (x+ )(y+ )’ (x;ye; )
3x? —8x—3=4(x+1)[y+1L

(Cau 9; Dé thi thir sirc trude ky thi THPT Qudc gia; Mon Toan; Lan thtr nhat; Mua thi 2016; S¢ Gio duc va
bao tao Tinh Vinh Phuc).

4y —(4x+29)Vx+7+y =0,
42. x;yei ).
y3+3x2—y2\/x+7+6x—L=0. ( yel )

NG)
(Cau 9; Dé thi thir §1’Ic trudce ky thi THPT Quéc gia; Mon Todn; Lan thir nhat; Mua thi 2016; Truong THPT
Kim Lién; Quan Pong Pa; Thanh pho Ha N&i).

X +y +3(x+y)=6y(y—2)+14,
43. (xyei).
27x° +27x" +20x+4 =43y +2x—1.
(Cau 9; D8 thi thir strc trude ky thi THPT Qudc gia; Mon Toén; Lan thir nhat; Mua thi 2016; Truong THPT
Thong Nhat; Huyén Yén Dinh; Tinh Thanh Hoéa).
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44,

X =y +3y +x-4y+2=0,
(xyei).

X AXx=3=2x+2+y.
(Cau 9; D& thi thir strc true ky thi THPT Qudc gia; Mon Toan; Lan thir 3; Mua thi 2016; Trudng THPT
bong Du; Thanh pho Buén Ma Thudt; Tinh Dak Lak).

45.

xyz(\/x2+1+1):3 ¥ +9+3y,

xp—x)Vx—1++2=2x+xy =+/34—34x+2xy +10x* — x°.
(xy—x) y y

(Cau VII; Bé thi khao sat truoc ky thi THPT Quéc gia; Mon Toan; Thang 4; Mua thi 2016; Truong THPT
Chuyén Nguyen Chi Thanh; Thi xa Gia Nghia; Tinh Dak Nong).

(yei).

46.

(2x+\/4x2 +1)(2y+«/4y2 +1)=1,
Axt—x* +4=4y" +3y.

(Cau 9; B thi khéo st trude ky thi THPT Quoc gia; Mon Toan; Lan thir nhat; Mua thi 2016; Truong THPT
Tran Phu; Thanh pho Vinh Yén; Tinh Vinh Phuc).

(xyei).

47.

X=2\x =2x+4=y+1-2y* +3,
NAX* +x+6 =5y +2 = Jxp—-2y—x+2-1-2y—|x-2).

(Cau 9; Dé thi khao sat trudc ky thi THPT Qu’(ﬂr)c gia; Mon Toan; Lan thtr nhat; Mua thi 2016; Truong THPT
Thuén Thanh 1; Huyén Thuan Thanh; Tinh Bac Ninh).

(xyei).

48.

XYEi ).

Vx+2+3y +3 =4 ( )

(C?lu 9; Pé thi khao sat trudc ky thi THPT Quéc gia; Mon Toan; Lan tht nhat; Mua thi 2016; Truong THPT
Tran Binh Trong; Huyén Cam Lam; Tinh Khanh Hoa).

{y6—3y4+4y2 =x" +6x7 +13x+12,

49.

X’y —6x*y’ +15xp° 14y +3y> +1=0,

3y(1-7) =377 =1, (srei).

50.

(4x” +1)x+(y-1)y1-2y =0, ( )
X;VEj ).
4x* +y* +4y+2/3—4x =3.
(Cau 5; Dé thi khao sat trudc ky thi tuyén sinh Dai hoc — Cao déng; Mon Toan; Mua thi 2014; Truong

THPT Chuyén Vinh Phac; Thanh phé Vinh Yén; Tinh Vinh Phuc).

51.

2(y3_x3):6x2+7x—y+3, (x-ye' )
D | .

43—y +22(1+y) =9x* +16.

(Cau 5; Pé thi khao sat cht lugng hoc ky I; Mon Toan; Nam hoc 2015 — 2016; S¢ Gido duc va Pao tao
Tinh Thai Binh).
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(xyei).

5 (3-x)V2—x-2p\2y-1=0,
|y —2x2 =27 +5y-2=0.
(Cau 9; Pé thi khao sat chét luong hoc ky II; Mén Toan; Nam hoc 2015 — 2016; Trudng THPT Nguyén Dtic
Cénh; Thanh pho Thai Binh; Tinh Théi Binh).

53 2y3 +2x1—-x =3Jl-x -y,
| +3x-2y+40=0.
(Cau IL.2; Pé thi khao sat trudc ky thi tuyén sinh Pai hoc — Cao dang; Mén Toan; Lan thir 3; Mua thi 2014;
Truong THPT Gia Loc; Huyén Gia Ldc; Tinh Hai Duong).

(18x+9)\/x2 +x+1 =y 4y" +27,

(2y+3)" =24x (2y-9).

(xyei).

(xyei).

(x+2)\/x— =y’ +3y,

55. X;yej ).
x2+y2=(x+2)«/y4+1. ( | )

(Cau 9; Dé thi khao sat }ru’c}’c ky thi THPT Quéc gia; Mon Toan; Lan tht nhat; Mua thi 2016; Truong THPT
Han Thuyén; Thanh pho Bac Ninh; Tinh Bac Ninh).

56 V3—x+4/y+1=x"+2y*-9x -5,
=P 1263y =3 65> —T.
(Cau 9; Dé thi khao sat trude ky thi THPT Qudc gia; Mon Toan; Lan thtr hai; Mua thi 2016; Truong THPT
Anh Son II; Huyén Anh Son; Tinh Nghé An).
8/2x—1 (2x—\/2x—1) =y(y*-2y+4),

4xy+2,(y+2)(y+3x) =5y +12x 6.

(Cau 9; Dé’ thi khdo sat trudc ky thi THPT Quéc gia; Mon Toan; Lan tht nhat; Mua thi 2016; Truong THPT
Béo Yén s0 1; Huyén Bao Yén; Tinh Lao Cai).

(xyei).

57. (xyei).

(x;ye; )

5t 2y +3y° +5y+3=(2x+1)\/2x—1,
20242y -3=\1—y —V2x 1.

(C?lu 9; Pé thi khao sat trudc ky thi THPT Quéc gia; Mon Toan; Lan thtr nhat; Mua thi 2016; Truong THPT
Tran Van Du; Huyén Phu Ninh; Tinh Quang Nam).

(xyei).

L {Sx —26x° +44x-20+5(1—y)\[y—1-4y =0,

VX +x—6+3Jx—1 —\/6x+3y+4 =0.
(Cau 9; Dé thi khao sat trudc ky thi THPT Quéc gia; Moén Toan; Lan tht nhat; Mua thi 2016; Truong THPT
Thtra Luu; Huyén Phu Ldc; Tinh Thira Thién Hugé).

Vot +2x7 43x(x—y+1)=(x+2)/y-1+6(y
60. (x;yei )

2x* =X +8x—(x+2) (y+2w/12y 20 )+8=0.
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(Cau 3; Dé thi thir strc trude ky thi tuyén sinh Pai hoc — Cao dang; Moén Toan; Lép 12B1; Mua thi 2014;
Truong THPT Kim Son A; Huyén Kim Son; Tinh Ninh Binh).

(23—3x) 7—x +(3y—20),/6—y =0,
61. (xyei).
(4y +3)Vx’ +1-2x" -2y -3 =0.
(Cau 3; D& thi thu sirc truée ky thi tuyén sinh Dai hoc — Cao dang; Mén Toén; Lan thir nhat; Mua thi 2014;
Truong THPT Chuyén Phan Bgi Chau; Thanh pho Vinh; Tinh Ngh¢ An).

X -y -6y +3x—15y =14,
62.{ i ’

Ve ).
Y4x+2y+9 =xp° +4x° —10x+ y-3. ( g ‘)

(Cau I1.2; Pé thi thu st trude k}‘f thi tuyén sinh Pai hoc — Caq déng; Moén Toan; Lan thit nhat; Mua thi
2014; Truong THPT Yén Phong s6 1; Huyén Yén Phong; Tinh Bac Ninh).

ol Nx=2-3-y=y"—x"+4x-6y+5,
. \/2x2—x+3y—5—\/2x+ =3—y.

(Cu 2.2; B¢ thi thir sirc trude ky thi tuyén sinh Dai hoc — Cao dang; Mon Toén; Lan thir 2; Mua thi 2014;
Truong THPT Cam Thuy so 1; Huyén Cam Thuy; Tinh Thanh Hoéa).

(x+x/ﬁ)(y+\/yzi+l)=l,

2x% +y* =3xy+24.
(Cau 3; Dé thi thf‘I sure trude 19‘/ thi tuyén sjnh Pai hoc — Cao déng; Moén Toén; Lan thir nhat; Mua thi 2014;
Truong THPT Tran Quoc Tuan; Thanh phé Quang Ngai; Tinh Quang Ngai).

(4x+2) (14 +x+1)+3p(24 057 +3) =0,
4x’ -3y +5=-3,1-3y.

(Cau 4; B¢ thi thur sire trude ky thi THPT Qudc gia; Lan thir nhat; Mua thi 2016; Truong THPT Luc Ngan
s0 1; Huyén Luc Ngan; Tinh Bac Giang).

(x;yei).

(xyei).

(x;ye; )

\/)c+2(x+5)—3)c—8:y3+3y2 +3y,

8x —12x2 +7(y+2) 14 =(x+1)3/3x* 1.
(Chu 3; D8 thi thii stre trude ky thi tuyén sinh Dai hoc — Cao dang; Mon Toan; Mua thi 2014; Truong THPT
Lé Van Thinh; Huyén Gia Binh; Tinh Bac Ninh).

x+§/;—y,/y—1 =0,
67. \ (xyei)
T =] :x(y—l) =1

—X +6x+123-y :2y(x+2«/3—y),

Jx+5-23x* +4x+4y—11=2x-4y+11.

(Cau 9; D& thi thur strc truée ky thi THPT Qudc gia; Mon Toan; Lan thir nhat; Mua thi 2015; Truong THPT
Tran Nhan Tong; Huyén DBong Trieéu; Tinh Quang Ninh).

(xyei).

68.

(xyei).
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m_\/m—\/;:x, | |
(4x+3)(\/:+m_1):9. (x;yei).

(Cau 4; Dé thi kiém tra chat lugng hoc ky II; Mon Toan,; Dé thi chinh thirc; Nam hoc 2014 — 2015; S& Gido
duc va Pao tao Tinh Ha Tinh).

69.

X +18x—(y+19)/y+1=0,

70. XVeEj ).
{x2+2«/x2+7yxy—12. ( l )

2x°y(4y* ++J4y° +1)—1+X\/X +1,

{/Sy — 9——_1 x) +6y(2x+1).
- {18x+9 \/x +x+1=y\4y" +27,

71. (xyei).

(2y+3) =24x (2y-9). STk

8y’ + 6xy 2x+y) 6x° +13,

Xye ).
x+5x+x—2y+6)«1x3—2y+1=0. ( ] l)

73.

¥ =3x*+6y> =—6x+15y-10,

74. ; i),
y x+3+ y+6)\/x+1 =y’ +4x. (xyel )
3xy(\/x+ \/_) e

75. I+ “9y + (xyei).

? +3L2=5\/x+2—5x—2.
y

(\/x2 1 —4x2y+1)(«/4y2 1 +1)= 8x?y’
76. | (xyei).

(x3 —6x2y+l)«/x2 +2xp+20 +x" +3x = 32
4y

Y2+2x7) +4x +2y =4,
X417 +1 42432 +1=0.

xzy(2+2\/4y2 +1):x+\/x2 +1,

78. 1 I (x;yei )
Wl—-x? +4J1-x =—+5 |—+1+6.

2y 2y

77. (xyei).
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¥ =y =3x*+4x—y-2=0,
79.{

2 2 2 (X;yei )
X+ Yy +2x—y+3=5x"y+xy+y.

o 1/)c2(1+yz)—\/1+x2 =1-xy,

(yei).
x” —11x +4xy :\/13x—2xy +xy\/17x+2.

x(x2 —6x+13)

81. Y +y+10 ’ (x;ye; )
2x+y+5—-3—-x—y=x"-3x*-10y +6.
J2x+y+5—4 ¥ y

(x+x/ﬁ)(y+\/ﬁ)=l,

82. (xyei).
X +\3-x=21"-42-y +5.
+4 *+3y* +7y+5,
83. {x XSy Ty (x;yei )
¥ —3x+1=+-3x*-6y-1.
x +1+1 =3y"+9+3y,
(xyei).
x xy X —2x+2)+\/x +3—xy = x33x°y — 6x.
1IVx+34+2-4y=/5Ty—4x* =22,
(xyei).
y\/y —2y+2—x\x? +6x+10 =33x7 +6x+10 +/y7 2y +2.
Jr+2-xfy=0,
XyeE] ).
y+1 x+1—(y 3)(1+\/x2—3x+y). ( g ')
3x+y+y X,
(xyei).
X +3x+\/x 1- x)+4x+y xy+6.
\/——,/ —2+1= - 1 ,
1/x+y+1/y—2 \/;+1/x+y+1 (x;yei )
Jy-2+2Jx=3.
Y —6x>+3)y° +13=4y+8,
89. i Y (xyei).
\/Sx +14y—5—\x* —y—-19=5,[y.
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Giai cac hé phuong trinh sau trén tap sb thuc

. xyz\/1+y2 —\/1+x2 =x"y—ux,
J24x°y —11-16x/2x—1 = xy.

(xyei).

X =67 +12-7 = 3=y  +9x* —19y +11,

Y(y-2)(4-x)+3fy—2+4—x +6x,3y = y* +30.

(xyei).

8x’ -3’ —3y* =5y —4x+3,
(yei).
2x+y+5+2x 2.

3

7%’ +y° +3xy x— y) 12x° +6x =1,

4. xyei ).
Y +7y+25=9x+2(x—6),5-2y. (yei)
X;yej ).
Y N1-x =2y +5-1-x. (5yei)
NX+y+ B 24
Jy—x 2(y—x)3+11’ (xyei).
y2+3x
X +y - x +2y° —2x-5y) =18,
7 ) (xyei).

|
==
{
] {3y +3xs/1-x = 51-x -2y,
g
{

J2x+y— 1+\/3x+2y 8 =+/5x—6.

x+1 =8y’ =12y + /2y -3 +12x* +10x+3, ( )
8. X y€j ).
24/2y—4(x +2)+y-12x+6=0. ‘

—2x* +3x—1=2x"(y* —1)1+2y°,

9. (xyei).

%/m+3:\/—4—x,/1+2y2.

) {6\/2x+3y\/1y +242y=31-y +3x2—x,

XVE] ).
\/4y+x+7—\/y+1=\/6+x—x2. ( l )
0 {x\/x—2—\/ “2 =10+ +12)° + 7y,

3.2 3 3 2 (X;yei )
10x°y” +40x"y+103x" —97x" —93x—-24 =0.
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12. x—1 y-1 (xyei).
x” +y=30.

¥ —12x* =y’ +6y*-16=0,
4x> —3x+3x34— x> —J4y—y* =10.

o
{x+ 2003 (y+ P4 2012 - 2012
-
“J

(xyei).

(xyei).
X +2Z° - y+z +8 0.

¥ 4+3x0° =y +3y A

15. xX;yej ).
2x° +5y° —1=74/x*y" 1 ( l)
3 x \/2 X =2y42y— ( )
XY€E| ).
2 43x+2= 2y+x)(x+6)\/3x2—2x—3. '
(y—l) +42y=3=8x"+/4x -1,
17. xye; )
Jy— 2x+1/ - —x+l—2y x=2.
x*+5y*-6=0,
18. \/x2+x+\/—x2—x+4—x2—x+4_ Y +y :m' (x;yei )
1+V—-x* —x +4 1+\/—y2—y+4

8x’ +2xy+2x Y +y +y,

V€| ).
2xy+1 =6x/y° +4y+1. ( g ‘)

19.

x* =y’ +x*-9y* -30=28y,

{ e [ e R
{x+l+ x +2x+2)(y+\/ﬁ):l,

(xyei).
xy+9+2012—\/y +2y+4+2013x.
=(»*+2013)(11-y)+/y,
(yei).

2y =1(x+y=1)=(2y-2){x+y.
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) {8)8 3y —12x*=6)* +10x—14y—15=0,

\/m=2x—6\/;+1_ (X;yei )
24, {(xz +1)x+(y—4)3-y =0,

22x* +9)” +18y/4—3x =76.

(xyei).

xy+y\/x2+1:\/y2+l—1,
25. > (x;ye; )
4x’y” + 3y (1-12x7) = y* +12=0.

8\3y+4 =—x+§,

26. 2 (xyei).
16(x* = y)+6x(3—4x) =16y +21+63/y +1.

(x+m)(l+m):l,

27. (xyei).
X/3x=2xy+1=4xy+3x+1.
xzy(1+«/l+y2)=2(x+\/x2+4),

28. (xyei).
y(7\/;—\/4x2—7x+9):2(4—3y).

X’ +y’=3x"—6x-3y+4,

29.9, , (x;yei )

X +y —6x+y—10:\/x+5—\/4x+y.

x(x% +1)-yy2y-1=0,

30. x (x;yei )
—2x> 4+ xy+3x— E+2:0.

2x\/;+l+2y(3—\/2y—1)+\/5—1 =8y’ —x* +12)7,

24y’ —x* +2 +53x+2y+1=16.
. {x\/;y\/;+\/;+y2\/;\/;+2—0,

31. (xyei).

32—y +5¥x 143 = . (myei).

33 A X+ y+3\/;—7\/;=4, (x.ye‘)
'(2\/;—1)2—y\/52(2x/;—1)2—x\/5. S
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32 _%xz+4x2(\/;+1)+8(\/;+1)+4x=15,

xz\/l+x2 —2\/l+x2 +2:y\/;+3y.

34. (x;yei).

¥ =y +3y  +x-4y+2=0,
35. (xyei).
% +x=3=2x+2+y.
(Cau 9; Dé thi thir strc trude ky thi THPT Quéc gia; Mon Todn; Lan thir nhat; Mua thi 2016; Truong THPT
Phung Khac Khoan; Huyén Thach That; Thu d6 Ha Noi).

3 (x+5)Vx+1-3(x—y+1)—(y+4)y =0,
. X +6y+7=23y+1+3/x+4y+5.

(Cau 9; Dé thi thir S}'Ic trudc ky thi THPT Quéc gia; Mon Todn; Lan tht nhat; Mua thi 2016; Truong THPT
Yén Phong; Tinh Bac Ninh).

(x;yei )

[ R, | D = (),
37 (xyei).

(2x* -2y +3)(2x—1)+(8x" =8y +9)/y—1-x* =0.
(Cau 9; B¢ thi thur strc truée ky thi THPT Qudc gia; Mon Toan; Lan thir nhat; Mua thi 2016; Truong THPT
Nguyén Quan Nho; Huyén Thi€éu Hoa; Tinh Thanh Hoa).

i VX2 +1+x+1=2y++J4y" —4y+2,
|2x? —5+5x+6 =8y —.f14y +4.

(Cau 9; Dé thi tht stc trude ky thi THPT Quéc gia; Mon Toan; Lan thr hai; Mua thi 2016; Truong THPT
Nam Duyén Ha; Huyén Hung Ha; Tinh Thai Binh).

xy(1+ 1+x? )(Jﬁ \/—)

(2x—3) 3x° —7x+10 =5x" —13x+3x7y.

(xyei).

39. (xyei).

6x° —3x+2+x° (6y—3)=4x"(y+1)42y -1,

40. (x;ye; )
(x=3)V3x —9x> +3x+15 =4y —11x+15.
Jx2 (1+9%) =V1+x% =1-xp,

41. x( y) ) > (xyei).

(2x=3)4/3%° =72y +10xy = 5x* —13x +12.

xy(1+ 1+ x? )(\/4T \/—)
42. eyer).
5H+%+3x2 (x—l)(3x+5) =%x2y. ( g )
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2 2 = 2 4
Bai todn 117. Giai hé phuong trinh {Wm 3x+x +4,

) (x;yei).

Y =x>=3y+3x+1=0.
Loi gidi. )
biéukién x;y € . Cong tirng v€ hai phuong trinh cia hé ta thu dugc

Y =245+ =2y+5=x>+4+x" +4.

Xét ham sb f (1) =t +/t;t >o:>f'(t):1+L>o,w > 0. Vay ham s lién tuc, dong bién khi ¢ >0.

24t
f(\/y2_2y+5):f(M)c>\/y2—2y+5 =\/x2+4<:>(y—1)2—x2 =0

<:>(y—x—1)(y+x—1)=0<:>y=x+1;x:1—y

Ta thu duoc

> Voi y:x+1:>x2+2x+1—3x—3—x2+3x+1:O<:>x:%;y:%.

> V(’rile—y:>y2—3y—(y2—2y+1)+3—3y+1=0<:>—4y+3=0<:>y:%;x:%.
Két luan h¢ phuong trinh c6 nghiém (x;y) = e
2 o v 7y 272 ) 474 .
4317+ y+4x7 —22x+21=(2x+1)4/2x -1,
Bai toan 118. Giai hé phuong trinh S g (x ) * (x;ye;).
2x> —11x+9=2y.

Loi gidi.

Diéu kién x> % . H¢ phuong trinh da cho twong duong véi

4x* —22x+18 =4y
Trir ting vé hai phuong trinh trén thu dugc
¥ 43y + y+4x’ =225+ 21— (4x" - 22x+18) = (2x+1)v2x—1-4y

< Y 43y  +5y+3=(2x+1)y/2x -1

& (' +3y7 +3y+1)+2(y+1)=(2x-1+2)+/2x -1

& (p+1) +2(y+1)=(2x-1)V2x-1+242x-1 (1)
Xéthamsd f(t)=£+2t¢e; thi f'(t)=3+2>0,Vte; . Ham s0 lién tuc va dong bién véi ¢ duong.
Ta ¢6 (1)(:)f(y+l):f(\/2x—1)<:>y+1=\/2x—1 o y=~2x-1-1.
Phuong trinh thir hai ctia hé tré thanh

2x2—11x+9=2(\/2x—1—1)<:>2x2—11x+11=2\/2x—1

S A4xP—22x+22=42x—1 = 4x* —20x+25=2x—1+42x -1 +4

2 2 2x—T7=2x-1 (2
Q(zx_S) :(m+2) = 3-2x=+/2x-1 ((3))

{y3+3y2 +y+4x* —22x+21=(2x+1)"/2x 1
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. 4x* —28x+49=2x-1 [4x*-30x+50=0
* (2)e & Sx=5=>y=2.
2x-=720 2x2>7
3-2x2>0 2x<3
* 3)eqy =2
4x" —12x+9=2x-1 2x " =Tx+5=0

Két luén h¢ phuong trinh da cho c6 hai nghiém (x;)=(5;2),(10).

&Sx=1=y=0.

Xy—x+2=0,
Bai toan 119. Giai hé phuong trinh X;y€i ).
¥ PRTORE (\/xz+1—3x2y+2)(«/4y2+1+l):8x2y3. (syei)

Loi gidi.
Thay thé 2 = x—xy tir phuong trinh thir nhit vao phuong trinh thir hai ta c6

(\/ﬁ—3x2y+x—x2y)(\/4yzﬁ+l):8x2y3
<:>(\/x2—+—4x2y+x)(\/m+l)=8x2y3
@\/m—4x2y+x=M:2x2y(\/m—l)
\/mﬂ
& x2+1+x=2x2y(\/m+l) (1)
RO rang x = 0khong 1a nghiém cua (1) nén erx>\/x_2+x:|x|+x2—x+x=0,Vx¢0.

NP +1+x>0;x#0 x—2

S>y>0=—
N4 +1+1>0,Vy € N

Lai bién d6i phuong trinh (1)
(1)©—“x2+1+x=2 Jorel v il o142
2 NIy . o BAVACAY Y.

217 +1
N2 +1

Thu duoc f(lJ = f(2y) S Xy = %Vé phuong trinh th nhét tré thanh x=4= y = % .
X

>0=>x>2.

Luc d6 két hop {

Xéthamsd f(¢t)=t+tNE'+1;t>0= f'(¢)=1+ >0,Vt e ,ham lién tuc va ddng bién trén | .

Két luan hé phuong trinh c6 nghiém duy nhat.

3x> —2x—5+2x\Vx* +1=2(y+1)/y* +2y+2
Bai toan 120. Giai hé phuong trinh . < AV (y+1)y* +2y+2, (xyei).
x* #25° =2x—4y+3!
Loi gigi.
Tru tirng v€ hai phuong trinh ctuia hé ta co

2x7 +2xx" + :2y2+2(y+1)\/y2+2y+2 +4y+2
S X’ 14+ 2xVx" + 1427 =) 42y +142(y+1)4 )  + 2y +2+ )7 + 2y +2

(e (el o
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Ta nhan xét \/xz+1+x>\/x_2+x:|x|+x2—x+x:Onénnéudét y+1=u thi
(1)@(\/x2+1+x)2 =(\/u2+l+u)2 <:>‘\/x2+1+x =Wu?+1+u
c>\/x2+l+x=\/u2+1+uc>\/x2+l—\/u2+l+x—u=0

& (x—u)(x+u) +x—u=0®(x—u){ Xru +1}=0
Vi + 1+ +1 Vi + 1+ +1

X=Uu

= =Sx=usx=y+1
(\/x2+l+x)+(\/u2+l+u)=0 R

Khi d6 phuong trinh thir hai tré thanh 3y2+4y—4=0<:>y€{—2;§}j(x;y):( 1-2), (i ij

Két luan bai toan c6 hai nghiém ke trén.

Bai toan 121. Trich luge cau 1, Dé thi chon hoc sinh gidi 16p 12 THPT; Mo6n Toén; Dé thi chinh thirc; S& Gido duc
va Pao tao Tinh Bac Giang; Nam hoc 2013 — 2014.
3x° —8x+2(x—1)Vx> —2x+2 =2(y+2)y/y* +4y+5
Giai hé phuong trinh 7 = (P+2)¥y" +4y+5, (x;yei).
x’ +2y2 =4x—-8y—6.
Loi giai.
biéukién x;ye; .
Phuong trinh thir nhat cta hé twong duong véi

2(x” —2x+1)+2(x—1)Vx* —2x+2 =—x" +4x+2+2(y +2)/y" +4y+5
& 2(x—1)" +2(x—1)Vx? —2x+2 =2y* +8y +8+2(y+2)\y* +4y+5
& 2(x—1) +2(x—1)J(x=1) +1=2(y+2) +2(y+2)J(y +2) +1 (¥)

2

Xéthamsd f(t)=26+2tt* +1;t e tacd f'(¢t)=4t+2NF +1+

>0,Vte; .

?+1

Ham s0 lién tuc va dong bién trén toan truc so thuc, dan dén
(*)<:>f(x—l)=f(y+2)©x—l=y+2<:>x=y+3.

Phuong trinh thtr hai ctia hé tré thanh 1> +6y+9+2)° =4y +12-8y —6 < 37 +10y+3=0<:>ye{—3;—§}.

Tur day dan dén hé c6 nghiém (x;y)=(0;-3), @ —%j
Nhdn xét.

5 bai todn tir 117 dén 121 khéng nam ngoai pham vi 6p hé phirong trinh chira can giai dwoc bang phirong
phdp sit dung tinh chdt don diéu — khao sat ham so. Tuy nhién day la chuyén muc thir 2, mo man vdi bai todn so
100, khéng don thudn la khai thdc mét phirong trinh duy nhdt ciia hé nhi triede, yéu cau két hop tong hoa cdac phép
thé, st dung bién doz twong dwong, lién hop tir ca hai phiong trinh dé thiét lip tiwong dong ham so6. Ldy dién hinh
bai todn s6 121, tam véc mot bai todn chon hoc sinh gioi l6p 12 THPT mon Todan, tinh Bdc Giang, mét dia phiong
trung du mién Bdc c6 bé day truyén thong hoc tdp va anh diing.

Quan sdt phirong trinh thir nhat cia hé phirong trinh 121 ching ta thdy ¢6 mét chit twong dong ham sé, va
phirong trinh thir hai sé ding mét phép bién doi nao dé dé xir Iy, tdt nhién phép thé la phuong cdch trude nhit.
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3x2—8x+2(x—1) x2=2x+2 =2(y+2)w/y2+4y+5
<::>m()c—1)2 +2(x—l)\/x2—2x+2 =m(y+2)2 +2(y+2)\/y2+4y+5

RG rang can chii y dong nhdt sao cho m(x—l)2 —m(y+ 2)2 =3x" —8x.

—x* +4x+2

Lai ¢ x> +2y° =4x—8y—6<:>2yz+8y+8:—xz-1-4x—i-2<:>(y—i—2)2 = 2

Khi do
m(x—l)2 —m(y+2)2 :m[(x2—2x+1)—(y+2)2}

:n{(x2 —2x+1)—#}=%(3x2 —8x)

Thiee hién dong nhat %(3)62 - 8x) =3x> —8x < m =2, dan dén loi gidi trén.

1 =5Jx +5=0,
Bai toan 122. Giai h¢ phuong trinh X;VeE] ).
Vx+ =«ly2+2y+3—%y2+y. ( )

Loi gidi.
bicu kién x >0 . H¢ da cho tuong duong vdi

¥ =5Vx-5 5Vx—520
1 =
x4+ =«/y2+2y+3—§(5\/;—5)+y Vx+2 +\/_=1/y2+2y+3 +y+1

{\/}21 Vx>l

\/m+\/_:1/(y+1)2+2+y+1<:> 1/(\/;)2+2+\/_:,/(y+1)2+2+y+1 (*)

|4|=4,4>0

Al =—4, 4 0:|A|+A20,VA€; nén ta xét ham s6
=—4,4A<

Chu y rang {

2 2
Fl)=NFr2+tte] = f1(1)=—m 1=V H2 e | >0,Vie; .

= = > =
£ +2 NE+2 AP +2 P42
Ham s6 lién tuc va dong bién trén toan truc s6 nén thu duge (*) < f(\/;) =f(y+) < Jx=y+l.

Phuong trinh thir nhét lai tré thanh ) =5(y+1)-5< y(y-5)=0< y€{0;5} = (x;») =(1;,0),(36;5).
Két luan hé d3 cho c6 hai nghiém ké trén.

xp+2=y\x’+2,

Bai toan 123. Giai hé phuong trinh 4 4 (xyei).
y +2(x+1) x> +2x+3 =2x* —4x.

Loi gidi.

Do vx*+2 #x,Vxe| nén phuong trinh thi nhit ctia hé bién doi vé

2=y\/x2+2—xy<:>2:y(\/x2+2—x)<:>2=\/2_2—y<:> X H2+x=y.
X +24+x

Phuong trinh thir hai cua hé khi d6 tré thanh
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(\/x2 +2 +x)2 +2()c+1)\/x2 +2x+3=2x"—4x

< 2x? +2x\/x2+2+2+2(x+1)\/x2 +2x+3=2x"—4x
S 1+x3Vx’ +2+2x+(x+1)Vx* +2x+3 =0

S x+xNx’ +2+x+1+(x+1)Vx’ +2x+3=0

< x+1+(x+1) (x+1)2+2=—x+(—x) (—x)2+2 (*)
267 +2

N2 +2

Nhu vay ham so lién tuc va dong bién trén toan truc so thuc. Dan dén

Xéthamsd f(t)=t+NE +25te; = f'(t) =1+

>0,Vte; .

(*)<:>f(—x)=f(x+l)®—x:x+1<:>x:—%:yzl_

Vay hé c6 nghiém duy nhét ké trén.

3x* +3y° +5=10xy,

Bai toan 124. Giai hé phuong trinh 13 X422+’ -4 (xmyep).
2(x—y) \/Z(x—y+l) .
Loi gidi.
biéu kién —1< x— y # 0. H¢ phuong trinh da cho twrong duong véi
2 2
(x+y) —4(x—y) > {(x+y) -4 = 4(x y) +1
3 (x+y 2
1+ = 2 +3 J +1 +1
2(xy\/2xy+1 [xy ] (x~» [ J’) }

Pt x—y =t taco phuong trinh an #: (2¢+3)~/21+2 =2¢(4° +1) < (20 +2)2t +2 +32t +2 =8 +2t  (1).
Xét ham sb f(u)=u3+u;ue; :>f’(u)=3u2+l>O,Vue; ]

Ham s0 lién tuc va dong bién trén tap hop so thuc nén ta cod

f(N2t+2)= £ (20) & V2 +2 :2“:{

zcx_"‘yy:)j: 9 < {i;i : ;_3;3} < (xy)=(21).(-5-2).

t20

2t2_t_1:0<:>t:1<:>x—y:1.

Khi do ta co hé {

Doi chicu diéu kién ta c6 hai cap nghi¢ém ké trén.

(x—y)2(1+\/3x2 —xy+y2+2)=3,

2x° +y* +xy=1.

Bai toan 125. Giai hé phuong trinh { (xyei).

Loi gidi.
Nhan xét 3x* —xy + y° :(2x2+y2 +xy)+2+x2—2xy+y2 =3+(x—y)2.

Phuong trinh tht nhét ctia hé tro thanh (x—y)’ [1 +y(x—y) + 3} =3. Pt (x—y) =61>0tachd

t(1+\/m):3<:>t(\/m—2)+3t—3:0<:>M+3(t—1)=
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e (-1 )5 01— 0e i —1e xoye -k
NV +3+2 > o

Xét hai truong hop xay ra
x—y=1 y=x-1 (3 lj
=(0;-1),| —5——|.
{2x2+y2+xy=1<:>{2x2+(x—1)2+x(x—1)=0 (xy) ( ) 4 4

—y=— x+1
SR T & ()= (1), -3+
2x"+y +xy=1 2x +(x+1) +x(x+1) 0 4 4

Két luan hé d3 cho c6 bén cap nghiém ké trén.
Nhdn xét.
Hé phirong trinh chira cdn dwoc mang tén hé sir dung tinh chdt don diéu ham sé hay GTLN, GTNN cia ham so6 khi
xdy ra sw twong dong véi hai an ham khdc nhau theo hai bién, c¢é thé tiy ¥ xudt phat tir mot trong hai phuong trinh
cua hé. Hai bai toan 124 va 125 6 trén chi la hé phwong trinh chira can thirc giai bang phwong phdp thé, c6 thong
qua mét chit an phy (néu muon), sau khi thay thé ta dwoc phwong trinh mét dn, quan trong hon la khong nhat thiét
sir dung cong cu dao ham — ham sé. Trong thao tac gidi hé phwong trinh chdc chdn chiing ta sé tong hop nhiéu
cong doan, nhiéu kj nang, ky thudt, chwa ké long ghép hon hop cic hiedng xiv Iy phieong trinh vé ty, phuong trinh
hitu ty, do do it co ranh gici phan dinh rach roi phwong phap trong hé phuong trinh.
Chéng han c6 hai cdch dién dat rat dang leu ¥

v Trinh do hoc sinh I6p 8, 9, 10 chua thé giai dwoc cac thi du 124, 125 vi sit dung dao ham.

V' Trinh do hoc sinh I6p 8, 9, 10 hoan toan gidi dwoc cdc thi du 124, 125.
Néu néi theo cdch thir nhat, vé tinh chiing ta da ngd nhdn, ngan ngiva va lam mat tw duy mao hiém ciia cdc em hoc
sinh nhé tudi, vi thuc té hai bai toan 124 va 125 kha don gian, chua can kién thirc dao ham — ham sé cua lién
chwong trinh Bai s6 - Gidi tich I6p 11 — 12 THPT. Néi cdch khdc, hai bai todn 110 va 111 khéng déc thit cho
phirong thirc sir dung cong cu dao ham — ham sé, tdc gia dé cdp tai ddy hy vong cdc ban doc gia c6 cdi nhin da
chiéu, khdch quan va diing ban chat doi véi phwong phdp co ban nay.

17 +17x+6(y+1)[y+2 = 6x/x+1+17)" + 6y +34,

X;VE| ).
17x° =3x> +11x=14y" -6y +25. ( )

Bai toan 126. Giai h¢ phuong trinh {
Loi gidi. )
bicu kién x >—1;y > -2 . Tru tung v€ hai phuong trinh cua h¢ ta co

332 +6x+6(y+1)y/y+2 = 6x/x+1+3y> +12y+9

c>x2+2x+2(y+l) y+2=2xm+y2+4y+3

& XX +2x+1-2xx+1=y* +4y+4-2(y+1)fy+2

& (x+1) =2(x+)Vx+1+2Vx+1=(y+2) —2(y+2)fy+2+2Jy+2 (*)
Xéthamsd f(¢)=t'—26 +26¢2 0= f'(1) =46 —61* +2=2(¢~1) (2¢+1)20,V¢> 0.
Ham s0 lién tuc va dong bién voi t khong am nén ta dugc

(*)@f(\/E):f(\/m)Q x+l=\y+2 o x+l=y+2 x=y+1.
Phuong trinh thir hai ctia h€ tré thanh
176 =3x* +11x =14(x=1)" =6(x —1)+25
S 17x° —17x> +45x-45=0
& (x-1)(17x° +45) =0 x=1=y=0

Két luan hé c6 nghiém duy nhat.
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Bai toan 127. Trich lugc cau 3, Dé thi khao sat chat lugng 16p 12 THPT, Mén Toan, Khéi A va Al; Ky thi lan tha
3; Nam hoc 2013 — 2014; Truong THPT Chuyén, Pai hoc Vinh, Tinh Ngh¢ An.

2X7 +x+Nx+2 =2y  +y+42y+1,

X;VyeE] ).
X' +2y" —2x+y-2=0. ( ' )

Giai hé phuong trinh {
Loi gidi.
LS - 1 AR
biéu kién x > -2; yZ—E.Tn‘r tung ve hai phuong trinh cua h¢ ta co
X +3x+Vx+2-2y" —y+2=2y" +y+42y+1
S X +3x+Vx+2+2=4y" +2y+/2y +1

<:>(x+1)2 +(x+1)+~/x+2 :(2y)2 +2y+42y+1 (1)

2 1
Xéthamso f(t)=>+t+t+1;t>—-1= f'(t)=2t+1+ .
éthamso f(¢) \ 1'(1) T
Taco f”(f)=2—;;f”(t)=0c> (t+1)3:l<:> et o=
4\(z+1) 8 2 4

Khio sat ham sb g(t):f’(t):>Minf'(t):f'(—%j=%>O:>f’(t)>0,w2—1.

t>-1
Do d6 ham s6 lién tuc va dong bién véi ¢ >—1 ddn dén (1) < f(x+1)= f(2y) & x+1=2y.
Phuong trinh thir hai ciia hé tré thanh

(2y—1)2+2y2—2(2y—1)+y—2:0©6y2—7y+1=0<:>(y—1)(6y—1)=0®ye{%;l}.

Tur ddy suy ra hé co hai cép nghiém (x;y)= (1;1),(—g;lj .

Nhdn xét.
Ngoai phwong an tinh dao ham cap hai dé khao sdt biéu thirc dao ham cdp mot, cdc ban c6 thé linh hoat sir dung
bat dang thure lién hé trung binh cong — trung binh nhan voi diém roi nhu sau

Trudc tién f(t)=0+t+Ni+1;t>-1= f'(¢)=2t+1+ !

2Jt+1
1 1

, 1 1 1 1
Ap dung 2t +1+ ———==2(t+1)+ + —1>332(¢+1). . —1=3i/:—1>0.
i +1 (1) Wi+l 24t+1 \/ ( )2\/t+1 24 +1 2

6(x2+ x+2)+17x =18y’ +3y+8\By+1-16,

Bai toan 128. Giai hé phuong trinh X;Y €| ) .
5x° +12x+10=2x+2 +9y°.
Loi gidi.

A ‘A 1 Y A . 3 5 A r
biéu kién x>-2;y> E Tru tirng v€ hai phuong trinh cia hé ta c6

X +5x+6x+2-10=9y> +3y+8 3y +1-2Jx+2-16
S +5x+6+8Vx+2 =9y +3y+83y+1
& (x+2) +x+2+8/x+3=9 +3y+8By+1  (*)

Xéthamsd f(t)=£ +t+8Jt+1;t2—-1= f'(t) =2t +1+ 4 =g(1);t>-1.

Vi+1
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2

(t+1)3

Thyc hién khao sat ham g ()= Ming(1)=g(0)=5>0< f'(¢)>0,Vr>-1.

t>-1

Nhu vay ham sé £ () lién tuc va dong bién véi > —1, dan dén (*) < f(x+2)= f(3y) < x+2=3y.Dan dén
5x* +12x+10=2+/x+2 +(x+2)2 SA4x* +11x+6=2/x+2

Taco g'(t)=2- g (1)=0(1+1) =ler+i=1o1=0.

© 43" +12x+9=x+2+2x+2 +1 & (Vx+2 +1)2 = (2x+3)’

. Jx+2+1=2x+3 - Vx+2=2x+2 ()
Vx+2+1=-2x-3 Nx+2=-2x-4 (2)
J (1)®{x2—1 {xz—l _7+\/ﬁ

< = S x=
X+2=4x"+8x+4 4x* +7x+2=0 8

x=>-2 x=>-2
* (2)= o Sx=-2.
—2x—4>0 x<=2

Két hop diéu kién ta thu duoc hai nghiém ké trén.

Nhan xét.

Quan sdt bai todn 128, mot hé phwong trinh hinh thirc don gidn nhung rat thii vi va déc dao, né nam trong dé thi
khdo sdt chat lwong cua khoi THPT Chuyén Pai hoc Vinh, Tinh Nghé An nhuw da néi, mot ngoi truong co bé day
thanh tich hoc tp, thi cwr ciing nhu cac cong trinh nghién ciru, hon nita nam trong mot dia phuong noi tleng truyén
théng hiéu hoc, vin vat, tw cuong, manh dat Nghé An qué huwong Chu tich Ho Chi Minh. Nhiéu nam qua, dé thi ciia
don vi nay luén dwgc dau tw cong phu, ¢é ham lwong kién thirc bao ham, danh gid dung nang luc thi sinh du thi, va
mot s6 si tir néi vui mng “bdm sat véi dé thi chinh thirc ciia Bo gido dyc va dao tgo”. Thirc su khi dwoc phé bién,
bai todn doi hoi nhiéu ky nang, te duy ldp ludn nhay bén, bat dau tir cong doan cong dai sé thiét ldp twong dong
ham, cho dén giai doan nhén dinh dn ham, chdc han gido vién ra dé da ton khong it céng sikc khi sdng tao ra né

1
= +t+t+1;t>2-1= f'(t)=2t+1+ .
f() f() 24t +1

C6 1& nhiéu ban doc, ngay cd tac gida ciing c¢é ¥ dinh tim nghiém ciia phwong trinh dao ham, tuy nhién viéc nay la
bdt kha thi s di dao ham cia ham sé ddc trung ciing da dieoe bé tri @é xdc dinh dwong, va phiong dn téi wu nhat
la di tim gid tri nhé nhat cia biéu thirc dao ham, ciing chinh bang céng cu dao ham — khdo sat ham sé, tirc la chiing
ta can xét thém mot ham so thir hai, dong nghia véi viéc tinh dao ham cdp hai cia ham ban dau.

1

a(t+1)

. 1
Ham so thir hai g(t)=2t+1+ "(t)=f"(t)=2-
am SO u"azg() 2\/m:>g()f()

Con dwong mé ra lai khd thudn loi khi xudt hién f”(t)=0<:> (t+1)3:%<:> t+1:%<:>t:—%.

Tién hanh khdo sdt ham s6 g(t)ddn dén Ming(t)= g(—%] = % >0=g(1)>0,Ve2-1= f'(t)>0,Vt > -1.
t>—1

Ré6 rang dén day thi ham so ' dd dong bién va lién tuc thuc su.

Tdc gia da tién hanh mét s6 quan sdt nho va phat hién ra dwoc cong doan mau chét thzet Iap ham sé, tur do thiét ldp

mudn van bai todn twong tu, thuc té ciing khong quda khé. Trude tién leu ¥ ban doc can cé kién thirc vé nguyén ham

va tich phan nhw sau
22 ! 2
=|(at+b) > =——(at+b) 2 =——F—.
I /t+ x/t+m I\/ t+b I(a ) a(a ) avat+b

Hai cong thu‘c trén chinh nén tang cho dao ham cdp hai, tirc ham sé phu g(t)

—I t+m 2(t+m) :
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, 1 2
g'(t)=- == g(t)=
(t+m) t+m
(t =— ! = o(t)= 2

1—22;125; g()";:E;jj;

Tiép theo, c6 thé khdi qudt mét s6 buede co ban nhw sau (a,b,c,d > 0).
»  Lwa chon nghiém cho dao ham cd}) hai

3/ 2
g'(l)=0©c—;=0<:> (at+b)3=c<:>at+b:%/c_2©t:\/c__b,
(at+b)3 a

= Ldy nguyén ham doi véi ham s6 g (t)
2 1 4
'()=g(t)=ct+d +———== f(t)==ct’ +td +—at+b .
F(0)=g()=er+d+— 2= £ ()= et +id +- 5 Jareh

>0,Vt > _b thi that bai, vi la trieong hop don gian. Do dé

2
avat+b a

A ) o A ’ ~ d b R [ Q ’ \ A
can lya chon cac hang so thoa man —— > —— dé bat bugc xét ham so phu.
z a

" Quy dong va bo mau dam bao ham so co cdc hé so nguyén

1 4 *t* +2a’td +8at +b
f(t)zEct2+td+—2\/at+b=ca o4 2+ aro
a a
Dién hinh nhw bdi todn sé6 114, tac gia da gam nghiém dep véi a=b=c=1.

g'(r)=1—ﬁ;g'<t)

2 /
Ldy nguyén ham nguoc tré lai thi f'(t)=g(t)=t+ 2 :f(t)z%t2+4\/t+ :%.

Vi+1

= Chu y rang néu f'(t)=g(t)=ct+d+

=0 (t+1) =l r+l=11=0.

Ldy hé s6 nguyén thu dwoc f(t) c P+ 8+,

Téng cuong mic do phirc tap cho ham s6 f(t): £ +t+8Jt+1= f'(t)=2t+1+

4
vt+1'

Néu chon f(t): £ +3t+8Jt+1= f'(¢)=2t+3+ >0,V > -1, that bai.

4

Ji+l
Sau khi tim dwoc méi lién hé giika hai bién, tiép tuc di xdy dung phwong trinh thir hai, tuy nhién bdi todn 113 tac
gid bai toan su dung mot phwong trinh bdac hai co ban, lai con nghiém hitu ty nita, khong ly do nao ma chung ta
khong giai dwoc.
Xudt phat tir cde quan sdt nhé & trén, tdc gia dd mao hiém trién khai va thanh cong véi bai todn sé 127, mdc dit mat
chut it thoi gian nhung c6 mot niém vui rdt I6n, phdan nhé vi bai todn an gidu dwoc ban chat thwe ham sé, diéu déic
biét la gam dugc cdc con sé rat dep vao phiong trinh thir nhdt cia hé, hai con s6 17 va 6, ngay 17.06.1997, mét
ngay cé y nghia — ngdy sinh nhdt ciia mét cé bé, cé bé déc biét, ngdy xua dy.

dx+3=3x"+17x-22y+32,

Bai toan 129. Giai h¢ phuong trinh X;Vej ).
{6x2—17x+4\/x+3+8\/3x+1=9y2—40y+81/3y—2+41. ( )
Loi gidi.
A e 1 2
biéukién x> ——;y>—.
3 3

Trir timg vé hai phuong trinh ctia hé ta ¢6
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6x> +83x +1=9y> —3x ~18y +8,3y -2 +9

9 +8\3x+1=9)" —18y+9+8,3y -2

& 9x? +18x+9-18x—18+83x +1=9)> ~18y +8,3y -2

S 9(x+1) ~18(x+1)+8,3(x +1)-2=9)> ~18y +8 B3y -2 (%)
Xét ham s6 f(t)=9t2—181+8m;tZ%:f’(t)zl&‘—l%%tL:lS

2
t—1+—.
3t-2 ( 3\/31—2j

Xét ham s g (1 va g'(1)=0(3-2) =13t -2=1a1=1.

2 R 1
():t—1+3—m:>g(t)—l —(3t_2)3

Khio sat ham sb g(t):Ming(t):g(l):§>O:>f’(t)218. ~1250.
2

>—
3

W | N

Vay ham s6 f'(¢) lién tuc va dong bién trén mién tZ%. Dindén (*) < f(x+1)=f(y) e x+1=y.

Phuong trinh thtr nhat cta hé tré thanh
4x+3 =3x" +17x—22(x+1)+32 & 3x* =5x+10—-4Jx+3 =0

@3(x2—2x+1)+x+3—4\/x+3 +4=0

@3(x—1)2+(m_2)2 :()@{x_lz()

NJx+3=2
Tir ddy suy ra hé c6 nghiém duy nhat x=1;y=2.
Nhin xét. ) )
Bai todn so 129 tiep tuc voi motip ci, bai toan 128, tac gia lwa chon nghiém cho dao ham cap hai

f’(t):g(t)zt—l+ﬁ<:f”(t):g'(t):l—ﬁ,

Sx=1=y=2

Rorang g'(t)=0e4(3t-2) =1 3t-2=11=1.
Ldy nguyén ham dwa vé ham sé goc du kién f(t) = %tz —t+g\/3t— 2.

Ouy dong dwa vé dao ham cé hé sé nguyén f(t) =0t* —18¢+8+/3t—2;t > %

Tw day gam cac an ham tuy theo so thich, va sw dung bién doi dai so cdc ban sé thu dwoc mot bai toan voi hang so

va nghiém nhw y. Luu ¥ ¢6 thé sir dung bat dang thirc lién hé trung binh cong — trung binh nhdan nhu sau

rO)=gt)=t-14—me=>2p L 1
33t-2 3 33-2 33x-2 3

23#3“2. 1L 1 1 /1 1 2.,
3 33-23f3k-2 3 27 3 3

Ax* —4x’ —242x+1+ x> +9y +34=0,
4x* —4x’ +5x7 +33=1" =Ty +24y+2.

Bai toan 130. Giai hé phuong trinh { (x;y €j )
Loi gidi.

A ‘A l IR A . \ 5 A J
bicu kién x > _E; y 2> -2. Tru tung vé hai phuong trinh cua h¢ ta co
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4x7 —1+24\2x+1 =17 +2y+ 24y +2
S Ax" —Ax+1+4x—24242x+1 =y +2y+24, [y +2

& (2x—1) +2(2x-1)+242x +1 = y? + 2y +24/y +2

. 12
Xéthamso f(t)=1"+2t+24t+2;t> 2= f'(t)=2t+2+—.

Ap dung bat dang thirc lién hé gitta trung binh cong — trung binh nhan ta c6

6 6

f’(t):2t+2+%:2(t+2)+\/l+2+\/t+2_2
23\/ (1+2). \/tT \/tT_z 312.6.6-2>0

Do d6 ham s0 lién tuc va dong bién trén tap hop so thuc. Dan dén () < f(2x-1)=f(y) < 2x-1=y.
Phuong trinh thtr nhat cta hé tré thanh
4x* —4x" —242x +14x7 +9(2x—1)+34=0

<:>9(2x—i—1)—24\/2x+1+16—i—4x4 4 +x* =0

<:>(3\/2x+1—4)2 +x* (437 - 4x+1)=0

2 3W2x+1=4
@(3\/2x+1—4) +x2(2x—1)2=0c> 1 Sxed
x(2x—1):0
Két luan hé phuong trinh ban dau v nghiém.
122 + 207 —xp+ |2 +2 = 3932
Bai toan 131. Giai hé phuong trinh AP e (xyei).

\/5(—2)6 +xy+3x) Vx+4 =0.
Loi gidi.
biéu kién x> —4;y 2%.

12x3+2x2—xy+‘/§+2 =3y 2y -1,

H¢ phuong trinh da cho twong duong voi

—2x? +xy+3x—‘f§+2 =0.
Cong tirng vé hai phuong trinh trén ta c6

3x(4x* +1) =32y -1 & x(4x* +1) = p2y -1
© 2x(4x° +1) =22y -1 © 8% +2x =2y - 1+1)2y -1
& (2x) +2x=(2y-1)\2y —1+42y -1 2(\/2)/—1)3 +2y-1

Xéthamsd f(t)=t+tte; = f'(¢t)=3"+1>0,V¢e; . Ham s6 lién tyc va dong bién nén

f(2x)zf(J2y—1)<:> 2x=+2y—1 @{XZO

4x* =2y -1

Phuong trinh tht hai tr¢ thanh
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2
—2x2+xy+3x—,/§+2=0<:>—2x2+x.4x2+1+3x—‘/§+2 )

A AP +Tx=2x+8 = 4x’ —4x* +Tx-3=~/2x+8 -3

2x—-1=0
2x—1

—_—
2x+8+3 (x—l)2+x2+2:

& (2x-1)(2x* —2x+3) = 1

N2x+8+3 (l)

1

J2x+8+3°

: ; 1
Tur day suy ra h¢ c6 nghiém duy nhat x = E; y=1I.

RG rang (x—1) +2% 42525 > Vx>0 = (1) v6 nghiém.

592 =9y +\y—1=-3x" +35x+Jx+1-14,
Bai toan 132. Giai hé phuong trinh TTIYENY * TN (x;yei )
X'+ —8x-2y+4=0.
Loi gidi.
biéu kién x >-1;y >1. H¢ phuong trinh da cho twong duong véi
597 =9y +4y—1=-3x>+35x+~/x+1-14, ( )
XVEiQ ).
—4y* +8y =4x” —32x+16.

Cong ting vé hai phuong trinh ta dugc
(x+1)2+(x+1)+ x+1 :(y—1)2+y—1+w/y—1.

Xét ham sd f(t):t4+t2+\/?;120:>f’(t):4z3+2t+L>O,Vt>0.

2t

Ham s6 lién tuc va dong bién véi t khong 4m nén ta dugc
f(\/x 1):f(‘/y—1)<:>\/x+ =Jy-leox+l=y-1<x=y-2.

Thé vao phuong trinh thir hai ta giai duoc dé dang.

Bai tap twong tu.

Trich lugc cau 2.1, Bé thi chon hoc sinh gi6i 16p 12 THPT; Mon Toan; Pé thi chinh thac; S& Gido duc va Pao tao

Tinh Hai Duong; Nam hoc 2015 —2016.

3x° —2x—542x\x* —1=2(y+1)\/y* +2y+2
Giai hé phuong trinh 4~ <" V3 (y+1)Vy* +2y+2,
2x—4y+3=x>+2y.

o(x’+1) —=x* +5= (1> Ty +12
Giai hé phuong trinh (x+) T y(y Y )’ (xyei).

VX +1-1=y7 (2y—3).
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III. MQT SO TAI LIEU THAM KHAO

1.

2.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Bii tdp néing cao va mot sé chuyén dé todn 8.

Bui Van Tuyén; NXB Gido duc Viét Nam; 2004.
Bii tdp néing cao va mot sé chuyén dé todn 9.

Bui Van Tuyén; NXB Gido duc Viét Nam; 2005.

. Ndng cao va phit trién todn 8, tip 1 — tp 2.

Vi Hiru Binh; NXB Giao duc Viét Nam; 2004.
Ning cao va phdt trién todn 9, tdp 1 — tip 2.
Vi Hiru Binh; NXB Giao duc Viét Nam; 2005.
Todn néng cao Pai sé 10.
Nguyén Huy Poan; NXB Gi4o duc Viét Nam; 1999.
Bii tdp ning cao va mot sé chuyén dé Pai so 10.
Nguyén Huy Doan; Dang Hung Thing; NXB Gido duc Viét Nam; 2006.
Tai liéu chuyén todn: Pai so 10 — Bai tip Pai so 10.
Poan Quynh — Doan Minh Cudng — Tran Nam Diing
— Pang Hung Théng; NXB Giao duc Viét Nam; 2010.
M@t sé chuyén dé Pai sé boi dwéng hoc sinh giéi THPT.
Nguyén Vin Mau — Nguyén Vian Tién va
mdt sd tac gia; NXB Gido duc Viét Nam; 2009.
Tuyén tip cdc bdi todn hay va khé Pai s6 9.
Nguyén Pirc Tin — Dang Pirc Trong — Nguyén Cao Huynh
— Vi Minh Nghia — Bui Ruy Tan — Luong Anh Van; NXB Gido duc Viét Nam; 2002.
M@t sé6 phwong phdp chon loc gidi cdc bai todn so cip, tdp 1 — tip 3.
Phan Ptrc Chinh — Pham Vin Diéu — B3 Vian Ha — Pham Vian Hap
—Pham Van Hung — Pham Dang Long — Nguyén Vin Mau
— Db Thanh Son — Lé Pinh Thinh; NXB Pai hoc Quéc gia Ha Noi; 1997.
B gidng chuyén sau Toin THPT: Gidi todn Dgi sé 10.
Lé Hong Ptrc — Nhém Cu Mon; NXB Ha Noi; 2011.
Phwong phdp gidi phwong trinh va bét phwong trinh.
Nguyén Vin Mau; NXB Gi4o duc Viét Nam; 1994.
Todn boi dwong hoc sinh phé théng trung hoc — quyén 1; Pai so.
Han Lién Hai — Phan Huy Khai — Pao Ngoc Nam — Nguyén Pao Phuong
— Lé Tat Ton — Pang Quan Vién; NXB Ha Noi; 1991,
Phwong trinh va hé phwong trinh khéng mau muc.
Nguyén Dtrc Tan — Phan Ngoc Thao; NXB Gigo duc Viét Nam; 1996.
Chuyén dé boi duing Todn cip ba; Dai sé.
Nguyén Sinh Nguyén; NXB Da Nang; 1997.
Gidi todn Pai 56 so cip (Ding cho hoc sinh 12 chuyén, luyén thi dai hoc).
Tran Thanh Minh — Vil Thién Cin — V3 Anh Diing; NXB Gido duc Viét Nam; 1995.
Nhitng dang todn dién hinh trong cdc ky thi tuyén sinh Pai hoc va Cao ding; Tap 3.
Bui Quang Truong; NXB Ha No6i; 2002.
On luyén thi mén Todn THPT theo chii dé; Tap mét: Dai so va lwong gidc.
Cung Thé Anh; NXB Gio duc Viét Nam; 2011.
Phwong phap gidi todn trong tam.
Phan Huy Khai; NXB Pai hoc Su pham; 2011.
Cac bai giang luyén thi mon Toan; Tap 2.
Duc Chinh — Vi Duong Thuy — Dao Tam — Lé Thdng Nhat; NXB Gi4o duc Viét Nam; 1993.
500 Bai todn chon loc Pai sé - Hinh hoc 10.
Lé Hoanh Pho; NXB Pai hoc Qudc gia Ha Noi; 2012.
Tam thirc bac hai va wrng dung.
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Lé SiPong — Lé Minh Tam; NXB Giao duc Viét Nam; 2003.
23. Chuyén dé Bit ding thivc va teng dung trong dai sé.
Nguyén Dirc Tan; NXB Gido duc Viét nam; 2003.
24. 23 Chuyén dé gidi 1001 bai todn so cép ; Quyén 1.
Nguyén Vin Vinh — Nguyén Duc Pong
va mot s6 dong nghiép (NKTH); NXB Gido duc Viét Nam; 2002.
25. Phwong phdp gidi todn bt ding thirc va cuc tri.
Nguyén Vin Diing — V5 Qudc B4 Can — Tran Qubc Anh; NXB DHQG Ha Noi; 2011.
26. Cic bai gidng vé bit ding thicc Cauchy.
Nguyén Vil Luong — Pham Van Hung — Nguyen Ngoc Thang; NXB PHQG Ha Ni; 2008.
27. Ciam nang luyén thi Pai hoc Ung dung ham sé Gidi todn Pai sé va Gidi tich.
Huynh Nguyén Luan Luu — Nguyén Thi Duy An; NXB DPHQG Ha Ngi ;2014.
28. Tw duy logic tim toi loi giai H¢ phwong trinh.
Mai Xuan Vinh — Pham Kim Chung — Pham Chi Tuén
—Dao Van Chung Duong Van Son ; NXB PHQG Ha Noi; 2015.
29. Béi dwéing hoc sinh gidi todn Trung hoc co sé, Dai so.
Nguyén Thi Thanh Thily — Pham Minh Phuong
— Tran Van T4n; NXB Gido duc Viét Nam; 2014.
30. 9 Chuyén dé Pai sé Trung hoc co s6.
Vi Hiru Binh; NXB Giao duc Viét Nam; 2014.
31. Hé phwong trinh va phwong trinh chira can thirc.
Nguyén Vii Luong — Pham Vian Hung — Nguyén Ngoc Thang; NXB DPHQG Ha Noi; 2006.
32. Dé thi tuyén sinh vao I6p 10 hé¢ THPT Chuyén triee thugc dai hoc va THPT Chuyén cdc tinh thanh.
33. Pé thi tuyén sinh vao I6p 10 hé THPT hé dai tra cdc dia phwong trén toan quéc.
34. Pé thi hoc sinh giéi mén todn khéi 8 dén khoi 12 cdc cip.
35. Pé thi tuyén sinh Pai hoc — Cao ding mén Todn (chinh thirc — dy bj) qua cdc thoi ky.
36. Dé thi Olympic 30 thing 4 Todn hoc khoi 10, khoi 11 cdc tinh mlen Trung va Nam bg (1995 — 2013).
37. Cac tgp chi todn hoc: Tap chi Toan hoc va tudi tré; Tap chi Toan tudi tho 2 THCS; Tap chi Kvant...
38. Cdc dién dan todn hoc: Boxmath.vn; Math.net.vn; Mathscope.org; Onluyentoan.vn; Diendantoanhoc.net;
Math.net.vn; K2pi.net; Mathlink.ro;...
39. Mgt sé trang mang hoc tip théng qua facebook; twitter;...
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THAN THE TAI NGUC TRUNG
TINH THAN TAI NGUC NGOAI
DUC THANH DAI SU NGHIEP
TINH THAN CANH YEU DAI
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