CP TU LUAN TOAN 10 HINH HOC_C1_VECTO

CHUONG 1

BAI 1. CAC PINH NGHIA

TOM TAT LY THUYET CO BAN

1. Bé x4c dinh mdt vécto can biét mot trong hai diéu kién sau:
- Piém dau va diém cudi cia vecto.
- b6 dai va huong.
2. Hai vecto a va b dugc goi 1a cung phuong néu gia ciia chiing song song hoic triing nhau.
Néu hai vecto a va b cung phuong thi ching ¢6 thé cing hudng hodc nguoc hudng.
3. B9 dai ciamat vecto 1a khoang céch gitta diém dau va diém cudi caa vecto do.
4. a=b khi vachi khi ‘a‘ =‘b‘ va a,b cung huéng.
5. Véi moi diém A tagoi vecto AA 1 vecto-khong. Vecto-khong dugc ki hiéu la 0 va quy udC rang

‘O‘ =0, vecto 0 cung phuong cung hudng voi moi vecto.

w DANG TOAN 1. XAC PINH MQT VECTO, SU CUNG PHUONG VA HUONG CUA HAI
VECTO.

PHUONG PHAP
e Pé xac dinh vecto ta can biét diém dau va diém cudi cia vecto hodc biét do dai va hudng cua ching.
Chéng han véi hai diém A, B phan biét, ta c6 hai vecto khac vecto-khong 1a AB va BA.

e Vecto a la vecto-khong khi va chi khi ﬁ =0hoac a= AA véi A 1a diém bat ki.

Bai 1. Cho 5 diém phan biét. C6 bao nhiéu vecto khac vecto-khong c6 diém dau va diém cudi 1a cac

diém d3 cho.
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L oi giai
Xét cac diém A B,C, D, E phan biét.
Céc vecto khac vecto-khong c6 diém dau va diém cudi 1a cac diém trén |
AB, AC, AD, AE , BA, BC, BD, BE, CA,CB,CD, CE, DA, DB, DC, DE, EA, EB, EC, ED .

Vay c6 20 vécto khac vecto-khong c6 diém dau va diém cudi 1a cac diém da cho.

Bai 2. Cho Hay tinh sb cac vecto ma cac diém dau va diém cudi duoc |y tir cac diém phan biét di cho

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Fb: ThayTrongDgl Trang 1



CP TU LUAN TOAN 10 HINH HOC_C1_VECTO

trong cac truong hop sau day:

a) Hai diém. b) Ba diém. c) Bbn diém.
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L oi giai
a) Xét hai diém A, B phan biét. Taco AB,BA.
Vay ¢6 2 vecto khac vecto-khong co diém dau va diém cudi 1a cac diém da cho.
b) Xét cac diém A, B,C phan biét.
Céc vecto khac vecto-khong c6 diém dau va diém cudi 1a cac diém trén 1&
AB, AC, BA, BC,CACB.
Vay c0 6 vecto khac vecto-khong c6 diém dau va diém cubi 1a cac diém da cho.
C) Xét cac diém A, B,C,D phan biét.
Céc vecto khac vecto-khong ¢ diém dau va diém cudi 1a cac diém trén |
AB, AC, AD , BA BC,BD,CA,CB,CD, DA DB,DC.

Vay c0 12 vecto khac vecto-khong co diém dau va diém cubi 1a cac diém di cho.

Bai 3. Cho hinh binh hanh. Hay chi ra cic vecto khac nhau va khic vecto — khong, c6 diém dau va
diém cubi mot trong bon diém ciia hinh hanh. Trong cac vecto trén hay chi ra
a) Cé&c cap vecto cung phuong.

b) Cac cap vecto cung phuong nhung nguoc hudng.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai

A B

Gia s hinh binh hanh 1a ABCD. C6 12 vecto khac nhau va khac vecto — khong, ¢ diém dau va
diém cudi mot trong bén diém cua hinh hanh 1a AB, AC, AD, BA, BC, BD, CA, CB, CD, DA,
DB, DC

a) Cac bo vecto cung phuong vai nhau:

* AB,BA, CD, DC.

* AD, DA, BC, CB.

* AC, CA.

* BD, DB.

b) Céc cap vecto cung phuong nhung nguoc hudng.

AB va BA; AB va CD, BA va DC, AD va DA, AD va CB, DA va BC, AC va CA. BD va
DB.
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Bai 4. Xéc dinh vj tri trong di cia ba diém phan biét A, B, C trong cac truong hop sau:

a) AB va AC clng huéng, ‘AB‘ >‘AC‘.

b) AB va AC nguoc huéng.
) AB va AC cling huéng va ‘AB‘ < \AC'\.
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Loi giai
a) AB va AC cung huéng, ‘AB‘ >‘AC‘.
AB va AC cing husng = diém A ndm ngoai doan BC. Do ‘AB‘ >\AC'\ nén diém C 1a diém gitta
cta hai diém A va B.
b) AB va AC nguoc hudng.
AB va AC nguoc huéng nén didm A 1a diém giira hai diém B va C.
c) AB va AC cung huéng va ‘AB‘ < ‘AC‘.

AB va AC cing huéng va ‘AB‘ < ‘AC‘ nén diém B 1a diém giita cua hai diém A va C.

Bai 5. Cho hai vecto khong cung phuong U va v. C6 hay khdng c6 mot vecto cing phuong véi hai

vecto do?
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Léi giai

C6, chon vecto d6 1a vecto 0, vecto 0 cung phuong v moi vecto.

Bai 6. Cho ba vecto cung phuong U,V,w. Chirng t6 rang c6 it nhét hai vecto trong ba vecto d6 clng
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Loi giai
Chuy rang hai vecto cung phuong chi €6 thé cung hudng hodc nguoc hudéng.
Gia sir U va v khong cung husng.
Khi d6 vi w cung phuong vai u nén w cung hudong hodac nguoc hudng vai u.
Néu w cang huéng véi U thi bai toan duge chirng minh.

Néu w nguoc huéng véi u thi v, w cing nguoc huéng véi u nén hai vecto v, w ciing huéng nhau.

Bai 7. Céc khang dinh sau dting hay sai?
a) Hai vecto cung phuong voi mot vecto thir ba thi cuing phuong.
b) Hai vecto cung phuong vai mot vecto thir ba khac 0 thi cung phuong.
¢) Hai vecto cung hudng vai mot vecto thir ba thi cuing hudng.
d) Hai vecto cung hudng vai mot vecto thir ba khac 0 thi cung hudng.

€) Hai vecto ngugc huéng vai mot vecto khac 0 thi cung huong.
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f) Biéu kién can va du dé hai vecto bang nhau 1a chung c6 d6 dai bang nhau.
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Loi giai
Trong céc khang dinh trén thi:
a) Khang dinh sai trong truong hop vecto thir bala vecto 0.
b) Khang dinh dang.
¢) Khang dinh sai trong trudng hop vecto thir balavecto 0.
d) Khang dinh dang.
€) Khang dinh dang.
f) Khang dinh sai. Vi: diéu kién can va du dé hai vecto bang nhau 1a chung c6 d6 dai bang nhau va

cung hudng.

w DANG TOAN 2: CHUNG MINH HAI VECTO BANG NHAU

PHUONG PHAP

Dé chizng minh hai vecto bang nhau ta co thé ding mat trong ba cach sau:
e Cach 1: |a| :‘5‘ vaab cung huéng = a=>b.
e Cach 2: Ta gidc ABCD lahinh binh hanh = AB=DC va BC = AD.

e Cach3: Néu d=b:b=c thi 4=¢.

Bai 1. Cho tam giac ABC cd D, E,F lan luot 1a trung diém cua BC,CA, AB. Ching minh EF =CD
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Loi giai

Theo gia thiét, tacd: D,E,F lan luot 1a trung diém caa BC,CA, AB.
= EF 1a duong trung binh AABC va EF = % BC (1).
Lai ¢6 D 1a trung diém BC =CD = %CB (2).

D& thay EF cung hudng CD (3)

Tir (1);(2);(3)= EF =CD.
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Bai 2. Cho hinh binh hanh ABCD. Hai diém M va N lan luot 1a trung diém caa BC va AD . Biém
| 1a giao diém cuaa AM va BN, K 1a giao diém caa DM va CN. Chang minh AM = NC,
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e Chirng minh AM = NC.

Taco:

M trung diém BC — MC=%BC.

N trung diém AD — AN :%AD.

Ma AD =BC = AN =MC = Tt gi&c AMCN lahinh binh hanh = AM =NC.
e Chirng minh DK =NI .

AN// MB 1
Taco: < AN = MB= ABMN Iahinh binh hanh=>| 14 trung diém NB = NI =5 NB (1)
MN// AB

DN//MC
Tact: DN =MC = CDNM lahinhbinh hanh=> K 1a trung diém MD => DK =% DM (2).
MN// DC

BN//MD

Dé thiy BNDM |a hinh binh hanh do nén ND =BM (3).
BN =MD

Tir (2);(2);(3)= DK =NI .

Bai 3. Cho tam gidc ABC c6 H latryc tm va O la tam dudng tron ngoai tiép. Goi B’ 1a diém dbi
xtrng cia B qua O. Chirng minh AH = B'C.
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Tacd B’ 1a diém d6i xirng cia B qua O nén BB’ lamot duong kinh cia duong tron ngoai tiép tam
giac ABC.

Tacd:OC =% BB’ néntam gidc CBB' vubngtai C.

7

Taco:

{BCL 5C_mcum ().

AH 1 BC

Tuong tu: OA=% BB’ néntam gidc ABB' vudngtai A.

_ [B'AL AB
Taco: = BA//CH (2).
CH L AB

Tir (1) va (2) tacd ta gidc AHCB'lahinh binh hanh. Suy ra AH = B'C.

Bai 4. Cho hinh vudng ABCDtam O. Liét ké tat ca cac vécto bang nhau nhan dinh hodc tdm caa hinh

vuong la diém dau va diém cuol.
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Tacd: AB=DC:BA=CD: AD=BC:DA=CB: AO=0C:0OA=CO:0B=D0O:BO=0D.

Bai 5. Cho tir gidc ABCD. Goi M,N,P,Q lan luot 1a trung diém ciua céc canh AB,BC,CD, DA.

Chirng minh NP = MQ va PQ= NM .
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PO=1cA _ _
Taco: 21 — PQ=NM .
W:E@\

Bai 6. Cho hinh binh hanh ABCD. Dung AM =BA, MN = DA NP=DC,PQ=BC. Ching minh

AQ=0
Loi giai
B C
P 0
A o
V- M
; o . . _ |DC=AB
Taco: ABCD lahinh binh hanh nén )
BC =-DA

Tacé: AQ=AM +MN + NP+ PQ = BA+ DA+ DC+BC =(—AB)+ DC+ DA+ BC.

— _AB+ AB+DA-DA=0.

Bai 7. Cho tam giéc ABC ndi tiép dudng trontdm O. Goi H latryc tAm ciatam gidc ABC. Tia AO
cit duong tron tam O tai D . Chitng minh HB=CD.
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Léi giai

e

e
1 —

P’

: F
,:?‘{’f \]

Y
LY
&

Vi H latruc tdm cuatam gidc ABC

nén HB L AC

Vitia AO cit duong trontam O tai D

nén AD la duong kinh caa duong trontém O
= ACD =90°

< CDL1LAC

Teva= HB//CD

Chung minh tuong ty = BD//HC
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Do d6 tir giac BDCH [ hinh binh hanh
Khi d6 ta ¢6: HB ciing chiéu véi CD va ‘HB‘ :\CD'\

Vay HB=CD.

Bai 8. Tt giac ABCD lahinh gi néucd AB=DC va\AB'\ =\Bc'\.
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A D

AB=DC

Vi AB=DC < AB=DC va AB cung phuong véi DC <
AB//DC

Nén tir giac ABCD 12 hinh binh hanh
Vi \AB'\:\BC\ < AB=BC

Nén ABCD lahinh thoi.

Bai 9. Cho |a+ b| = 0. So sanh do dai, phuong va huéng ciia hai vecto a vab.
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Loi giai
Ta co: ‘a+b‘:0 —a+b=0=a va b 1a hai véc to dbi nhau. Do do, hai vecto a va b cling

phuong, ngugc chiéu va cing d6 dai.

Bai 10. Cho hai véc to a va b lahai vecto khac vecto_khong. Khi nao ding thic sau xay ra?

R R s
) [a-+b] =[al+[b].
Tacs: [a+H =(a+b) =a’+b"+2ab=a +[d +2ab.
va(Jo +[o]) =[af +f"+2[af o]
Do a6 [a-+B= | [ = (68" < ab=l 5 ma ab=[al i.cos{a.b).
— cos(aB) =1 (3,6) =0

—a va blahai vecto cung chiéu.
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b) |a+b|=[a o]

|a+b) =[al-|b| < |a-+b|+[b|=|al < [a+b[+|-b] =‘(a+b)+(—b)‘.
hay ‘(a+b)+(—b)‘ = ‘a+ bM—b‘ :

Ap dung phan a) tasuy ra a+b va —b lahai vecto cing chiéu.

Hay a+b vab lahai vecto ngugc chiéu.

Bai 11. Cho tam gidc ABC. V& D ddi xangvéi A qua B, E ddi xirng véi B qua C va F ddi xang
véi C qua A. Goi G la giao diém caatrung tuyén AM caatam gidc ABC véi trung tuyén DN cia

tam gidc DEF . Goi | va K lan luot 13 trung diém GA va GD . Chirng minh rang:

a) AB=NM . b) MK =NI .
Loi giai
r
.-':-"".
e -. II
ey
.'-.-
e E
e
o £
A
N—
- o
g i ;
& : N
ry a gics 5 i\
- L ks, |
.-"'; 2 % Cy O |
o % K
o i
! n
a) AB=NM .

Taco AN lan luot 1a trung diém cua FC, FE
— AN=1cE=lgc.
2 2
Ma BM :%BC suy ra AN = BM = ti giac ANMB la hinh binh hanh=NM = AB .

b) MK = NI .

Tacod |,K lan luot 1a trung diém cua GA va GD = IK=%AD=AB= NM = tir gidc INMK |a

hinh binh hanh nén MK = NI .

Bai 12. Cho tam gi&c ABC va M lamét diém khodng thudc céc canh cuatam giée. Goi D,E,F lan
luot 13 trung diém cua AB,BC,CA. V& diém P ddi xirng véi M qua D, diém Q ddi xing véi P

qua E, diém N déi xing véi Q qua F . Ching minh ring MA= AN .
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L i giai
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Taco:

+) D la trung diém AB va M ddi xiing P qua D = D 1a trung diém MP .
Nén AMBP lahinh binh hanh=> MA=BP (1).

+) E 1a trung diém BC va P d6i xang Q qua E = E 1a trung diém PQ.
Nén BPCQ lahinh binh hanh= BP=QC (2).

+) F 1a trung diém AC va Q déi xiing N qua F = F 1a trung diém NQ.
Nén QCNA I& hinh binh hanh=>QC = AN (3).

Tir (1);(2)va (3)= AN =QC = BP=MA= MA= AN.

Bai 13. Chotam giac ABC vatam giac AEF cd cung trong tam G . Chirng minh: BE = FC.

S e
Taco G latrong tam AABC = GA+GB+GC=0(1).
Va G latrong tam AAEF = GA+GE+GF =0(2).
Tu (1) va(2):

— GA+GB+GC =GA+GE +GF < GB+GC=GE +GF < GC-GF =GE-GB <> FC=BE

Fb: ThayTrongDgl Trang 10
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BAI 2. TONG VA HIEU CUA HAI VECTO

TOM TAT LY THUYET CO BAN

1. Pinh nghia tong va hiéu cia hai vécto va quy tic tim tong

e Cho hai vécto tily y a;b . LAy diém A tly y, dung AB=a;BC =b. Khi d6, tng ctia hai vecto
avabla a+tb=AB+BC=AC.

e VV§ibadiém M ;N ;P tly y taludn c6: MN+ NP =MP (quy tic ba diém).

e T gidc ABCD lahinh binh hanh, tacé: AB+ AD = AC.
2. Pinh nghia vécto doi

* Vecto b 1avecto ddi cua vécto & néu | :‘5‘ va a;b laha vecto nguoc husng.

Kihiéu: b=-a.

e Néu & lavecto ddi cia vécto b thi b lavecto dbi ciavecto @ hay —(-a)=a.

e Mdi vecto déu cd vecto ddi. Vecto déi cia AB 1a BA.

e Vecto dbi cua 0 12 0.
3. Pinh nghia hi¢u ciia hai vécto va quy tic tim hiéu

a-b= a+( - 5) .

Taco: OB—OA= AB , véiba diém O, A, B bt ky (quy tic trw).
4. Tinh chat ciia phép cong cac vécto

Vi ba vécto a;b;c bat ky taco:

e a+b=Db+4d (tinh chét giao hoan).

* (a+b)+c=a+(b+c) (tinh chit két hop).

e a+0=0+4 (tinh chét vécto khong).
e a+(—d)=—a+a=0.
5. Tinh chét trung dém doan thang va trong tam tam giac
a) Diém | 1a trung diém cua doan thing AB khi vachi khi IA+IB=0.
b) Piém G latrong tam cuatam gidc ABC khi vachi khi GA+GB+GC =0.

Ia DANG TOAN 1: CHUNG MINH PANG THUC VECTO

I PHUONG PHAP

Fb: ThayTrongDgl Trang 11
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Sir dung quy tic ba diém, quy tac hinh binh hanh, hé thie trung diém, trong tam két hop véi céc tinh chat

phép cong, phép trir, phép nhan dé bién d6i twong dwong cho biéu thirc can chirng minh. Khi d6 ta ¢
huéng sau:

e Céach 1: Bién ddi mot vé thanh mot vé con lai. Khi d6 néu xuét phét tir vé phirc tap, ta can thuc hién viéc
don gian biéu thirc. Con néu xuét phét tir vé don gian, ta can thuc hién phép phan tich vecto.

e Céch 2: Bién d6i ding thirc can ching minh vé mot ding thirc da biét 1a luén ding. Hodc nguoc lai, bién

d6i mot dang thirc vecto 1a ludn dung thanh ding thirc vecto can ching minh.

Bai 1. Cho 5 diém A,B,C,D, E. Chang minh rang:

a) AB+CD+EA=CB+ED. b) CD+EA=CA+ED.
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L oi giai
a) AB+CD+EA=CB+ED.
<:>(AB—CB)+CD+(EA—ED):O
< AB+BC+CD+DA=0
< AA=0.
b) CD+EA=CA+ED.
<CD-CA=ED-EA
< AD=AD.

Bai 2. Cho cho tir giéc 16i ABCD. Goi E,F lan luot 1a trung diém cia AB,CD va G 1a trung diém
EF . Chirng minh rang:
a) AC+BD = AD+BC =2EF. b) GA+GB+GC+GD =0.
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a) AC+BD=AD+BC=2EF.

¢ AC+BD =2EF (1).

Do E la trung diém AB nén 20E = OA+OB véi O lamot diém tly v.
Do F 1a trung diém CD nén 20F =OC+O0D véi O lamét diém tay y.
(1) < OC - OA+0D - OB = 20F - 20E
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<:>OC—OA+OD—OB:(OC+OD)—(OA+OB)

0 0 0 0

| oc0c [ 00-on| - 0s-08 | 01 0n) - o= prcr

¢ AD+BC =2EF (2).

Do E la trung diém AB nén 20E = OA+OB véi O lamot diém tly v.
Do F 14 trung diém CD nén 20F =OC+OD véi O lamét diémtiy y.

(2) <> OD-OA+OC - 0B = 20F - 20E
< OD-0A+0C—0B=(0C+0D)~(0A+0B)

@[9&—&?}[%@}[%—@}{%—%}=0:BPCM-

0 o o o

b) GA+GB+GC+GD=0(3).

Do E la trung diém AB nén 20E = OA+OB véi O lamot diém tly v.
Do F 1a trung diém CD nén 20F =OC+O0D véi O lamét diém tly y.
(3) = (2GE-GB)+GB+GC +(2GF -GC) =0

< 2GE+2GF =0 2{(£+E]:O:DPCM.

0

Bai 3. Cho hinh binh hanh ABCD. Hai diém M va N lan luot I3 trung diém cia BC va AD. Tim
téng cua hai vecto NC va MC: AM vaCD; AD va NC.
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Vi MC= AN, nén: NC+MC=AN+NC=AC.

Vi AM =NC, nén: AM +CD=NC+CD=ND.

Goi | 1a trung diém NC.

Vi NC =AM, AD =2AN, nén AD+NC = AN+ AN+ AM = AN+ AC =2Al .

Bai 4. Cho tir gidc ABCD. Goi hai diém M va N theo thi tur 1a trung diém cua cac doan AD, BC.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
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a) Ching minh ring MN =%(AB+ DC') =%(AC+ DB).

b) Goi | 1a trung diém caa MN . Ching minh rang: 1A+1B+1C+ID=0.
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Lai gii

a) Ching minh rang MN :%(AB+ DC)z%(AC+ DB).
e Chirng minh MN :%(AB+ DC).

Vi M 1a trung diém caa AD nén MA+MD =0
Vi N la trung diém caa BC nén BN+CN =0
Ap dung quy tic ba diém, ta co:

MN = MA+ AB+ BN
MN = MD + DC +CN

— 2MN :(MA+ MD)+ AB+CD'+(BN'+CN'):O+ AB+CD+0= AB+CD.
— MN :1(A|3+ Dc').
2

e Ching minh %(AB+ DC)=%(AC+ DB).

— AB+CD=AC+DB+CB+BC=AC+DB=.

AB = AC+CB
DC =DB+BC

Vay: MN =%<AB+ DC):%(AC+ DB):>.

b) Goi | la trung diém caa MN . Ching minh rang: 1A+ IB+1C+ID =0.
Ap dung hé thirc trung diém, ta co:

= IA+ID+IB+ID:2(IM +|N)=2.0:o.

IA+ID = 2IM :
IB+1D = 2IN

Bai 5. Cho luc gidc déu ABCDEF tam O. Chitng minh: OA+OB+OC +0D +OE+OF =0.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

L i giai
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Vi O latam ciia hinh luc giac déu ABCDEF néntaco: OA va OD; OB va OE; OC va OF la
céc cip vecto d6i nhau nén ta co:

OA+OB+0OC+0D +OE +OF =0

< (OA+0D)+(0B+O0E)+(0C+OF ) =0

< 0=0.

Bai 6. Cho ngii giac déu ABCDE tam O.
a) Chirng minh ring: hai vecto OA+OB va OC+OE déu cing phuong véi OD.
b) Chirng minh hai vecto AB va EC cung phuong.
c¢) Chirng minh: OA+OB+0C+0D+0E =0.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

L3

a) Chirng minh rang: hai vecto OA+ OB va OC +OE déu cung phuong voi OD.

Goi d 1a duong thing chira OD thi d lamat truc dbi xing caa ngii giac déu. Ta co:

OA+OB=0M , trong d6 M 1a dinh caahinh thoi OAMB va M ed.

Tuong ty: OC+OE =ON, trong d6 N 1a dinh ciia hinh thoi OENC va N ed.

Do do: hai vecto OA+OB va OC+OE déu c6 gia 1a duong thang d nén cing phuong véi nhau va
cung phuong vai OD.

b) Ching minh hai vecto AB va EC cung phuong.

EC Ld
Taco: OAMB va OENC lacac hinh thoi nén taCé:{ABL q = AB//EC.
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Do d6: hai vecto AB va EC cung phuong.
¢) Ching minh: OA+OB+0OC +0D +OE =0.

Theo céu a) ta co:

v=0A+OB-+OC +0D +OE = (OA+OB)+(OC+OE)+ 0D = OM +ON +0D
Nén v c6 gia 1a duong thang d .

Mt khac; v=(oB+oc')+(oD+oA)+oE thi v ¢6 gia 1a duong thing OE .
Vi v c6 2 giakhéc nhau nén v=0.

Vay OA+OB+OC+0D +OE =0.

Bai 7. Chotam giéc ABC, goi M 1a trung diém BC va | 1a trung diém caa AM .
a) Chiang minh ring: 21A+IB+1C=0.
b) Véi O 1a diém bét ki, cheng minh ring: 20A+OB+0OC =40l .

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Léi giai

L1

a) Chung minh ring: 2IA+1B+1C=0.

Taco: 2I1A+IB+IC =2IA+2IM (IB+IC=2IM do M la trung diém BC)
=2(1A+1M)

=0 (IA+IM =0 do | 1a trung diém caa AM ).

b) Vi O la diém bét ki, chitng minh ring: 20A+O0B+0C =40 .

Tacé: 2I1A+1B+IC=0

< 210+20A+10+0B+10+0C=0

< 410+ 20A+0B+0C =0

< 20A+0B+0C =-4I0

< 20A+0B+0C =40 .

Bai 8. Cho tr gidc ABCD. Goi E,F,G,H lan luot 13 trung diém AB, BC,CD,DA va M 1a diém tuy
y. Ching minh rang:

a) AF +BG+CH + DE =0.

b) MA+MB+MC+MD = ME + MF + MG+ MH .

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
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c) AB+AC+AD=4Al véi | latrung diém FH .

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

L i giai

F

a) AF +BG+CH +DE=0.
Taco: AF + BG+CH +DE

:%(AB+ AC)+%(BC+ BD)+%(CD+CA)+%(DA+ DB')

:%(AB+ AC + BC + BD +CD + CA+ DA+ DB)

:%(AB+ BC +CD + DA+ AC +CA+ BD+DB) =0.

b) MA+MB+MC +MD = ME + MF + MG+ MH .

Tacé: MA+MB+MC+MD = ME + MF + MG+ MH

< ME +MF +MG+MH —MA-MB-MC—-MD=0

< MF = MA+MG—MB+MH —MC+ME—MD =0

< AF +BG+CH + DE=0.

c) AB+AC+AD=4Al véi | la trung diém FH .

Tacd: AB+AC+AD

=2AF + AD (AB+AC=2AF do F la trung diém BC)

= 2AF + 2AH

=2(AF+AH)=4N (AF + AH =2Al do | la trung diém FH ).

Bai 9. Cho hinh binh hanh ABCD tam O, M lamat diém bat ki. Chang minh rang:

a) OA+OB+0OC+0D =0. b) DA-DB+DC =0.
c) DO+ AO= AB. d) MA+MC = MB+MD = 2MO.
s
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B C

a) OA+OB+0OC+0D =0,

Taco: O la trung diém caa AC va BD nén OA+OC =0 va OB+0OD =0.
Vay: OA+OB+0C+0D =0.

b) DA—DB+DC=0.

Taco: DA-DB+DC=BA+DC=0

Vay: DA-DB+DC=0.

¢) DO+ AO= AB.

Taco: O 1a trung diém ciia BD nén DO=OB.

Do d6: DO+ AO=0B+AO=AO+OB= AB.

Vay: DO+ AO = AB.

d) MA+MC = MB+MD = 2MO.

Tacé: O la trung diém cia ACva BD nén OA+OC =0 va OB+0OD =0,
Do d6: MA+MC = MO+ OA+MO+OC = 2MO.

MB + MD = MO+ OB+ MO+ 0D = 2MO.

Vay: MA+MC = MB-+MD = 2MO.

Bai 10. Cho hinh binh hanh ABCD tam O va E 1a trung diém cua AD . Chirng minh rang:
a) OA+OB+0OC+0D =0.
b) EA+ EB+2EC =3AB.
c) EB+2EA+4ED = EC.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Léi giai

A

me
)

a) OA+OB+0OC+0D =0.
Taco: O la trung diém caa AC va BD nén OA+OC =0 va OB+0OD =0.
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Vay: OA+OB+0OC+0D =0,

b) EA+ EB+2EC =3AB.

Tacod: EA+EB+2EC = EA+ EA+ AB+ 2(EA+ AB + BC)
— 4EA+2BC +3AB = 2DA+ 2BC + 3AB

= 2( DA+ BC)+3AB —3AB

Vay: EA+EB+2EC =3AB.

¢) EB+2EA+4ED = EC.

Vi E la trung diém cua AD nén EA+ED =0

Taco: EB+2EA+4ED=EC+CB+ 2(EA+ ED')+ 2ED
~EC+CB+2ED=EC+CB+AD=EC.

Vay: EB+2EA+4ED = EC.

Bai 11. Cho hinh binh hanh ABCD. Goi M la trung diém cia CD. Lay N trén doan BM sao cho
BN = 2MN . Ching minh rang:

a) 3AB+4CD =CM + ND+ MN.

b) AC=2.AB+BD.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai

D ’ M / C

a) 3AB+4CD =CM + ND+ MN.

Taco 3.AB+4CD =3AB+3CD+CD=3(AB+CD)+CD=CD
CM +ND+MN=CM +MN+ND=CD .

Vay 3.AB+4.CD=CM + ND+ MN.

b) AC=2.AB+BD.

Taco 2.AB+ BD:(AB+ BD)+AB=AD+AB=AC.

o AN=2aB+2ED.
3 3

Taco AN = AB+BN
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_ AB+2BM = AB+3.}(BD'+BC') _ AB+1BD+IBC
3 32 3 3

=AB+EBD+}AD=AB+}BD+1(AB+BD)
3 3 3
=£AB+ZBD.
3 3
Bai 12. Cho hinh binh hanh ABCD c6 M la trung diém BC va G latrong tam tam gidc ACD . Ching
minh rang:
1 : 2 1
a) AM = AB+= AD. b) MG:_:_SAB-'_EAD'
Y0
A D
|
B // M // C

a) AM = AB+%AD.

Taco AM =3(AB+ AC) =3(AB+ AB+ AD)
2 2

:AB+EAD.
2

b) MG =—2 AB+ 2 AD.
3 6

Tacd MG = MA+ AG

C_AM 42
3

:_%(AB+AC)+:—23.%(AD+AC)

:—%(AB+ AB+ AD)+:—§.%(AD+AB+ AD)
- 2p+1mp
376

Bai 13. Cho tam giac ABC ¢6 D, M lan luot |3 trung diém cua BC va AB, diém N thudc canh AC

sao cho NC = 2NA Goi K la trung diém caa MN. Ching ming rang:

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Fb: ThayTrongDgl Trang 20



CP TU LUAN TOAN 10 HINH HOC_C1_VECTO

L i giai

A

a) AK = aB+EAC
4" 6

a) Theo gia thiét taco: AM =%AB; AN =%AC.

Vi K la trung diém cia MN nén AK:%AM#%AN:%AB%AC.

b) Vi D la trung diém cua BC nén AD:%AB+%AC.

Tacd: KD =AD - AK = EAB+EAC' - EAB+5AC =1AB+5AC'.
2 2 4 6 4 3

Bai 14. Cho tam giac ABC, trén hai canh AB, AC lan luot ldy cic diém D,E sao cho
AD = 2DB; CE =3EA Goi M la trung diém ciia DE va | 1 trung diém ctia BC. Chiring ming rang:

a) AM =2 AB+2AC, b) MI _1as+3aC
3 8 6 8

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

a) A =LpBrlac
37 '8

2

Theo gia thiét taco: AD =3 AB; AE :%AC.

Vi M 12 trung diém caa DE nén AM :%AD+%AE'::—13AB+%AC'.
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b) MI =L AB+ S AC.
6 "tg

Vi | latrung diém cua BC nén Al =%AB+%AC

Taco: Ml = Al — AM = EAB+5AC - }AB+1ACJ=1AB+§AC'.
2 2 3 8 6 8

Bai 15. Cho tam gidc ABC véi |, J, K lan luot 1a trung diém cua céc canh AB, BC, CA. Goi D

thugc doan BC sao cho DB = % BC va M 1a trung diém caa AD .

a) Chung minh AK +CJ +BI =0.
b) Ching minh 6BM =2AC—-5AB.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai

iY

B J I3, C

a) Chang minh AK +CJ +BI =0.
, 1 .1 1 1
Tacoé VT = AK +CJ + Bl :EAC+ECB+EBA=E<AC+CB+ BA):O:VP.
b) Ching minh 6BM =2AC —-5AB.
Do M 14 trung diém cua AD néntaco

BM =3(BA'+ BD):}(BAJrZ BCjz—EAB+} BC=—}AB+}(AC—AB)=}AC—§AB.
2 2 3 2" 3 2" 3 37 6

Do d6 6BM =2AC—5AB.
Bai 16. Cho tam giac ABC c6 G latrong tam, | 1a trung diém caa BC va H 1a diém d6i xang cia

C qua G. Chirng minh.

a) AH =2 AB-1AC. b) HB:E(AB+AC).
37 3 3

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

L i giai
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I -\:;‘q_::_:;__ 1
. -\_"-\-\_\_\_\___l'-l [
IIIIIII' / \HQ-_"E-:_
\/ —

a) AH _2p8-1aC.

3 3
Do G la trung diém cia HC néntacd
AG:%(AH +AC)<:>AH =2AG-AC.

= AH=22A - AC = AH =2.3.1(AB+ Ac)—Ac
3 32

M =2p_-tac.
3 3

b) HB:é(ABJrAC).

Taco VT =HB= AB— AH = AB—(%AB—%ACJ:%)(AB+ AC):VP.

0 IH=2AB_2AC.
6 6

Tacs: VT = IH = IB4+BH = = BC—HB:—E(AC'—AB)—E(ABJr AC)=1AB—§AK=VP.
2 2 3 6 6

Bai 17. Cho hinh thang OABC. Goi M, N lan luot 1a trung diém caa OB, OC . Ching minh

-1 -1 :
a) AM ==-0B-0A. b) BN==0OC-0OB.
2 2
1
c) MN==0C-0B
2
Loi giai
O A
N M
C B

a) AME%OB—OA.
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Theo quy tic hiéu tacdé AM =OM —OA, ma M 1a trung diém cia OB nén OM :%OB do d6

AM =%OB—OA.

b) BN=%OC—OB.

Theo quy téc hiéutacd BN :ON—OB=%OC—OB.

0) MN=%OC—OB.

Theo quy téc hiéutacd MN =ON —OM :%oc’-%os’.
Loi ban: Hé bai la hinh thang ma chiea néi ré ddy la gi? Néu bam theo gid thiét dé can xét 2 trieong
hop réi ram ma khdng gidi quyét bai toan, cho nén theo tdi nén thay gia thiét hinh thang bang ti

giac. Tiép @énlay c) can thay két qua chirng minh MN =%OC—OB bang %OC—%OB.

Bai 18. Cho tam giac ABC, goi G, H,O lan luot [atrong tAm, truc tim, tim duong tron ngoai tiép tam

gidc ABC. Goi D la diém ddi xang cia A qua O va M 1a trung diém ciaa BC . Chiing minh

a) HB+HC=HD. b) HA+ HB+ HC =2HO.
¢) HA— HB—HC = 20A. d) OA+OB+0OC =0H .
e) OH =30G. f) AH =20M .
'\'\'\'\'\'\'\'\'\'\'\'\'\'\'\'\'\'\'\'\'\'\'\'\'\'\'\'\'\'\'\'\'\'\‘i—\(‘)"i\gi\ﬁ‘i\ \\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
A
O
<Ry
- \
C M B
D

a) HB+HC =HD.

Xét tir gidc BHCD c¢6 BH//CD va CH//BD nén n6 hinh binh hanh. Ap dung quy tic hinh binh ta
c6 HB+HC =HD.

b) HA+HB+HC = 2HO.
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Tacd VT = HA+HB+ HC = HA+(HB+ HC) = HA+ HD = (HO+ OA)+(HO+OD)
:2Hd+(OA+OD)=2HO:VP.

¢) HA—HB—HC = 20A.

Tacod VT = HA-HB—HC = HA'—(HB+ HC') = HA—HD = DA=20A=\/P.

d) OA+OB+0OC=0H .

Taco VT = OA+OB+OC =(OH + HA) +(OH + HB)+(OH + HC) = 30H +(HA+ HB + HC)

=30H +2HO=OH +2(OH + HO) =OH +0=0H =VP.

e) OH =30G.

Theo d) taco OA+OB+OC =0H , ma G latrong tam ciia AABC nén OA+OB+0OC =30G nénta

suy ra OH =30G.

f) AH =20M .
Tacod BHCD lahinh binh hanh va M 14 trung diém cia BC nén suy ra M ciing 1a trung diém cua

HD .

Xé ADHA c6 MD =MH va OM =OA suy ra OM la duong trung binh = OM = % HA

hay HA=20M va HA,OM cung huéng = AH =20M .

Bai 19. Cho tam giac ABC. Goi M, N, Plan luot 1a trung diém cua AB, BC, CA Goi G latrong
tam cuatam giac ABC. Chung minh rang:

a) Ac'=2(A|v| +BN'). b) AV +BN+CP=0.

c) AM + BN + AP+ BM = MC.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

a) AC'=2(AM + BN).
Xét VP :2(AM+ BN') :2(MB+ BN) —2MN = AC =VT.

b) AM +BN+CP=0.
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X& VT AM'+BN'+CF5=A—2C+CP

—PC+CP =0=VP.
c) AM + BN + AP+BM =MC.
Xé& AM +BN + AP+ BM'—MC':(AM'+ BM')+ BN + AP+CM

_ 04BN+ APy SATCB

BN + AP+ PA+ NB
0.

— AM + BN+ AP+ BM = MC.

Bai 20. Cho tam giac ABC. Dung bén ngoai tam giac cac hinh binh hanh ABIF, BCPQ, CARS.

Chirng minh ring: RF +1Q+PS=0.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

L oi giai
o &
I T
/ f MH e F
. T
J H“h b
i II| N .
/ =
/ ) by ‘x.
. H"\_
/ % \
o .-'?:‘.-. - l.ahc.- T = K'\"‘-\-.
.-""'-.-..J & = :l}_.':
o E

Tacd: RF =RA+AF; IQ=1B+BQ; PS=PC+CS
:>RF'+IQ'+PS:RA+AF'+IB+BQ'+PC'+CS
:(RA+CS)+(AF+IB)+<BQ+PC)

—0+0+0=0.

Bai 21. Cho tir gidc ABCD. Dung bén ngoa tir giac cac hinh binh hanh ABEF, BCGH ,CDIJ,
DAKL . Ching minh rang:
a) KF+EH +GJ+IL=0. b) EL—HI =FK-GJ.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

L i giai
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a) KF+EH +GJ+IL=0.

Tacd VT =KF + EH +GJ +IL = KA+ AF + EB+ BH +GC+CJ + ID+ DL

Theo tinh chit hinh binh hanh: VT =(KA+ DL)+(AF +EB)+(BH +GC)+(CJ+1D)=0.
b) EL—HI =FK -GJ.

VT =EL—HI =EF + FK+KL—(HG+GJ+J)

—FK-GJ+EF +KL-HG-J =FK -GJ+BA+ AD—-BC-CD
—FK-GJ+BA+AD+DC+CB=FK-GJ+BB=FK-GJ.

Bai 22. Cho hinh binh hanh ABCD. Trén dudng chéo lay cac diém BD liy G va H sao cho
DG=GH =HB. Goi M, N 1a giao diém caa AH , BC va AG, DC . Chirng minh:
a) AB+AD =AG+AH . b) 2AM +2AN =3AC.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

a) AB+AD = AG+AH .

Theo gia thiét tacé HB=-GD

VT = AB+AD = AH +HB+ AG+GD = AH + AG+(HB+GD ) = AH + AG
b) 2AM +2AN =3AC.

DoBv/AD nan M _BH 1 -3 an=av=3aH.
AH HD 2 2 2

Chung minh tuong ty tacoO AN = g AG.
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T d6 2AM + 2AN =3(AG'+ AH')=3(AB'+ AD):3AC.

Bai 23. Chang minh ring cac tam gidc ABC va AB'C’' c6 cung trong tdm khi va chi khi

AA + BB +CC' =0.

e
(=) Gia sir c&c tam gidc ABC, AB'C' ¢6 ciing trong tam G . Tachiing minh AA'+ BB'+CC' =0.
That vay, taco: AA +BB'+CC' = (AG+GA)+(BG+GB’)+(CG+GC;)
=(AG+ BG+CG)+(GA;+GB;+GC")=0.
(<) Giasir AA + BB +CC’ =0. Tachi racéc tam gidc ABC va AB'C’ ¢6 cling trong tam.
That vay, goi G,G' lan luot latrong tam cua céc tam gidc ABC, AB'C'.
Taco: AA+BB'+CC' =0 < (AG+GG +GA)+(BG+GG +GB)+(CG+GG'+GC ) =0
<:>(AG+ BG'+CG')+(G'A'+G'B’+G'C")+3GG;=c')
©3BGE =066=0G=G.
Vay hai tam gidc ABC va AB'C’ c¢6 cung trong tam.

Bai 24. Cho tam giac ABC. Goi A’ la diém ddi xung cia A qua B, B’ 1a diém ddi xing cia B qua
C, C' la diém ddi xtrng caa C qua A. Chirng minh rang hai tam giéc ABC va AB'C’ ¢6 cling trong

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Al =

Theo bai 23, d& ching minh hai tam gidc ABC,AB'C’ c6 clng trong tdm ta chi ra

AA + BB +CC'=0
That vay tacd AA + BB +CC' = 2AB+2BC + 2CA
=2(AB+ BC+CA')=2(AC+CA')=2AA= 20=0.

Vay hal tam giac ABC, AB'C’ ¢0 cung trong tam.
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Bai 25. Cho tam giac ABC va I, J,K xéac dinh bsi: 2IB+3IC =0, 2JC+3JA=0 va 2KA+3KB=0.

Chirng minh hai tam giac ABC va I1JK c6 cung trong tam.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai
Goi G latrong tam cuatam giac ABC, taco: GA+GB+GC=0.
Theo dé:
* 2IB+3IC=021G+2GB+3IG+3GC =0
< 51G+2GB+3GC=0 (1)
Tuong tu:

e 2JC+3JA=0<5JG+2GC+3GA=0 (2)
* 2KA+3KB =0 5KG+2GA+3GB=0 (3)
(D+(2)+(3), taduoc: 5(1G+IG+KG+GA+GB+GC) =0 1G+IG+KG=0

<Gl +GJ+GK =0.

Do d6, G cling la trong tdm cuatam giéc 1IK. Ta dugc dpem.

Bai 26. Cho tir giac ABCD. Cac diém M, N, P,Q lan luot 13 trung diém cia AB, BC,CD, DA Chiing

minh hai tam giac ANP va CMQ ¢0 cung trong tam.

S e
Goi G latrong tdm cuatam gidc ANP, taco:
GA+GN+GP=0
< GM +MA+GC+CN+GQ+QP=0

< GM +GC+GQ+(MA+CN+QP): 0.
Tathiy: MA+CN +QP=—(BA+CB+ AC) =2 (CA+ AC) =0

Do d6: GM +GC +GQ=0.

Nén G ciing la trong tim cuatam gidc CMQ. Ta dugc dpem.

Bai 27. Cho tam gidc ABC. Goi M,N,P |anhimng diém duoc xéc dinh boi: MB=3MC, NC =3NA,
PA=3PB. Chung minh rang;

a) 20M =30C—0B, VO bt ky. b) AABC va AMNP cd cling trong tam.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

L oi giai
a) 20M =30C—0B, VO bt ky.
Theo gia thiét:
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MB =3MC < OB—OM =3(OC—OM ) <> 30M —OM =30C—0B < 20M =30C-0B,vO bt
k.

b) AABC va AMNP c0 cung trong tam.

Goi G latrong tam AABC, khi d6 ta c6 OA+OB+0OC =30G, VO bét ky.

Tuwong tu cau a) tacd: MB=3MC < 20M =30C —OB;

NC = 3NA <> 20N =30A-OC;

PA=3PB < 20P=30B-0OA

Cong theo vé ta co: 2(0|v|' +ON + oP) = 2(OA+0B+0C) =60G, VO bit ky.

Do d6 OM +ON +OP = 30G, VO bét ky. Vay tam gidc MNP ciing nhan diém G |am trong tam.

Bai 28. Cho tam gidc ABCcan tai A va diém M bét ki nam trong tam giac. Puong thang qua M
song song Vi BC cit AB, AC lan luot tai D,E. Dung MK vuéng goc véi BC tai K vagoi | la
trung diém BC. Ching minh 2MK + MD + ME = 2MI .

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

L i giai

A

Qua M ké dudng thang song song voi AB cit AC va BC lan luot tai P,Q; ké dudng thang song
song véi AC ciat BA BC lan luottai R, S.

AABC cantai A nén AMQS cantai M = K 1a trung diém QS = MQ+MS=2MK (1)

Theo céch dyung duong thang song song thi céc tar giac MQBD va MSCE 1a hinh binh hanh nén ta
c6 MQ+MD =MB; MS+ME=MC (2)

Tirvatacd 2MK + MD + ME = MQ+ MS+ MD + ME:(MQ+ MD')+(MS'+ MD)

& 2MK +MD + ME = MB+ MC = 2MI .

Bai 29. Cho tam giadc ABC déu tdm O va diém M bat ki nam bén trong tam giéc. Goi D,E,F lan

lugt Iahinh chiéu cia M Ién c&c canh BC, AC, AB. Ching minh MD + ME + MF =g|v|o'.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
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L i giai

¥y 5 g

Qua M ké dudng thang song song véi AB cit AC va BC luot tai |, J; ké dudng thang song song
véi AC cit BA BC lan luot tai K,L; ké duong thang song song véi BC cit AB, AC lan luot tai
P,Q.
Theo cach dung, céc tir gidc MPBJ, MLCQ, MIAK 1a hinh binh hanh nén: MJ+MP=MB;
ML+MQ=MC; Ml + MK =MA.
AABC déu nén AMJIL;AMQI;AMKP ciing déu. Do d6 E;F;D lan luot 1a trung diém cua
1Q; PK; JL.
SR 1 N1 1/
Taco: MD +ME + MF :—(MJ+ML)+—(M| +MQ)+—(MK+MP)
2 2 2
@MD'+ME'+MF=1[(MJ+MP)+(ML’+MQ)+(MK+MP)}:E[MB+MC+MA]=§MO'.
2 2 2

Vay MD +ME + MF =§Mo'.

Bai 30. Cho doan thang AB. Trén doan AB lay diém C sao cho g—(;:T va S la diém bit ky.

n
, . Y . n . n
Ching minh rang: SC = SA+ B.
m+n m+n
\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
Lol gial
=
.-H-h.
P
PN
F ~.
S n
4 \
' l".h
’ ! S
' 1 " -
.-'r '\l\._ %,
Eg 5
i iy
; .
-l. 3
A _ 2
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Tur gia thiét; 2=
CB n
AC m

AC+CB) T m+n

Bl

<= AC=

M _(AC+CB)= AC=—1" AB(*).

(AC+CB)<:>AC=
m-+n m-+n

m-+n

B-A)leoC=—" M g
(s8-54)
m+n m+n

m
m+n

Tu(*) < L-SA=

Bai 31. Cho hinh chir nhat ABCD tdm O va S la diém bat ky. Chang minh rang:

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai

S

Y 2 2 2
Tacd A +L =B +D (1)
b= (Sj+OA)2 +<3)+OC)2 = (3)+OB)2 +($+OD)2
oD +2.00A+0A +0° +2.800C+0C =D +2.500B+0B’ + 0’ +2.800D +0D°
o 2.900A+0A” +2.90.0C+0C” = 2.800B+0B’ +2.90.0D+0D"
Mt khéc te gidc ABCD hinh chit nhat tam O ¢c6 OA=OB=0C =0D =OA’ =OB" =0OC’ =0OD"
nén

(1) = SO.0A+SO.0C = SOOB+ SOOD <« SO(OA+OC) = SO(0B+0D)

o y OA+OC=0 _
Lai c6 O la trung diem cua AC,BD = . Khi @6
OB+0OD =0

) so'(O) = so'(o) (dpcm).

Ia DANG TOAN 2: TiM MOPUN VECTO

PHUONG PHAP

Pé tinh ‘air b+c+ d" tathuc hién theo hai budc sau:

Fb: ThayTrongDgl Trang 32



CP TU LUAN TOAN 10 HINH HOC_C1_VECTO

e Bwoéc 1: Bién ddi varat gon biéu thic vecto a+b+c+d =V duavao qui tic Chasles, tinh chat trung

diém, hinh binh hanh, trong tam,... sao cho V don gian nhat.

e Buwéc 2: Tinh modun cua V duavao tinh chét hinh hoc di cho.

Bai 1. Chuang minh céc khang dinh sau:
a) Néu d va b cing hudng thi ‘a+5‘ =|a|+‘5‘.
b) Néu a va b ngugc huéng va |5| >|g| thi ‘a+ b‘ :‘b‘—|a|.

0) ‘a+b‘£|a|+‘b‘. Khi ndo xay radau dang thuc.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

L oi giai
Gia si: a=AB vab=BC thi a+b=AB+BC=AC.
a) Néu d va b cung huéng thi ‘a+6‘ =|al +‘6‘ :
Néu @ va b cung hudng thi 3 diém A B,C cling thusc mot duong thang va B nam giira A,C .
—
Ny b

o

-,
A B C

Do d6 |a-+b| =|AB+BC|=| AC| = AB+BC =|d|+[b.
Vay ‘a+6‘ :|a|+‘6‘.
b) Néu a va b nguoc huéng va ‘5‘ >|a| thi ‘a+ b‘ =‘b‘—|al|.

Néu & va b ngugc huéng va \6\ >|a| thi ba diém A B,C cling thugc mdt duong thing va A nim

gitta B,C.
@
Ot O o]
C A B
Do d6 |a-+b|=|AB+BC|= AC=BC- AB=|p|[d|.
Vay a+b‘:‘b"—|a|.
c) ‘a+ b‘ £|a|+‘b‘. Khi ndo xay radau ding thic.
Tur chirng minh ¢ cau avab:
= néu d va b ciung phuong thi ‘a+5‘ :|a|+‘5‘ hoac a+b‘<|a|+‘b‘.
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Néu @ va b khong cung phuong thi A B,C khdng thang hang.

Xé AABC c6 hé thic AC < AB+BC. Do d6 |a-+b| <[a|+o].

, dang thuc xay rakhi @ va b cing huéng.

Nhu vay, trong moi truong hop ta co:

a+b‘£|a|+‘b

Bai 2. Cho tam gidc ABC vudngtai A, c6 AB=3(cm), AC=4(cm). Goi | la trung diém BC. X&c

dinh va tinh 3¢ dai cac vecto:

a) u=BA+BC. b) v=2IA—CA.
Loi gii
[
L
s I
A 7
a) u=BA+BC.

Goi K la trung diém AC khi d6 2BK = BA+BC .

Nén [d]=|BA+ BC| =|2BK| = 2|BK|.

Xé AABK vuong tai A:BK =/AK? 1 AB” = (2) +(3)° =i3.
Vay |u|=2\§<’\=2¢1_3(cm).

b) v=2IA-CA.

Theo gia thiét: | 1a trung diém BC khi d6 2Al = AB+ AC.
V=2IA-CA=~(AB+AC)-CA=-AB-AC-CA=-AB.

0

Khi do: |v|=|-AB| =| AB| = 3(cm).

Bai 3. Cho tam gi4&c ABC déu canh a, goi G latrong tam tam gidc ABC va H 1a trung diém coa

BC. Tinhtheo a: ‘AB+ ACMAB'—AC\;\GB+GC’\;\GA—GC\;\AH + Bc'\ .

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Lai gii
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AB+ Ac\ :\AE'\ — AE vé6i ABEC lahinh binh hanh,

Do AABC déunén AH = &3

2
a\/3

AE = 2AH =2.T=aJ§.

Vay ‘AB+ AC‘ —a/3

AB'—AC\:\CB’\:CB:a.

GB+GC\=\—GA{=GA=3AH =3.a—‘/§=a—‘/§.
3 32 3

GA—GC'\ =\04 —CA=a.

AH +BC'\=\BC+CF’\=\BF\: BF véi CF = AH
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2

2
C6 BF =+/BC? +CF? = a2+[—a\2/§] _a7,

Bai 4. Cho tam gidc ABC vudng cantai A, AB=a. Tinhtheo a:‘AB—AC‘,‘AB+AC‘,‘AB+2AC‘.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

L i giai

Tacd BC=ABJ2=a/2.
. AB—AC‘ :\CB\:CB=aJ§.

o |AB+ Ac\ =\AE'\ = AE =BC=ay2, véi ABEC Iahinh vudng.

. AB'+2AC'\ :\AB+ AC+ Ac'\ :\AE'+ ACHAF’\: AF , v6i AEFC lahinh binh hanh.

E E
B =

A C

Do AABF vubngtai B va BF = BE+ EF = BE+ AC =2a néntaco
AF =/AB? + BF? = Ja® +(2a)’ =aV5.

Vay ‘AB+2AC‘=a\/§.

Bai 5. Cho hinh chir nhat ABCD ¢ AB=3, BC=4. Goi M, N lan luot 13 trung diém cua BC va
CD. Tinh ‘AB+ AC'+AD'\ vé‘AM#AI\I".

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Lai gii
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Tinh ‘AB+AC+AD"

Tacd: AB+AD=AC < AB+AC+AD=AC+AC
:>\AB'+AC+AD\=\AC+AC’\=\AC'\+\AC’\=2AC
Ap dung dinh |i Pitago cho tam giéc ABC vubngtai A, taco:
AC?=AB’+BC? < AC*=25= AC=5

Vay ‘AB+AC+AD"=2AC=1O

e Tinh ‘AM+AN‘

Taco: AM + AN = AB+BM + AD+ DN
~(AB+AD)+(BM +DN)
=AC+<ON'+OM')=AC+OC'

AC 15

Vay |AM + AN|=|AC+OC| = AC+—=== (AC,OC 14 hai vec to ciing huéng).

Bai 6. Cho hinh chir nhat ABCD tam O vacé AB=4, AD=3. Goi M 1a diém tly y. Hay tinh:

‘AC+ BD‘ va [MA+MB- 2MC‘ .
L oi giai
|
4 N B
3
A
D C
e Tinh ‘AC+ BD‘ .

Taco: AC+BD=AB+BC+BC+CD=BC+BC=2BC
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:>\AC'+BD\=2BC=6.

* Tinh [MA+ MB-2MC|.

Goi N 1a trung diém cuaAB, ta co:
MA+MB—ZMC:(MA—MC)+(MB—MC):CA+CB:CN+NA+CN+NB:CN+CN

= IMA+ MB—ZMC‘ —2CN =2J/CB2+BN2 =2./13.

Bai 7. Cho hinh vudng ABCD canh a, tdm O, lay diém M tly y. Chang minh ring cac vecto sau

khong d6i va tinh doi dai cua ching.

a) u=0A—CB. b) v=CD-DA.

¢) x=2MA+MB—MC-2MD. d) y=3MA-MB-2MC.

e) z=3MA-MB-MC-MD. f) w=4MA—3MB+MC—2MD.
\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\ g R

2

a) u=0OA—CB.

u=0A-CB=CO-CB=BO.

=|u|=|B]|= BO=%BD :%\/aeraz =""—‘2/E

b) v=CD-DA.

v=CD-DA=CD-CB=BD.

:>M=\BD'\= BD = a2

¢) x=2MA+MB-MC-2MD.

X = 2MA+ MB — MC — 2MD = 2MA—2MD + MB - MC = 2(|v|A— MD)+(MB—MC)

— 2DA+CB = 2DA+ DA =3DA
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:>‘><‘ =\3DA'{ ~3DA=3a.

d) y=3MA—MB-2MC.

y=3MA—MB-2MC =(|v|A— MB)+(2|\/|A'— 2|v|c') = BA+2CA = BA+ 2(CB+ BA) =3BA+2CB
Goi |,H Ia cac diém sao cho Cl =2CB, IH =3BA tir d6 ta ¢6

y=3BA+2CB=IH +Cl =CH

|| =|CH|=CH =17+ IH? =/4a® + 9 = a|13.

e) z=3VA-MB-MC-MD.

2=3MA-MB—MC - MD =(MA-MB)+(MA-MC)+(MA-MD)
= BA+CA+DA=—(AB+ AD)+CA

= —AC+CA=2CA

=|7=|ocA = 2cA=2av2.

f) w=4MA—-3MB+MC—2MD.

W= 4MA—-3MB+MC — 2MD
=3(MA-MB)+(MC—MD)+(MA-MD)

—3BA+ DC + DA = 3BA+ DB = 2BA+ DB + BA = 2BA+ DA

Goi F 1a diém sao cho AF = 2BA tir d6 ta co;
w=2BA+ DA= AF + DA= DF

:>M=‘DF‘:DF — /DA% + AF2 =\/a? + 4a® =a /5.

Bai 8. Cho hinh thoi ABCD c6 BAD =60° vacanhla a. Goi O 14 giao diém cia hai dudng chéo AC
va BD. Tinhtheo a: ‘AB+ AD'\ , ‘BA— BC‘ , ‘OB— Dc'\ .

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

e Tinh \AB'+AD'\: AB+ AD = AC :>‘AB+AD‘:‘AC‘:AC:2AO.

aV/3

Do BAD =60° néntam gidc ABD déu :OA:T?’ — AC=a4/3.
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Viay ‘AB+ AD‘ =ay/3.
e Tinh ‘BA— BC‘: Taco ‘BA— BC‘ =\CA{ =CA=a/3.

e Tinh ‘OB— DC’\ - Tacd OB—DC = DO-DC =CO :‘OB— DC\ =\co'\ ~0C = a—f

Bai 9. Cho hai luc F, va F, c6 diém dat O vatao véi nhau mot géc 60°. Tim cudng do tdnhg hop luc

ciia hai lyc 4y biét ring cuong do cuahai luc F, va F, déula 100N .

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Pit F=0B, F,=0D.

Dung hinh binh hanh OBCD . Khi d6 F, +F, =OB+0D =0OC.
|F+F,|=|oc|=oc=201.

Do BOD =60° va OB=0D nén tam giéc OBD déu.

N NG
2 2

Do do6 Ol =

=503N.

Bai 10. Cho tam giac ABC vudngtai A, c6 goc ABC =60", canh AB=a. Goi | 1a trung diém cia
BC. Tinh d6 dai cua cac vecto sau:

a) a= AB— AC. b) b= AB+ AC.
¢) c= AB+IC—AC. d) d=BA-BI —IC.
L oi gii
Mo
.""l "
LY T -
b, T
N i )
\ b -
N :'E::}\'“H.
i -
" i
."'1 |-:.-"' = ?i:
1"._ _-":. -

a) a=AB—AC.
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Taco H:‘AB—AC‘ :‘CB‘:CB.

Xé tam giac ABC vuong tai A:cosABC:E@BC: AB S =2a.
BC CosABC cos60

Vay ‘%:Za.

b) b= AB+AC.

Trén tia dbi cuatia AC 13y diém H sao cho HA= AC. Khi d6 HA= AC.
Taco b =|AB+ AC| =|AB + HA = |HA+ AB| = |HB| = HB.

X ét tam gidc HBC c6: BA la dudng cao, BA 1a duong trung tuyén

= AHBC cantai B = BH =BC =2a.

Vay ‘b‘:Za.
c) c=AB+IC-AC.
Taco \c\:\AB'+|C'—ACHAB'+|C+CA’{=\AB+|A’{=\|A’+AB\=\|B\= IB.

Do | 1a trung diém cua BC nén IB=B—2C=2—2a=a

Vay ‘c‘:a.
d) d=BA-BI -IC.
Taco ‘d‘:‘BA— Bl'—|C\=\|A—|C\=\04=CA.

Xét tam gidc ABC vudng tai A: tanABC=é—ACB:<:> AC = AB.tan ABC = a.tan 60" = av/3.

Vay ‘a‘ =a/3.

Bai 11. Cho tam gi4&c ABC vudng tai A, AB=7a, AC=24a. Goi N va K lan luot 1 trung diém
canh AC va BN .

a) Chung minh ring AK + BN = AN +BK .

b) Ching minh ring 4AK —2AB— AC =0.

c) Tinh ‘AB—AC" va

2AB+ AC‘ :

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Léi giai
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a4

a) Chung minh AK + BN = AN + BK .

Taco: VT = AK + BN = AN + NK + BK + KN
= AN+ BK + NK + KN = AN + BK +0= AN + BK =V/P.
Vay AK +BN=AN+BK.

b) Ching minh 4AK —2AB—AC=0.

Taco 2AK = AB+ AN

< 4AK =2AB+2AN

< 4AK =2AB+ AC

< 4AK —2AB— AC=0.

Vay 4AK —2AB— AC =0.

¢) Tinh ‘AB—AC‘ vé‘ZAB+ AC‘.

Xé tam gidc ABC vudngtai A: BC? = AB® + AC? <> BC = |[(7a)’ +(24a)’ = 25a.
Taco N 1a trung diém caa AC nén AN = % AC=12a.

Xét tam giac ABN vudng tai A: BN? = AB® + AN? < BN =,/(7a)” +(12a) = a+/193.

Do AK 1a duong trung tuyén trong tam gidc vuébng ABN nén AK = % BN =2 ‘;93 :

‘AB—AC‘ =‘CB‘= BC = 25a.

2AB+ AC| = |4AK| = 4| AK | = 4AK = 4.2 193:2aJ19>_3.
| |=|4AK|= 4] ak] 2

Bai 12. Cho hinh thoi ABCD ¢6 dinh c6 tam O canh bang a vagéc ABC =60". Goi | latrung diém
cuadoan DO va G latrong tam tam giac ABO.

a) Tinh theo a do da ‘BA+ BC‘ va ‘BA+ ZBC‘.

b) Ching minh ring 41C = 3AB+ AD.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
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L i giai

A

a) Tinh theo a do dai ‘BA+ BC'\ va ‘BA+ ZBC‘ .

e Tinh ‘BA+ BC" .

BA+BC = BD :>HBA+ BCH =|BD|=BD =28B0.

Do ABC =60 nén tam gidc ABC déu = BO:a—23 — BD=ay3.

Vay ‘BA+ BC'\ = aV3.

e Tinh ‘BA+ ZBC'\ :

s
Trén tia d6i cuatia BD l4y diém E sao cho EB=BD.Khi d6 EB=BD.
Taco ‘BA+ZBC‘=‘BA+ BC + BC‘=‘BD+ BC'\:\EB'+ BC‘=‘EC‘=EC.

X &t tam gidc vung EOC c6: OC = % AC :2

3J3a

EO=EB+BO=3BO:T

2 2
— EC? = EO +0C? & EC = \/[—Nfa} +(§j - N;a
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Viy |BA+2BC]| = 2*/2?"" .

b) Chung minh ring 41C = 3AB+ AD.

Do | latrung diém caadoan DO nén:

2Al = AO+ AD => 4Al = 2A0+2AD = AC+2AD = AB+ AD +2AD = —(CD +3CB)
= 4Al +(CD+3CB) =0.

Taco:

VP =3AB+ AD =3( Al +1C+CB)+(Al +1C+CD)=4IC+4Al +(CD+3CB)
=4IC+4Al +(CD+3CB)=4IC+0=4IC=VT.

Vay 4IC=3AB+AD.

Bai 13. Cho tam gidc ABC vudngtai A, c6 duongcao AH, AB=a,HC =2a,(a>0).
a) Chiang minh ring: AB+HC = AC+HB.
b) Tinh theo a: ‘CA— CB\ ; \AH' + Ac'\ .

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Léi giai

A
a) Chung minh ring: AB+HC = AC+HB.
Taco VT = AB+ HC:(AC'+CB')+(HB+ BC)
=(Ac'+ HB)+(CB+ BC'):(AC'+ HB')+0=AC'+ HB =VP.
Vay AB+HC=AC+HB.
b) Tinh theo a: ‘CA— CB\ : \AH' + AC'\ .

. Tinh‘CA—CB‘.
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Taco [CA-CB|=|BA=BA=a

« Tinh | AH + AC|.

Goi | 1a trung diémcia HC = Cl =IH =a

Taco: \AH'+AC'\=\2A|\=2A| .

Goi HB = x, 8p dung h¢ thtrc lugng trong tam giac vudng ABC duoc:
AB® = BCHB<a” =(2a+x) X < x=a(+2-1).

AH? = HBHC = (a2 -a)2a =228’ - 2a".

Trong tam giac vuéng AHI , taco
Al2=AH?+HI?=2{2a% - 2a? +a? = 2\/2a? —-a> = Al =ay2y/2-1.

Vay ‘AH +AC‘ =2Al =2a\|242-1.

Bai 14. Cho hinh thang can ABCD c6 day nho AD va duong cao AH déu bang a géc ABC =45°,
Hay tinh ‘CB—AD+ AC‘.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

L i giai

B

T c

Vi hinh thang can ABCD c¢6 duong cao AH va ABC =45° nén AAHB vubng can tai H, suy ra
BH = AH =a, ABC =45 = BAD =135".

AB=+BH?+AH2 =+/a’+a%? =a+/2.

BD? = AB? + AD? — 2AB.AD.cos135° =a’+2a’ + Zﬁaz.g =5a%.

Taco: ‘CB—AD+ AC‘ =‘CB+ AC'—AD'\ =\CB+ DC‘ =‘DB‘ —BD=a\5.

Bai 15. Cho hinh thoi ABCD canh a, tm O, BAD =60°, G latrong tAm AABD. Tinh \AC'—BD'\,

‘AB'+2AG" theo a.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

L i giai
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Vi hinh thoi ABCD c6 BAD =60° néntam gidc BAD vatam gidc BCD la cac tam giac déu canh a

D
A =
(
B
Goi | latrongtam ABCD, H la trung diém IB.
Taco: ‘AC—BD‘zZ‘AO—BO‘zZAB:Za.
\AB'+2AG\=\AB'+A|'\=\2AH’\=2AH.
Bl =3.a—‘/§=a—*/§,AC=2AO=a\/§.
32 3
2 2
2 2 2 3 3 2
aqz ANZ+AB® BI7 ~ 13’ V39
2 4 2 4 12 6

Bai 16. Cho tam giéc ABC cantai A, c6 AB=4, BC=6. Goi AM,BN,CK lan luot latrung tuyén

cuatam giéc ABC va G latrong tam.

a) Ching minh AM + BN +CK =0. b) Tinh: \GB’+GC\ .

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Lai giai

a) Chirng minh AM + BN +CK =0.

B

Tacd M 1a trung diém BC suy ra AM =%(AB+ AC).
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Tuong tu taco BN = %(BA+ BC) : CK = %(CA+ CB) .

Suy ra AM + BN +CK =%(AB+ AC)+%(BA+ BC)+%(CA+CB)

:%(AB+ BA)+%(AC+CA)+%(BC+CB):O.

b) Tinh: \GB+GC'\ .

Tacd GB+GC = 2GM =§AM .

Suy ra‘GB+GC‘=§AM =§\/ABZ—BM2 =§\/16— 27

=
3

Bai 17. Cho hinh binh hanh ABCD, c6 tam gid&c ABC vubng tai C, AD =8a, AC=15a. Goi M,N
lan luot 14 trung diém CD va AD .

a) Chang minh ring: AB—MD =CB-CD—MA.

b) Ching minh ring: BD—2.CN = 2.AM .

c) Tinh: ‘AC+ BC" vé‘AM#CN".

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

L &i gidi
C
B
15a
M
8a
A N D

a) Chung minh ring: AB—MD =CB-CD-MA.

Tacd VT = AB—MD = DC—MD = 2DM + DM =3.DM .

VP =CB-CD—-MA=DA-CD+AM = DA+ AM + DC =DM +2DM =3DM .
Tur vasuy ra dpcm.

b) Chung minh ring: BD—2.CN =2.AM .

Tacé VT =BD—2CN = BC+CD-CA-CD = AD+AC=2AM =VP.

c) Tinh: ‘AC+ BC" va‘AM'JrCN".

Taco ‘AC+ BCHAC+ AD‘:‘Z.AM‘:ZAM —CD=+/AC?+ AD? =17a.

Fb: ThayTrongDgl Trang 47



CP TU LUAN TOAN 10 HINH HOC_C1_VECTO

Goi | latam hinh binh hanh

Tacé: AM =1(Ac'+ AD); CN =3(CA+CD').
2 2

Suy ra AM +CN =%(Ac'+ AD')+%(CA'+CD’)=%(AD'+CD):%(BC+ BA): BI .

Suy ra‘AM'+CN": Bl =+/BC*+ClI? :—‘Afla.

Bai 18. Cho hinh chit nhat ABCD c6 tam O, AB=4, AD=3, M lamot diém tly y. Chirng minh
u=3MA—MB—MC—MD khdng phu thuoc véo M . Tinh d6 dai vecto U.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\ eigs
Tacd u=3MA-MB-MC-MD
= 4MA~(MA+MB+MC+MD)
=4MA—(4MO+OA+OB+OC+OD)
= 4MA-(4MO+0)
= AMA—4MO.

= 40A, do O, A khong ddi nén u khdng phu thudc vao M .

Xét tam giac ABD vudng tai A nén theo Pi-TaGotaco BD =+/AB? + AD? =4+ 3 =5

Suy ra ‘u‘ = 4\0& = 40A=2AC = 2BD =10.

Bai 19. Cho hinh chit nhat ABCD c6 AB=3a, BC=4a. Goi G latrong tam tam giac ABC, E la

trung diém cia GD, F la trung diém cia BCva M 1a diém tdy y. Chang minh rang:

MA-+MB-+MC +3MD = 6ME vatinh |AB+ AC + AD'\, \AB'+ AC—2AD|.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

L i gidi
Tacd MA+MB+MC+3MD =3MG+3MD =6ME
Vay MA+MB+MC+3MD =6ME .

Tacd ta gidc ABCD lahinh chit nhat nén ciing 1a hinh binh hanh = AB+ AD =2AC.
Xét tam giac ABCvudng tai B, nén theo Pi-Ta-Go ta co:

BC =+ AB? + AC? =+/9a’ +16a° = 5a.

Suy ra ‘AB+ AC+ AD'\ =\3R:\ —3AC =3.5a =15a.
Taco\AB'Jr AC—2AD‘ :‘AB+ AC+AD—3AD" :‘SAC—3AD‘ :‘3DC‘ ~3CD =3AB=9a.

Vay ‘AB+ AC + AD'\:15a va\AB'+ AC—2AD‘ =0a.
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Bai 20. Cho hai lyc F, va F, ¢6 d6 16n 1an lugt 1& 30N, 40N c6 diém dit tai O vatao véi nhau goc

90°. Tim d¢ 16n luc tong hop cua hai luc ay?

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Tact: F=F, +F,.

Khi do: |F|= [F| +|F| = 307+ 40% = 50.

Vay tong hop cua hai luc trén c6 d6 16n 1A 50 N .
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BAl 3. TICH CUA VECTO VOl MOT SO

TOM TAT LY THUYET CO BAN

1. Pinh nghia.
Cho sd k =0 vavecto a= 0. Tich cuavecto avasb k lamot vecto, ki hiéu la ka.

e ka cling huéng véi a néu k> 0.
e ka nguoc huéng véi a néu k <0.
* D) dai [kal =|K[d].

2. Cactinh chit.

Vi hai vecto a,b tlly ¥ vavéi moi sd k,he 4 taco:
. k(a+b)= ka-+kb.
e (h+k)a=ha+kb.
* h(ka)=(hk)a
e la=a;(-1).a=-a;0a=0;k0=0.

3. Hai vecto a,b véi b= 0 ciing phwong khi va chi khi c6 sb k aé a=kb.
Cho hai vecto a,b véi b=0. Ta luén tim duoc sb k dé a=kb véi b0 va khi d6 sb k tim
duogc laduy nhat.

4. Ap dung:
e Ba diém phan biét A, B,C thing hang khi vachi khi AB=KkAC, véi sd k xac dinh.
e Diém | 1a trung diém cia doanthing AB < IA+1B=0< MA+MB=2MI,VM.
e Piém G la trong tam cua tam gidc ABC < GA+GB+GC=0
< MA+MB+MC =3MG, VM.

5. Cho hai vec to a,b khong cung phuong, va X lamot vecto ty y. Bao gio ciing tim duoc cap sé h va

k duy nhét sao cho x=ha+kb.

= DANG TOAN 1: BIEU DIEN VECTO

PHUONG PHAP
e Bahiém phan biét A B,C thing hang <> AB=kAC, Véi sb k xac dinh.

e Tir gidc ABCD lamot hinh binh hanh < AB+ AD = AC
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e | la trung didm ciia doan thing AB <> IA+IB=0<> MA+MB=2MI, VM.

e G latrong tam ciatam gidc ABC <> GA+GB+GC =0< MA+MB+MC =3MG, VM.

Bai 1. Cho tam gidc ABC c6 trung tuyén AM, M 1a trung diém cua BC. Hay bidu dién vecto AM

theo 2 vecto AB va AC.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Léi giai

Cach 1: Vi M 14 trung diém ciia BC nén AB+AC=2AM':>AM':%AB’+%AC.

Céch 2: Do M 14 trung diém cia BC nén BM +CM =0.

Ap dung quy tic 3 diém, tacé: AM = AB+BM (1)

Lai c6: AM = AC+CM (2)

Cong vé véi vé cia (1),(2) ta dugc: 2AM = (AB+ AC)+(BM' +CM')

< 2AM = AB+ AC+0= AM':%AB%AC.

i
Céch 3: Xé hinh binh hanh ABDC ¢6 M 1a trung diém caa BC nén M ciing 1a trung diém coa
AD = AD =2AM (1)
Ap dung quy tic hinh binh hanh: AB+ AC = AD (2)

Tir (1)(2) = AB+ AC =2AM = AM =%AB+%AC’.

Bai 2. Goi G la trong tam cua tam gidc ABC. Hay biéu dién céc vecto AB; BC; GC; CA theo

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Léi giai

f Fo

e Taco: AB=GB—GA=b-a.
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* Vi G latrong tam cuatam gidc ABC nén GA+GB+GC=0=>GC=-GA-GB=-a-h.

e Tacod: BC= BG+GC:—b+(—ai—b) ——a-2b.

e Tacd: CA=GA—GC = a_(_a_b) —2a+h.

Bai 3. Cho tam gid&c ABCcd M trén canh BC thoaman MB=2MC . Hay phan tich vecto AM theo

hai vecto u=AB vav=AC.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Léi giai

Tacd AM = AB+BM = AB+:—§BC': A|3'+§(AC—AB')=%AB+:—23A6.

Vay: AV =Ly dy.
3 3

Bai 4. Piém M goi 1a chia doan thing AB theoti s k =1 néu MA=kMB. Ching minh rang véi moi

=
>
3
@)
==
ja}]
Q
(@)
<
Il

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

L oi giai
Tur gia thiét MA=KMB, véi k=1, taco:
OA-OM =k(OB-OM ) < (1-k)OM = OA-OB.

_ OA-kOB
1-k

<= OM

Bai 5. Cho tam gia&c ABC. Goi M 1a trung diém caa AB va N lamot diém trén canh AC sao cho

NA=2NC. Goi K Ia trung diém MN . Phan tich vecto AK theo AB va AC.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
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Taco: M,K lan luot 1a trung diém cia AB,MN nén AM == AB va 2AK = AM + AN .

2
Mit khéc: N thudc canh AC va NA=2NC = AN == AC

Suy ra AK:l(AM +AN')=E Lpg+2ac]=tas+iac.
2 22" 3 4

DC theo hai vecto ﬁ, V.

Bai 6. Cho tam giac ABC ¢ trong tam G . Cho cac diém D, E,F lan luot la trung diém cia BC,CA
AB va | la giao diém ciaAD va EF . Pat u= AE, v= AF . Hiy phan tich c4c vecto Al , AG,DE,

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

i %
+ o ] I| i K"
B g " :

Taco:E,F lan luot 1a trung diém cia CA, AB = EF 1a dudng trung binh cia~ABC = EF ;/ BC
IE Al IF
- _ _

- :>|F=|E:>2A|=AF+AE:>A|=1(u+\}).
CD AD BD

G la trong tdm tam gi& ABC;D,E,F
:AG:EAD':}

lan lwot 1a trung diém cua BC,CA AB
(AB+ AC) = (2AF +28E) = 2(u+v).

DE la dwong trung binh cia +ABC = DE = % AB=AF = DE=—AF =—v.
EF 1a duong trung binh cua~ABC = EF =CD = DC = FE = AE— AF =u-—V.

OB.
7

Bai 7. Cho tam giac vudong can OAB voi OA=OB=a. Duyng va tinh d6 da cé&c vecto
30A+408; oa-3

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
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e Tinh ‘30A+ 403‘.

V& diém C,D sao cho OC=30A va OD=40B, v& hinh binh hanh CODE thi:
30A+40B=0C+0D=CE.

— |30A+ 40B| = |0E| = JOD? + ED? = |[(3a)’ +(4a)’ =5a.

110A—§OB‘ .

e Tinh |—
4

V& diém H ,K sao cho: OH :%OA va OKzl;’OB,khi do: %OA—%OBEOH _OK =KH.

2 2
- %OA'EOB‘:\KH'\:\/OHHOKZ =\/(1zlaj +(:;’aj _N6073

7 28

Bai 8. Chotam giac ABC c6 G latrong tam.
a) Hay phan tich vécto AG theo hai vecto AB, AC.
b) Goi E,F 1a hai diém x4c dinh béi cac diéu kién: EA=2EB,3FA+2FC =0. Hay phan

tich EF theo hai vecto AB, AC.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Lol gial
4
1
!
.-"r 1
.‘-'. |I 2 * ",
d o A
o g T
L i |
.lI h S !
- ¥ .
- T
_,-'- - I-:

a) Hay phan tich vécto AG theo hai vecto AB,AC.

AGABC=M = M Ia trung diém BC = AB+ AC =2AM .

Ma G latrong tam AABC = AG:%AM'QAM :gAG.

:AB+AC:2AM'=2.:;’AG=3AG:>AG:%ABJF%AC.

b) Goi E,F 1a hai diém xé4c dinh béi cac diéu kién: EA=2EB,3FA+2FC =0. Hay phan tich EF
theo hai vecto AB, AC.

Taco: EF = EA+ AF.
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Theo gt: EA=2EB = EA=2AB.

Tur 3FA+2FC:0:>AF:§AC.

:>EF'=EA+AF'=2AB'+§AC.

Bai 9. Cho luc giac déu ABCDEF tam O canh a:

a) Phan tich vecto AD theo hai vécto AB va AF .

b) Tinh d6 da cuavecto %AB+% BC theo a.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

a) Phan tich vecto AD theo hai vécto AB va AF .

a Taco: O la trung diém AD nén AD =2A0.

AB//FO . . . .
Lai c6: — ABOF |ahinh binh hanh=> AD = 2A0 = 2(AB+ AF)= 2AB + 2AF .
AF//BO

b) Tinh d6 dai cuavecto %ABJ% BC theo a.

Tacs: LB+ L BC:}(AB+ BC):}AC.
2 2 2 2

— 12 ag+tec=Eac =E‘AC‘=EAC.
2 2 2 2 2
Theo dé bai: ABCDEF lalyc giac déu nén AABO;ACBO la tam giac déu canh a.
Goi M 1a trung diém BO= AM ;MC lan luot 12 dudng cao AABO; ACBO va AC = AM + MC

— AC = AM +|v|c:a—;+a—‘/§=aﬁ:>‘%Aé+%BC‘=%Acza—‘2/§.

= DANG TOAN 22 CHUNG MINH BA PIEM THANG HANG, HAI PIEM TRUNG NHAU, HAI
PUONG THANG SONG SONG, BA PUONG THANG PONG QUY

PHUONG PHAP
e Ba diém phan biét A, B,C thing hang< AB va AC cung phuong <> AB =k AC.
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e D& chimg minh hai diém M, N trling nhau ta chung minh chiing théa méan ding thic OM = ON

v6i O lamdt diém nao d6 hoic MN =0.

e Néu AB=CD va hai duong thing AB va CD phan biét thi AB//CD.

Bai 1. Cho tam giac ABC c6 trung tuyén AM . Goi | 1a trung diém cia AM va K 1a diém trén canh

AC saocho AK = :—13 AC . Chang minh rang ba diém B, |, K thang hang.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Taco Bl =5(BA+ BM') =3(BA+1 BC)
2 2 2

_lgasd BC:E(BK'+KA)+5(BK+KC)=§BK +Lkastke
2 4 2 4 4 2 4

Ma AK :%AC nén KC = 2KA suy ra KC =—2KA< KC+2KA:0@%KC+%KA'=0.

Do d6 Bl':ZBK' +0=§BK.Véy ba diém B, |, K thing hang.

Bai 2. Cho tam giac ABC. Hai diém M, N duoc xac dinh boi hé thic BC+MA=0,
AB—NA—3AC =0. Ching minh rang MN // AC.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

L oi giai
Tacéd BC+MA=0«< MA=—-BC nén MA//BC.

Dod6 M ¢ AC (1).

Tacd AB—NA-3AC=0

<:>AB—(NM +MA)—3AC=O

< AB-NM —MA-3AC=0

< NM = AB-MA-3AC

< NM = AB+BC-3AC=AC-3AC=-2AC (2).

Tu (1), (2) tacd MN// AC.
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Bai 3. Cho 4 diém O, A, B,C sao cho OA+20B—-30C =0. Ching té ring A, B,C thing hang.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

L i gidi
TacH: OA+20B—30C =0« OA+ 2(OA+ AB) —3(OA+ AC') -0
< OA+20A+2AB —30A—3AC =0« 2AB=3AC = AB:gAC

Vay: A B,C thing hang.
Bai 4. Cho hinh binh hanh ABCD trén BC ldy diém H, trén BD ldy diém K sao cho

BH = % BC,BK = % BD. Chirng minh A K,H thang hang.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai
: -1 - 1
AH - AB==BC AH = AB+=BC
Taco: 1 = f = f
BK:EBD AK—AB:EBD AK:AB+EBD

Ma AK = AB+1BD = AB+3(BC'+CD)= AB+iBC_LAB=2aB+iBC=2 AB+1BC
6 6 6 6 6 6 5

Khi do: AK =2AH'

Vay: A K,H thang hang.

%JA; KA=—KB.

Bai 5. Cho AABC vdi |,J,K lan luot duge xac dinh bsi IB=21C;JC =—

a) Tinh 1J;1K theo AB; AC.
b) Chirng minh ba diém | ,J,K thang hang.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

a) Tinh G;R theo AB;AC.
e : 1 1 . .4
Taco: IJ=IC+CJ=—BC—§AC=—(BA+AC)—§AC=AB—gAC.
. 1 N 1 3 .
IK=IB+BK:—ZBC—EABz—Z(BAJrAC)—EAB:EAB—ZAC.
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b) Chimg minh ba diém 1 ,J,K thing hang.
3= AB- 2 AC IJ'=AB'—£§1AC'
Theo cau a 3 o —~IK=213.

IK =3 AB_2AC IK=§(AB—2ACJ
2 2 4

= 1,J,K thing hang.

Bai 6. Cho AABC. Trén cac duong thang BC,AC,AB lan luot ldy cac diém M,N,P sao cho
MB =3MC; NA=3CN; PA+PB=0.

a) Tinh PM ; PN theo AB; AC.

b) Chirng minh ba diém M, N, P thang hang.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

a) Tinh PM'; PN theo AB;AC.
Tacé: PA+PB=0— P la trung diém AB.

PM =PB+BM = < AB+ 2 BC:EAB+§(AC—AB):—AB+§AC.
2 2 2 2 2

PN=PA+ AN =1BA+SAC=-1aB+3AcC.
2 4 2 4

b) Chirng minh ba diém M, N, P thang hang.

PM —— AB + 2 AC PM':-AB'+:—23AC' L
Theo cau a L el S, (= PN=IPML
PN=—=AB+-AC |PN=2|-AB+>AC
27 4 2 2

= N, M, P thing hang.

Bai 7. Cho hinh binh hanh ABCD. Trén céc tia AD,AB lan luot lay cac diém F,E sao cho

AD:%AF,AB:%AE. Chang minh:

a) Ba diém F,C,E thang hang.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
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b) Céc t gidc BDCE, BDFC Ia hinh binh hanh,

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

L oi giai

1 i 'I"I P 'I-

%/
%{ .

a) Ba diém F,C,E thing hang.

Theo dé ratacod D 1a trung diém cia doan thang AF , B 1a trung diém cia doan thang AE
Tacod CE=CB+BE = DA+ AB=FD+DC=FC nénbadiém F,C,E thing hang..

b) Céc tir gidc BDCE, BDFC |a hinh binh hanh.

= BDCE I|ahinh binh hanh.

; {BE /IDC
Taco

_ |DF//BC e s \
= BDFC lahinh binh hanh.

Taco
DF =BC

Bai 8. Cho tam gidc ABC. Hai diém I, J duoc xéac dinh bsi 1A+3IC=0; JA+2JB+3JC=0. Chiing
minh ba diém |,J, B thang hang.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

L &i gidi
[1A+31IC=0
Taco
JA+2JB+3JC=0
IA+3IC =0
(Jl + |A)+2(J| n |B)+3(J| n |C)=o
IA+3IC =0
6JI +2|B+(|A+3|c)=o

—6J +2IB=0<IB=-3Jl .
Vay badiém 1,J,B thing hang.

Bai 9. Cho AABC. Hai diém M,N lan Iuot x4c dinh béi 3MA+4MB=0, NB—3NC=0 Chung
minh 3 diém M, N,G thing hang, véi G latrong tam AABC.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

L oi gii
Theo dé rataco:

3MA+4MB =0
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< 3(MA+MB )+MB=0

< 3(3MG-MC)+MB=0
<9MG-3MC+MB=0

& 9MG—3(MN + NC)+(MN +NB) =0
©9MG—2MN +(NB-3NC) =0

& 9IMG-2MN+0=0 < MG’:%MN .

Vay 3 diém M, N,G thang hang.

Bai 10. Cho AABC. Vé phiangod AABC V& céc hinh binh hanh ABIJ, BCPQ, CARS. Chang minh

cactam giac RIP, JQS c6 cung trong tam.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi giai
J A R
S
B C
I
Q P

Céach 1. Goi G, G'lan luot latrong tam ARIP, AJQS.
Tacd RS+1J+PQ=RG+GG +G'S+1G+GG +G'J + PG+GG +GQ =3GG
Ma RS= AC;1J = BA PQ=CB

— AC+BA+CB=3GG

< BC+CB=3GG'

<3GG =0

Vay cac tam giac RIP, JQS cé cung trong tam.

Céch 2. Goi G, G’ lan luot latrong tm ARIP, AJQS.
Taco: SGG":GJ+GQ+GS.

:(GI +|J)+(GF'>++PQ)+(GR+ Rs)
=(G|'+GF5+GR)+(|J+PQ+ Rs)

= 0 +(BA+CB+ AC)

=0
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SuyraG=G'.

Vay cac tam giéc RIP, JQS c6 cung trong tam.

AA BB CC

Bai 11. Trén c&c canh AB,BC,CA cua AABC ldy cac diém A,B,C’' sao cho ——— ==
AB BC AC

Chirng minh cac tam giac AABC va AAB'C’ c6 chung trong tam.

Goi G,G' lan luot latrong tm ciacéc AABC va AABC'.

Khi d6 GA+GB+GC=0va GA+GB +GC =0.

AA =KAB

Ta dat: A _BB _CC . 0=lBB -KBC.
AB BC AC .

CC' =kCA

Do G latrong tam cua cac AABC nén GA+GB+GC =0

< (GG +GA'+ AA)+(GG'+GB + BB)+(GG +G'C'+C'C)=0
©3GG'+(GA+GB +G'C’)-( AN+ BB'+CC') =0

< 3GG' + 0 ~k(AB+BC+CA)=0

< 3GG -k0=0

=366 =0=G=G

Vay céc tam gidc AABC va AAB'C’ c6 chung trong tam.

Bai 12. Cho tam gidc ABC vamoét diém M tly y. Goi A, B’,C'lan luot 1a cac diém ddi xung caa M
qua céc trung diém K, I,J ciaacéc canh BC,CA AB.

a) Chung minh ba duong thing AA, BB',CC’ dong quy tai mot diém N .

b) Chang minh rang khi M di dong thi duong thing MN luén di qua trong tm G cua

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

L oi giai
a) Ching minh ba duong thing AA, BB,CC’ ddng quy tai mot diém N .

a) Goi O,P,Q lan luot 1a trung diém cua céc canh AA, BB',CC’. Taco:

Fb: ThayTrongDgl Trang 61



CP TU LUAN TOAN 10 HINH HOC_C1_VECTO

MO = l(MA'+ MA') :E(MA+ MB + MC)
2 2

1

MP:E(MB+ MB') 5(MA'+ |\/|B+|v|c')

MQ = %(MA+ MC') :%(MA+ MB + Mc)

= MO=MP=MQ=0=P=Q.
Do d6 ba duong thing AA, BB',CC' ddng quy tai trung diém N(=O=P=Q) caamdi duong.

b) Chang minh rang khi M di dong duong thing MN 1udn di qua trong tdm G cua AABC.

Al
Vi G latrong tam ciaAABC néntacd MG = %(MA+ MB+ MC).

Mt khéc MN :%(MA+ MB+ MC).

Suy ra MGzéMN . Do d6 3 diém M, N,G thang hang.

Vay khi M di dong duong thang MN 1udn di qua trong tm G cia AABC.

Bai 13. Cho tam giac ABC c6 trong tam G. Céc diém M, N théamian 3MA-+4MB=0;CN =% BC.

Chung ming duong thing MN di qua trong tdm G cuatam giac ABC.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

L oi giai
Theo gia thiét ta co:
3MA+4MB = 0 < 3( MG + GA)+4(MG +GB) = 0 < 7MG + 3(GA+GB)+ GB = 0(1).
Vi G la trong tam ciiatam gisc ABC nén GA+GB+GC =0<> GA+GB=-GC, (2)
Thay vao ta dugc: 7MG—3GC +GB =0« 7MG =3GC—GB.

Lai c6 CN :%BC@GN —GC:%(GC—GB)@K;N —3GC-GB < 2GN = 7MG.

Vay ba diém M, N, G thang hang.

Bai 14. Cho tam giac ABC. Goi | |a trung diém cua BC. Hai diém D, E théaman BD = DE = EC.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
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Chung ming rang:
a) AB+ AC=AD+ AE.
b) Tinh AS= AB+ AD+ AC+ AE theo Al. Suy ra ba diém A |, S thang hang.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Loi gii

B [ f E L

a) AB+ AC=AD+ AE.

Theo gia thiét taco | 1a trung diém cua BC va hai diém D, E thoa man BD =DE=EC nén |
ciing 12 trung diém ciia DE. Do vday AB+AC = AD+ AE =2Al .

b) Tinh AS= AB+ AD+ AC+ AE theo Al. Suy raba diém A |, S thang hang.

Taco: As':AB'+AD'+AC'+AE':(AB+AC')+(AD+AE):2A|'+2A|':4A|'.

Vi AS=4Al nénbadiém A, I, S thing hang.

Bai 15. Cho tam gidc ABC. Céc diém M, N dugc xac dinh bsi cac he thtc BM = BC—2AB,
CN = xAC-BC.
a) Xac dinh x @& A, M, N thang hang.

b) Xéc dinh x dé duong thang MN di qua trung diém | cia BC. Tinh %

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

L oi giai
a) Xac dinh x @& A, M, N thang hang.
+) BM =BC-2AB <> AB+BM =BC+BA < AM =2BC- AC
+) CN = XAC—BC <> AN - AC=xXAC-BC < AN =-BC+(x+1) AC

Khidé A, M, N thing hang khi vachi khi tdn tai ke 4 sao cho AN =kAM

ke-1

-1=2k 2

< -BC+(x+1)AC=2kBC-kAC < o .
x+1=-k __}

2

Vay x:—% thi A, M, N thing hang.

b) Xé4c dinh x dé duong thing MN di qua trung diém | caa BC. Tinh %
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Taco:

+) MN = AN - AM =(x+2) AC—3BC

+) Ml = Al —AM = AC+Cl +AC—ZBC=2AC—%BC—ZBC=2AC—SBC
Khi d6 duong thing MN di qua trung diém | caa BC thi M, N, | thing hang

_ _ 5 2l =x+2 | =
= tonti < 7 s0cho MN=IMI & (x+2)AC-3BC=2AC-ZBC = 8 <
2 X=

Vay x:é thi duong thing MN di qua trung diém | cia BC.

Bai 16. Cho ba diém c¢6 dinh A, B, C vabasd thuc a, b, ¢ saocho a+b+c=0.
a) Chirng minh ring c6 mot va chi mét diém diém G théaméan aGA+bGB+cGC =0.

b) Goi M, P 1a hai diém di dong sao cho MP = aMA+bMB+cMC . Ching minh ba diém
G, M, P thang hang.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

L oi giai

a) Ching minh ring c6 mot vachi mot diém diém G théaman aGA+bGB+cGC=0.
Talay mot diém O nao d6 thi:

aGA+bGB+cGC =0

< a(0A-0G)+b(0B-0G)+c(0C-0G)=0

< (a+b+c)OG= aOA+bOB+cOC

1
a+b+c

= 0G=

(a0A+ bOB + coc)

Vay G hoan toan xac dinh vaduy nht.
b) Goi M, P 1a hai diém di dong sao cho MP =aMA+bMB+cMC . Chig minh ba diém G, M ,
P thang hang.

1
a+b+c

Véi didm M tacd MG =

(aMA'+ bMB+c|v|c').
Mit khéc MP = aMA+bMB+cMC.

Suy ra MG = MP.

a+b+c

Vay ba diém G, M, P thang hang.

Bai 17. Cho tam gidc ABC. Cac diém M,N théaman MN = 2MA+3VB—MC.

a) Tim | théaman 21A+3IB—1C=0.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
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b) Chimg minh dudng thang MN ludn di qua mot diém ¢b dinh.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

a) Tim | thoaman 2IA+3IB—IC=0.
Taco 2IA+3IB—IC=O<:>2(IA+IB)+(IB—IC)=O<:>IH =BK
Véi H,P,K lan luot 1a trung diém caa AB, BC,BP.

Vay | 1a dinh hinh binh hanh BKHI .
b) Chirmg minh duong thang MN 1udn di qua mét diém ¢ dinh.

Taco MN=2(|v||'+|A)+3(M|'+|B)—(M|’+|C)
—4MI +2IA+3IB—IC=4MI .
Vay MN ludn qua | ¢6 dinh.

Bai 18. Cho tam gidc ABC. Cac diém M,N thoaman MN =2MA—MB+MC .
a) Tim | théaman 21A—1B+1C=0.
b) Chimg minh dudng thang MN ludn di qua mot diém ¢b dinh.
c¢) Goi P 1a trung diém ciaa BN . Chimg minh duong thang MP lu6n di qua mot diém co

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

a) Tim | theamén 2IA—1B+1C=0.

Tachd 2l1A—1B+1C=0<2IA=CB < IA=CP.

Véi H 1a trung diém cua BC.

Vay | la dinh hinh binh hanh CHAI .

b) Chimg minh dudng thing MN ludn di qua mot diém ¢b dinh.
Tacé MN =2MA-MB+MC

=2(M|’+|A)—(|v|| +|B)+(|v|| +1C)
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=2MI +2IA—1B+IC=2MI .

Vay MN luén qua | ¢b dinh.

) Goi P 1a trung diém caa BN . Ching minh dudng thing MP 1uén di qua mét diém cb dinh.
Do P la trung diém caa BN nén

2MP = MB+ MN = 2MA+ MC = 3MK + 2KA+ KC =3MK .

Vé6i K thuoc canh AC va CK = 2KA.

Chimg minh dudng thaing MP 1uén di qua mét diém ¢b dinh K .

w DANG TOAN 3: TIM TAP HQP PIEM THOA MAN PANG THUC VECTO

PHUONG PHAP
Dé tim tap hop diém M théa man mot ding thirc vecto, ta bién ddi dang thirc vecto do vé céac tap hop

diém co ban di biét. Chang han:
e Tap hop cac diém cach déu hai dau mdt ciamot doan thang 1a dudng trung truc cia doan thang dé.

e Tap hop cac diém cac déu mot diém cb dinh mot khoang khong ddi 1a duong tron ¢ tam l1a diém cb

dinh vaban kinh lakhoang khong déi.

Bai 1. Cho tam giéc ABC. Tim tap hop diém M trong mdi trudng hop sau:
a) MA=MB. b) MA+MB+MC=0.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

L oi giai
a) MA=MB.
+) Tacé MA=MB < MA-MB =0« BA=0.
Vi A va B 1a hai diém phan biét nén khdng ton tai diém M .
b) MA+MB+MC =0.
Goi G la diém thoan man GA+GB+GC =0. Khi d6
MA+MB+MC =0« 3MG+GA+GB+GC=0<3MG=0< MG=0=M =G.
Vay tap hop diém M latrong tAm tam giéc ABC.

Bai 2. Cho tam gi4c ABC. Tim tap hop diém M trong mbi truong hop sau:
a) ‘MA+ MB‘ - ‘MA— MB‘ .
b) ‘MA+ MB+ MC’\ :‘MA+ 2MB'\ .

0) ‘2MA+ MB‘ :‘MA+ 2|v||3'\.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Lai gii

a) ‘MA+ MB‘ =‘MA— MB‘ .
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\MA+MB’\=\MA—MB\@\MA+MB\=\B4@\MA+MB\=AB..
Goi | 1a trung diém AB, khi do (1)<:>‘2MI+IA+IB‘=ABC>‘2MI‘=AB<:>MI :%.

Vay tap hop diém M 1a duong tron tam | , ban kinh R:%.

b) ‘MA+ MB+ MC‘ - ‘MA+ ZMB‘ .

Goi G latrong tm tam gidc ABC, va | la diém thoaman 1A+2IB=0.
Biéu thic (*) <[3MG|=[3MI| < 3MG =3MI < MG=MI .

Vay tap hop diém M 1a duong trung truc cia doan Gl .

o) ‘2MA+ MB‘ =‘MA+ 2MB‘ .

Goi | va J lan luot 1a cac diém thoaman: 21A+1B=0, JA+2JB=0.
Biéu thirc (*) < [3MI|=[3MJ] < 3MJ =3MJ < MI = MJ.

Vay tap hop diém M 1a duong trung truc caa doan 1J .

Bai 3. Cho tam giac ABC. Tim tap hop diém M sao cho:
a) ‘MA+ MB+ MC‘ :g‘MB+ MC’\ .
b) ‘2MA+ MB‘ :‘4MB— MC’\ .

0) ‘4MA+ MB+ MC’\ - ‘ZMA— MB— MC’\ .

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

L &i giai
a) ‘MA+ MB+ MC‘ :S‘MB+ MC’\ .
Goi G latrongtdm AABC, | la trung diém cua BC. Taco:
[MA+ MB-+MC| :2\MB’+ MC| < |3MG| =g\2|v|| | = |MG|=|MI| = MG=MI .
Vay, tap hop diém M 1a dudng trung truc caa doan Gl .
b) ‘2MA+ MB‘ = ‘4MB"— MC’\ .
Goi P,Q la hai diém théaman: 2PA+PB=0, 4QB—QC=0. Taco:
‘2MA+ MB\ - \4MB— MC’\ o \3MP'\ - \3MQ\ @\MP\ - \MQ\ & MP=MQ
Vay, tap hop diém M 1a duong trung truc caa doan PQ.
0) ‘4MA+ MB+ MC\ = ‘ZMA— MB - MC‘

Goi G latrongtdm AABC, K 1a trung diém cia AG. Taco:
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[4MA+MB + MC| =[2MA- MB - MC| < ‘3( MA+ MG’)‘ _ ‘3( MA— m)\

o ‘GMK‘ - \3@4 o MK = %A. Vay, tap hop diém M 14 dwong tron tam K ban kinh R= %A.

Bai 4. Cho tam giac ABC.
a) Xac dinh diém | sao cho: 3IA-2IB+IC=0.
b) Chirng minh rang dudng thang ndi hai diém M, N xéc dinh boi hé thuc:
MN =3MA—2MB+MC luén di qua mét diém cb dinh.
c) Tim tap hop diém H sao cho: ‘SHA— 2HB + HC‘ =‘HA— HB‘ .

d) Tim tap hop diém K sao cho: 2‘KA+ KB+ KC‘ - 3\ KB+ KC’\ .

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

L oi gii
a) Xac dinh diém | sao cho: 3IA-2IB+IC=0.
a) Goi E 1a trung diém cia AC.
Taco: 3IA-21B+1C =0 2(1A- IB)+(IA+ |c') =0
< 2BA+2IE=0< |IE= AB.
Vay, | la dinh caahinh binh hanh ABEI .
b) Chang minh rang duong thang ndi hai diém M, N xac dinh boi hé thic:
MN =3MA—2MB+MC ludn di qua mot diém cb dinh.
Tacod: MN =3MA—2MB+MC <> MN =2MI = M, N, | thing hang.
Do d6 duong thang ndi hai diém M, N ludn di qua diém | ¢b dinh.
¢) Tim tap hop diém H sao cho: ‘3HA— 2HB+ HC‘ = \ HA— HB‘ .
Taco: ‘BHA— 2HB+ HC‘ =‘HA— HB‘ o ‘ZHI \ =\|34 e HI =5
N 4 e o AB
Vay, tap hgp diem H 1a duong trontadm | ban kinh R:7.

d) Tim tap hop diém K sao cho: 2‘KA+ KB+ Kc'\ = 3\ KB+ KC’\ .
Goi G latrongtdm AABC, F 1a trung diém cia BC. Taco:
2‘KA+ KB+ Kc'\ = 3‘KB+ Kc'\ N 6\KG’\ = 6\KF’\ = KG=KF.

Vay, tap hop diém K 1a duong trung truc cia doan GF .

Bai 5. Cho tam giac ABC.
a) X4c dinh diém | saocho IA+3IB —2IC =0 .

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
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b) Xéc dinh diém D sao cho 3DB —2DC =0 .
¢) Chtng minh rang ba diém A I, D thing hang.

d) Tim tap hop cac diém M sao cho ‘MA +3MB —ZMC'\ = ‘ZMA —~MB -MC]|.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

a) Xac dinh diém | saocho IA+3IB —2IC =0.

IA+3IB-2IC =0 < IA+IB+2IB-2IC =0.

©2IE+2(IB-IC)=0,véi E la trung diém cia AB.

< 2IE+2CB =0 < |E =—CB < IE =BC .

Vay diém | thoa mé&n IECB lahinh binh hanh.

b) Xé4c dinh diém D sao cho 3DB —2DC =0 .

3DB —2DC =0 <> DB +2DB —2DC =0 .

< DB +2(DB -DC)=0 < DB +2CB =0

< DB =-2CB < DB =2BC .

Vay diém D thiang hang véi B,C va D thudc tia dbi caatia BC thoa man DB =2BC.

- S

¢) Chang minh riang ba diém A I, D thing hang.

C6 IE =BC va DB =2BC

nén DB =2IE < DI +IA+AB =2(1A+AE )

<Dl +IA+AB =2IA+2AE < DI +AB =2IA—-IA+AB .
< DI =IA.Vay badiém A 1,D thiang hang.

d) Tim tap hop cac diém M sao cho |MA +3MB —2|v|c'\ =‘2MA— MB —MC]|.

Fb: ThayTrongDgl Trang 69



CP TU LUAN TOAN 10 HINH HOC_C1_VECTO

\MA’ +3MB —2|v|c'\ :‘ZMA—MB - MC’\
&Ml +3MI —2MI'+1A +31B -2IC| :‘ZMA—(MB +MC )‘

@\M|'+3|v||'—2|v||'+o'\=\2MA—2MJ'\@\2M| '\:\2JA'\@|M —AJ, v&i J la trung didm cia
BC.

Vay tap hop diém M 1a duong trontam | , ban kinh R=AJ, véi J 1a trung diém cua BC.

Bai 6. Cho diém O cb dinh va hai vecto u, v cb dinh. Véi mdi s m ta xéac dinh duoc diédm M sao

cho OM =mu +(1-m)v . Timtap hop diém M khi m thay ddi.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\ g
T O dung OA =u ; OB =v thi A B cb dinh.
OM =mOA +(1-m)OB < OM’ = m(OA -OB )+ OB .
<:>OM'—OB':m(OA'—OB')<:>BM':mBA'.

T do suyra A B,M thang hang. Vay tap hop diém M chinh 1 dudng thang AB .

Bai 7. Cho AABC va ba vecto ¢b dinh u, v, w . Véi mdi sd thyc t, taldy cac diém A, B, C' sao cho

AA =tu, BB =tv, CC’' =tw. Tim qu tich trong tam G’ cua AAB'C' khi t thay ddi.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\ eigs
Goi G latrong tdm AABC, khi do:
3GG =GA +GB' +GC'
=GA+ AA +GB+ BB + GC +CC’
=(GA+GB+GC)+AA;+BB'+CC"
= AN + BB +CC'
=tu+tv+tw

=t(u+\)+W)
. . . . . . R ; l
bat aa =u+v+w thi vecto a ¢o dinhva GG ::—gta.

Truong hop 1: Néu « =0 thi cac diém G’ tring véi diém G .

Truong hop 2: Néu « =0 thi quy tich cac diém G’ 1a duong thing di qua G va song song Véi gid

Cla vecto « .

Bai 8. Cho ttr giac ABCD. Vi mdi sd k tly v, ldy cac diém M, N sao cho AM =kAB, DN =kDC
Tim tap hop cac trung diém | caa doan thang MN khi k thay d6i.

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
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L i giai

Goi O, O' lan luot 1a trung diém caa AD va BC.
Khi dé: @:%(o—m&)

:%(OA+AB+OD+ DC)

:%(AB+ Dc).

Tuong tu, vi O va | lan luot 14 trung diém cua AD va MN nén:

ol =%(AM + DN) :g(AB+ DC)

=kOO .
Do d6: khi k thay ddi, tap hop cac diém | 1a duong thang OO’ .

Bai 9. Cho niam diém trong d6 khéng co ba diém ndo thang hang. Goi A 1a tam giac c6 ba dinh ldy
trong nam diém d6, hai diém con lai xac dinh mot doan thang t. Chirng minh rang véi cach chon A

khéc nhau, duong thang di qua trong tam tam gidc A va trung diém doan thang t ludn di qua mot diém

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\ igs
Gia sir nim diém trong d6 khong c6 ba diém ndo thang hangla A,B,C,D,E.
Goi G la diém theamén: GA+GB+GC+GD +GE =0. (1)
= Gla diém c6 dinh.
Goi G' latrong tam cia A qua ba dinh A,B,C = GA+GB+GC=3GG'. (2)
M la trung diém ciiahai dinh conlai D, E = GD +GE = 2GM . (3)
Tir (1),(2)va(3) =3GG +2GM =0=G,G',M thing hang.

Suy ra diéu phai chirng minh.

Bai 10. Cho tam gidc ABC, | la trung diém cua doan thang AB . Mot duong thang d thay doi ludn di
qua | , lan luot cit hai dudng thing CA,CB tai A',B'. Chirng minh ring giao diém M cua AB' va

A'B nam trén mot duong thing cb dinh

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
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L i giai

Pit CB=mCB', MB =nMA

X ét tam giac ABB’' v6i ba duong ddng quy la AC, MB va Bl .

Vi IA=—IB nén theo dinh If X& va, tacd —nn=-1 hay m=1.

T MB'=nMA tasuy ra mMB' = mMA=MA.

Vay taco CB=nCB' va MA=mMB', didu ndy ching té ring CM // AB.

Vay diém M [udn nam trén duong thang ¢ dinh di qua C vasong song voi AB .
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